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PREFACE 


I)-c  analog  computers  are  relatively  simple  electronic  devices  now  com¬ 
monly  in  use  to  solve  a  variety  of  problems  in  applied  mathematics.  The 
application  of  such  computers  to  the  design  of  modern  automatic  control 
systems  has  been  particularly  successful. 

The  authors  hope  that  the  present  work  will  satisfy  the  growing  need 
for  a  book  on  this  new  subject.  The  techniques  described  in  this  book 
have  become  well  established  during  the  last  five  years.  Although  inter¬ 
est  in  electronic  computation  is  growing,  many  engineers  lack  access  to 
reliable  technical  information  in  this  field.  Moreover,  many  who  do  know 
the  details  of  computer  design  lack  experience  in  intelligently  applying  the 
new  techniques  to  their  problems.  There  are,  in  particular,  the  questions 
of  how  to  set  up  problems  on  a  computing  machine  and  how  to  administer 
a  computer  installation. 

No  mathematics  beyond  that  taught  in  an  elementary  course  on 
differential  equations  is  required  to  read  this  book.  The  large  amount  of 
material  which  had  to  be  covered  has  made  it  impossible  to  add  a  chapter 
on  elementary  electronics;  the  reader  is,  instead,  referred  to  good  ele¬ 
mentary  texts  on  this  subject. 

Chapter  1  is  an  introduction  to  d-c  analog  computers.  The  reader  will 
find  the  following  technical  chapters  moie  useful  if  he  is  first  given  an 
opportunity  to  see  the  picture  as  a  whole.  Accordingly,  Chapter  1  briefly 
treats  the  applications  of  computing  devices,  the  mathematical  relations 
involved,  and  the  techniques  used,  with  the  object  of  gaining  an  over-all 
view  of  the  subject. 

Chapter  2  attempts  to  teach  a  simple,  standard  procedure  for  setting  up 
a  d-c  analog  computer  to  solve  a  given  set  of  differential  equations.  The 
procedure  described  has  proved  useful  in  several  years  of  practical  work. 

The  principles  underlying  the  operating  of  analog  computers  are  essen¬ 
tially  simple.  On  the  other  hand,  the  authors  have  worked  with  computer 
operators  in  various  parts  of  the  country,  usually  men  with  degrees  in 
engineering  and  mathematics,  and  they  have  seen  many  others  at  work. 
Many  of  these  people  had  fine  backgrounds  ranging  from  electronics  to 
relativity  theory.  Thus,  although  they  were  new  in  the  computer  field, 
they  learned  the  principles  very  quickly.  But  their  chief  difficulty,  their 
moat  formidable  source  of  errors,  was  in  the  determination  of  scale  factors,  par¬ 
ticularly  where  changes  of  the  time  scale  are  involved.  For  some  reason,  even 
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well-qualified  engineers  and  scientists  seem  prone  to  commit  scale-factor 
errors!  Every  effort  has  been  made  to  present  this  subject  in  detail.  All 
sections  in  this  chapter  have  been  documented  with  practical  examples. 

Chapter  3  presents  computer  setups  for  a  number  of  practical  prob¬ 
lems  which  serve  as  illustrations  of  modern  industrial  d-c  analog-computer 
applications.  The  preparation  of  useful  records  of  each  computation  is 
particularly  stressed.  It  is  hoped  that  the  samples  of  problem-prepara¬ 
tion  records  shown  will  be  useful  for  reference. 

Chapters  4  to  6  describe  the  design  of  electronic  computing  elements  for 
maximum  accuracy,  according  to  the  best  modern  engineering  practice. 
Some  of  the  more  technical  parts  of  the  accuracy  analysis  have  been  placed 
in  the  Appendix  for  the  convenience  of  the  reader. 

Specifically,  Chapter  4  describes  the  design  of  the  networks  and  feed¬ 
back  circuits  used  to  perform  the  mathematical  operations  of  addition, 
multiplication  by  constant  coefficients,  differentiation,  and  integration, 
with  special  emphasis  on  the  design  of  accurate  d-c  integrating  devices. 

Chapter  5  deals  with  the  design  and  operation  of  modern  d-c  amplifier 
circuits  for  computer  applications.  A  discussion  of  the  stabilization  of 
high-gain  feedback  amplifiers  is  included.  Automatic  balancing  circuits 
are  described,  and  the  actual  circuit  diagrams  of  many  d-c  amplifiers  used 
in  modern  d-c  analog  computers  are  presented. 

Chapter  6  discusses  developments  in  the  still  open  fields  of  analog  multi¬ 
plication  and  function  generation.  Several  previously  unpublished 
schemes  for  multiplication  and  function  generation  are  discussed. 

Chapter  7  describes  the  design  of  the  auxiliary  components,  such  as 
power  supplies  and  recorders;  two  complete  sections  are  devoted  to  a  dis¬ 
cussion  of  improved  control  circuits  for  d-c  analog  computers.  The 
remaining  portion  of  this  chapter  deals  with  procedures  for  operating  and 
checking  d-c  analog  computers. 

Chapter  8  describes  the  design  and  construction  of  complete  computer 
installations  for  various  applications  in  industry  and  science.  The  choice 
of  computing  elements  and  associated  equipment  is  discussed,  with 
emphasis  on  reliable  and  economical  operation.  Detailed  descriptions  of 
several  modern  d-c  analog-computer  installations  are  given,  and  these 
installations  are  discussed  in  the  light  of  the  design  principles  previously 
presented. 

It  was  originally  intended  to  include  a  chapter  dealing  with  questions  of 
computer  utilization,  personnel,  and  administration  and  to  show  how  a 
computer  laboratory  may  be  fitted  smoothly  into  an  industrial  or  scientific 
organization;  this  has  been  prevented  by  a  lack  of  space. 

The  present  volume  is  intended  primarily  as  a  textbook  on  d-c  analog 
computers.  An  effort  has  been  made  to  keep  the  text  relatively  simple 
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technically.  In  order  to  bring  out  certain  important  facts  about  analog 
computers,  these  facts  have  been  stated  repeatedly  in  different  chapters. 

The  authors  regret  that  the  continuation  of  wartime  security  regula¬ 
tions  makes  it  impractical  to  recount  the  history  of  analog-computer 
development  and  thus  to  give  credit  to  the  many  distinguished  groups  and 
individuals,  both  in  this  country  and  in  England,  who  have  contributed  in 
this  field. 

The  authors  are  happy  to  be  able  to  include  in  this  book  some  of  the 
experiences  of  many  workers  and  laboratories  concerned  with  the  design 
and  application  of  analog  computers  and  hope  that  the  many  circuit 
diagrams  of  actual  equipment  will  be  found  useful.  It  is  believed  that 
this  information  on  tested  and  tried  circuits  will  enable  any  reasonably 
qualified  electronic  engineer  to  design  d-c  analog  computing  equipment. 
The  authors  wish  to  express  their  gratitude  to  the  following  organizations 
and  individuals  who  have  permitted  them  to  quote  from  engineering 
reports  and  to  publish  descriptions  and  photographs  of  their  equipment : 


Air  Force  Cambridge  Research  Laboratories 
Cambridge,  Mass. 

Mr.  R.  J.  Sullivan 

Bell  Telephone  Laboratories,  Inc. 

New  York,  N.  Y. 

Mr.  D.  A.  Quarles 
Mr.  R.  K.  Honaman 

Boeing  Aircraft  Company 

Seattle,  Wash. 

Mr.  E.  Wells 

Dr.  C.  Stedman 

Mr.  G.  Stoner 

Mr.  W.  Frantz 

Mr.  G.  Brown 

Curtiss- Wright  Corporation 

Airplane  Division 

Columbus,  Ohio 

Mr.  G.  A.  Page 

Dr.  E.  H.  Gamble 

Good)rear  Aircraft  Corporation 

Akron,  Ohio 

Dr.  H.  R.  Hegbar 
Mr.  C.  A.  Menely 
Mr.  G.  M.  Quinn 

The  Institute  of  Radio  Engineers 

Mr.  E.  K.  Gannett 

The  Johns  Hopkins  University 

Applied  Physics  Laboratory 

Silver  Spring,  Md. 

Dr.  R.  B.  Kershner 
Mr.  V.  Schwab 

Dr.  J.  Follin 

Dr.  Jordan 

Mr.  Mooney 

Mr.  A.  L.  Thomas 
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Massachusetts  Institute  of  Technology 
Cambridge,  Mass. 

Dr.  S.  II.  Caldwell 

Dr.  A.  B.  MacNee 

Dr.  Y.  M.  Lee 
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Mr.  R.  Maartman-Moe 

The  G.  A.  Philbrick  Researches,  Inc. 

Boston,  Mass. 

Mr.  G.  A.  Philbrick. 

Mr.  F.  Philbrick 

Radio  Corporation  of  America 

RCA  Research  Laboratories 

Princeton,  N.  J. 

Mr.  A.  W.  Vance 

RAND  Corporation 

Santa  Monica,  Calif. 

Dr.  G.  W.  Brown 

Mr.  W.  F.  Gunning 

Mr.  A.  S.  Mengel 

Reeves  Instrument  Corporation 

New  York,  X.  Y. 

Mr.  H.  F.  Hager 

Mr.  S.  Fifer 

Mr.  R.  McCoy 

Mr.  Dewey 

The  Review  of  Scientific  Instruments 

Dr.  G.  P.  Harnwell 

Sperry  Gyroscope  Corporation 

Great  Neck,  Long  Island,  X.  Y. 

Dr.  W.  L.  Barrow 

University  of  Michigan 

Aeronautical  Research  Center 

Willow  Run,  Mich. 

Mr.  L.  R.  Biasell 

Mr.  D.  W.  Hagelbarger 
Mr.  C.  E.  Howe 
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Mr.  D.  McDonald1 

University  of  Wisconsin 
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The  authors  are  especially  grateful  to  the  directors  and  the  staff  of  the 
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CHAPTER  1 


INTRODUCTION  TO  D-C  ANALOG  COMPUTERS 

1.1.  The  Need  for  Automatic  Computing  Devices.  Digital  and  Analog 
Computers.  Introduction.  The  solution  of  a  large  number  of  scientific 
and  engineering  problems  is  possible  only  after  detailed  numerical  com¬ 
putations.  Such  computations  frequently  present  formidable  practical 
difficulties.  Sometimes,  the  mathematical  relations  in  question  are 
intricate  and  involved;  again,  the  sheer  quantity  of  material  to  be 
handled  may  seem  to  constitute  an  insurmountable  obstacle.  Thus,  all 
too  often  a  lack  of  time,  funds,  or  skilled  personnel  has  actually  prevented 
the  useful  conclusion  of  promising  scientific  and  engineering  developments. 

The  advent  of  vast  and  very  complicated  war -born  research  and  devel¬ 
opment  projects  immeasurably  stressed  the  importance  of  obtaining 
scientific  and  design  information  from  complex  numerical  computations. 
It  was,  moreover,  imperative  to  obtain  such  information  at  high  speed 
and  in  convenient  form  in  order  to  satisfy  increasing  needs  for  numerical 
results.  The  latest  and  most  elegant  methods  of  electronics  and  auto¬ 
matic  control  engineering,  often  developed  in  the  course  of  the  same  vi^kr 
projects,  were  called  into  play  for  the  design  of  powerful,  high-speed  auto¬ 
matic  computing  machinery. 

Digital  Computers.  Two  separate  fundamental  approaches  to  this 
problem  are  possible,  depending  on  the  applications  and  the  accuracy 
required.  Digital  computers  are  familiar  in  the  form  of  desk  calculators 
and  such  electronic  machines  as  the  ENIAC  and  the  EDVAC.1  Essen¬ 
tially,  they  consist  of  counters  registering  and  adding  in  discrete  steps. 
In  the  larger  calculators  programming  systems  transmit  counting  impulses 
between  counters  in  a  manner  prescribed  by  the  nature  of  the  problem  and 
control  the  sequence  of  the  computation.  Most  digital  computers  per¬ 
form  mathematical  operations  by  combinations  of  additions.  For 
example,  multiplication  is  performed  by  repetitive  additions,  and  integra¬ 
tion  is  by  summation;  converging  series  may  be  used  in  place  of  trigo¬ 
nometric  functions. 

The  necessity  of  reducing  mathematical  operations  to  arithmetical  ones 
requires  considerable  planning  before  a  digital  computer  can  handle  a 
problem.  Also,  because  the  indirect  computations  must  usually  be 

1  Korn,  G.  A.,  Elements  of  D-c  Analog  Computers,  Electronics ,  April,  1948. 
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carried  to  more  places  than  are  required  in  the  final  result,  the  computing 
elements  must  have  the  capacity  for  dealing  with  large  numbers.  Conse¬ 
quently,  electronic  digital  computers  find  their  greatest  utility  in  large- 
scale  computation  projects.  The  fullest  utilization  of  digital  computers 
is  obtained  in  working  problems  that  require  repetitive  operations  of  high 
accuracy. 

Analog  Computers.  Slide  rules,  a-c  calculating  boards,  and  differential 
analyzers  are  analog  computers.  In  these  devices  physical  quantities, 
such  as  voltages  and  shaft  rotations,  are  made  to  obey  mathematical 
relations  comparable  to  those  of  the  original  problem.  The  .  physical 
quantities,  or  machine  variables,  which  may  be  conveniently  varied  and 
measured  in  the  laboratory,  must,  then,  behave  in  a  manner  analogous  to 
that  of  the  original  variables.  The  magnitudes  and  the  time  scale  of  the 
analogous  variables  can  be  reduced  or  increased  in  order  to  facilitate  their 
measurement. 

Analog  computers  may  be  grouped  into  types  (mechanical,  electrical, 
electromechanical,  etc.)  according  to  the  nature  of  the  physical  quantities 
used  to  represent  the  mathematical  variables.  The  adaptability  of  a 
given  type  of  analog  computer  to  a  given  problem  depends  on  the  avail¬ 
ability  of  computing  elements  to  establish  the  desired  mathematical  rela¬ 
tions  between  the  machine  variables  chosen. 

Accuracy.  In  general,  analog  computers  are  less  accurate  than  digital 
computers,  but  the  analog  machines  are  usually  much  cheaper  and  are 
often  easier  to  construct.  Analog  computers  are,  thus,  very  useful  in 
many  engineering  applications  requiring  accuracies  between  0.5  and  5  per 
cent.  The  costs  of  analog  computers  with  accuracies  better  than  0. 1  per 
cent  rise  sharply  for  even  small  improvements  in  accuracy.  For  compu¬ 
tations  requiring  very  high  accuracy,  the  use  of  digital  computers  is  thus 
indicated.  Figure  1 .1  shows  a  qualitative  comparison  of  the  cost  of  analog 
and  digital  computers  for  various  accuracies  and  sizes  of  installation. 

D-c  Analog  Computers.  In  d-c  analog  computers,  the  variables  are 
represented  by  d-c  voltages  which  may  vary  with  time.  Time  is  generally 
used  as  the  independent  variable.  These  computers  are  capable  of  solv¬ 
ing  complicated  mathematical  problems  by  means  of  such  simple  electrical 
circuits  as  d-c  amplifiers  and  potentiometers. 

Compared  with  most  mechanical  and  electromechanical  analog  com¬ 
puters,  the  d-c  analog  computers  are  relatively  cheap,  easy  to  operate 
and  maintain,  and  capable  of  flexible  interconnections  by  means  of  simple 
patch  cords.  Perhaps  the  outstanding  advantage  of  a  d-c  analog  com¬ 
puter  is  the  fact  that  it  can  usually  be  constructed  from  standard  store- 
bought  electronic  parts  by  well-known  radio  assembly  techniques,  without 
any  precision  machine  shop  work.  This  fact  will  be  appreciated  by  any 
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industrial  organization  which  has  watched  the  shop  overhead  cost  rise  to 
180  per  cent  of  direct  labor. 

Experience  shows  that  personnel  with  only  routine  training  in  engineer¬ 
ing  or  physics  can  rapidly  learn  to  use  the  machines  effectively. 

Are  d-c  analog  computers  effective  tools  of  research  and  development? 
If  the  proper  applications  are  considered,  the  answer  must  be  an  enthusi¬ 
astically  affirmative  one. 


I 


Fig.  1.1.  Relative  cost  vs.  accuracy  for  digital  and  analog  computers  (1950)  for 
different  size  installations. 

Practical  d-c  analog  computers  range  from  ultraflexible  differential 
analyzers  capable  of  solving  a  wide  range  of  different  problems1  to  the 
highly  specialized  fire-control  computers  which  beat  the  German  V-l 
missiles  over  Antwerp.  A  special  computer  for  the  solution  of  a  given 
problem  may  be  built  on  a  steel  chassis  with  chrome-plated  panel  and 
dials  to  occupy  a  place  of  honor  in  a  laboratory  or  industrial  control 
center,  or  it  may  be  wired  up  from  scrap  parts  on  a  breadboard  at  negligi¬ 
ble  cost  and  in  2  hours  and  is  equally  ready  to  furnish  needed  information 
with  fair  accuracy.  Parameters  and  coefficients  given  by  the  problem, 
as  well  as  initial  values  and  given  functions,  can  be  changed  very  con¬ 
veniently  by  means  of  calibrated  dials  on  the  front  panel  of  the  machine. 
This  is  particularly  useful  in  many  engineering  applications  where  trial 
solutions  for  different  coefficient  settings  are  used  to  obtain  optimum 
design  parameters. 

1  Frost,  S.,  Compact  Analog  Computer,  Electronics,  July,  1948. 
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The  solution  of  a  set  of  ordinary  differential  equations  on  a  d-c  analog 
computer  proceeds  as  follows: 

1.  With  the  machine  connected  up  to  solve  the  given  problem,  the 
machine  variables  (voltages)  are  set  to  the  correct  initial  conditions 
prescribed  by  the  problem. 

2.  The  computing  elements  are  then  made  operative  and  force  the 
voltages  in  the  machine  to  vary  in  a  manner  prescribed  by  the 
given  differential  equations.  The  voltage  variations  with  time  are 
recorded  and  constitute  solutions  of  the  given  problem. 

3.  The  machine  is  stopped  at  a  time  chosen  by  the  operator.  The 
maximum  allowable  computing  time  is  usually  determined  by 
limitations  of  the  computing  elements.  The  machine  is  at  once 
reset  to  its  initial  condition  and  is  ready  for  the  next  run  with 
changed  coefficients,  initial  conditions,  etc. 

The  recorders  used  for  such  applications  are  usually  direct-inking 
recording  milliammeters  which  afford  an  instantly  available,  permanent 
record  of  the  computation. 

Repetitive  Computers.  In  an  interesting  alternative  scheme,  the  steps 
of  the  solution  outlined  above  are  repeated  automatically  at  a  rapid  rate 
(60  cps)  through  the  action  of  an  electromechanical  or  electronic  switching 
system.1  During  each  cycle,  each  machine  variable  varies  in  the  pre¬ 
scribed  manner  and  is  then  reset  to  its  initial  value.  The  results  can  now 
be  presented  on  an  ordinary  cathode-ray  oscillograph.  The  sweep  fre¬ 
quency  of  the  oscillograph  must  be  equal  to  the  repetition  rate  of  the 
computer. 

The  rapid  operation  of  such  “repetitive”  differential  analyzers  con¬ 
stitutes  a  striking  advantage  in  some  applications.  In  particular  it  is 
possible  to  observe  the  results  of  varying  coefficient  settings  and  initial 
conditions  at  once  without  having  to  wait  for  the  completion  of  a  com¬ 
puter  “run”  as  in  ordinary  computers.  On  the  other  hand,  the  necessity 
for  rapid  switching  and  computation  on  a  fast  time  scale  makes  the  design 
of  •certain  computing  elements  quite  difficult.  Accordingly,  repetitive 
operation  is  seldom  considered  sufficiently  reliable  for  large-scale  compu¬ 
tations.  This  ingenious  scheme  of  operation  is  most  useful  for  quick 
qualitative  estimates  of  solutions  and  has  been  employed  very  success¬ 
fully  for  exploratory  runs  to  avoid  unnecessary  computations  on  a  larger 
differential  analyzer. 

1.2.  Representation  of  Mathematical  Relations.  The  problems  solved 
by  analog  computers  usually  deal  with  the  behavior  of  a  number  of 

1  McCann,  G.  D.,  S.  W.  Hervvald,  and  H.  S.  Kirschbaum,  Electrical  Analogy 
Methods  Applied  to  Servomechanism  Problems,  Trans.  AIEE,  65,  February,  1946. 
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variables  X\,  x2,  .  .  .  ,  x„.  One  such  problem  may  be  to  find  the  values 
of  these  variables  under  certain  conditions  by  solving  a  set  of  equations. 
Another  problem  may  be  to  determine  how  these  variables  change  with 
time,  or  with  another  independent  variable  t,  under  certain  conditions. 
The  particular  conditions  imposed  by  each  problem  are  usually  given  ak  a 
set  of  mathematical  relations  or  equations. 

The  variables  X\,  x2,  .  .  .  ,  xn  are  represented  in  the_d-c  analog  com¬ 
puters  by  corresponding  voltages,  or  machine  variables,  X\,  X2,  .  .  .  ,  Xn. 
In  general,  these  machine  variables  are  simply  proportional  to  the  corre¬ 
sponding  original  variables  on  a  convenient  scale.  The  given  relations 
between  the  original  variables  are  now  expressed  by  an  “analogous”  set 
of  relations  between  the  machine  variables.  A  straightforward,  generally 
applicable  method  of  obtaining  convenient  scale  factors  and  the  corre¬ 
sponding  correct  machine  equations  is  discussed  in  detail  in  Chap.  2. 

Block  Representation.  Each  problem  will,  then,  require  certain  rela¬ 
tions  between  machine  variables  to  be  set  up  in  the  computer.  Consider 
first  some  examples  of  relations  between  two  machine  variables: 

X1  =  AC  +  15X22 

Xi  =  sin  X2  (1.1) 


In  each  case,  Xx  and  X2  are  voltages;  and  the  voltage  X\  is  a  function  of 
the  voltage  X2.  If  X2  changes,  X\  must  also  change,  in  accordance  with 
the  given  relation. 

Figure  1.2  shows  schematically  how  such  relations  are  represented  in 
a  d-c  analog  computer.  The  voltage 
X2  will  appear  as  the  input  voltage  of 
a  block  of  computing  elements  which 
“takes  it  into  consideration”  and 
produces  X\  as  an  output  voltage. 

This  output  voltage  will  be  the  desired 
function  of  the  input  voltage  Ar2  if 
the  correct  combination  of  computing 

elements  has  been  used.  Note  that,  in  general,  the  relation  produced  by 
the  block  in  Fig.  1.2  is  “unilateral”:  whereas  changes  in  the  input  voltage 
X2  will  produce  the  correct  changes  in  the  output  voltage  X\,  the  converse 
is  not  true  unless  additional  connections  and  computing  elements  are  used. 

Several  Variables.  More  often  than  not,  a  voltage  Xi  will  appear  as  a 
function  of  several  other  machine  variables  X2,  XX  .  .  .  : 


X2o- 


Fig.  1.2.  Block  representation  of  func¬ 
tional  relationships  between  machine 
variables. 


A]  =  A"2  -f-  1 0 A" 3  -)-  cos  A" 4 
A',  =  AAAI 


(1.2) 
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The  block  of  computing  elements  producing  Xi  as  its  output  voltage 
will,  then,  have  more  than  one  input  voltage.  The  effects  of  the  different 
input  voltages,  X2,  X3,  .  .  .  are  “mixed”  to  produce  the  correct 

functional  relation  (see  Fig.  1.3). 

Implicit  Solution.  In  relations 
like 

X1  =  Xl  +  2X\-X71  (1.3) 


o  x, 


Fig.  1.3.  Block  representation  of  func¬ 
tional  relationships  between  machine 
variables. 


it  is  not  possible  to  solve  explicitly 
for  Xi  in  order  to  establish  the 
relation  in  the  computer.  But  this 
is  not  at  all  necessary.  Xi  appears  on  the  right  of  Eq.  (1.3)  and  mat* 
thus  be  considered  as  a  voltage  appearing  at  an  input  terminal.  This 
voltage  at  the  input  terminal  must,  of  course,  always  be  equal  to  the 
voltage  Xi  at  the  output  terminal.  To  ensure  this,  the  output  volt¬ 
age  Xi  is  treated  just  as  if  it  were  known  and  is  “fed  back”  to  the 
Xi  input  terminal.  If  suitable  computing  elements  are  used,  the  cor¬ 
rect  mathematical  relation  will  be  es¬ 
tablished  (Fig.  1.4);  some  care  will  be 
necessary  in  each  case  to  avoid  setting 
up  regenerative  feedback  loops  which 
may  result  in  uncontrolled  oscillations. 

This  scheme  is  useful  for  solving  certain 


Fig.  1.4.  Block  representation  of  functional 
relationships  between  machine  variables. 


Fig.  1.5.  Block  representation  of 
functional  relationships  between  ma¬ 
chine  variables. 


types  of  equations  on  analog  computers  (see  also  Sec.  3.9). 

Simultaneous  Relations.  If  two  or  more  simultaneous  relations  between 
machine  variables  are  given,  such  as  the  set 

X i  =  X2  +  Xx  \ 

X2  =  Xi  +  8X2  j  1 

each  equation  is  “solved”  electrically  for  a  different  variable.  This 
variable  appears,  then,  as  the  output  voltage  of  a  block  of  computing  ele¬ 
ments.  Figure  1.5  shows  how  it  is  then  used  as  an  input  voltage  for  the 
computing  elements  establishing  the  other  equation(s).  The  resulting 
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interconnections  force  the  machine  variables  to  satisfy  all  the  given 
relations. 

Time  Dependence  of  Variables.  In  many  problems,  it  is  desired  to 
observe  the  variations  of  the  machine  variables  as  functions  of  the  time  t, 
which  plays  the  part  of  the  independent  variable  in  the  computer.  For 
example,  the  relations 

Xi  =  X2  X 2  =  sin  r  (1.5) 

describe  the  variations  of  two  machine  variables,  Xi  and  X2,  with  the 
time  r.  Physical  time  r  here  serves  as  an  input  to  certain  computing  ele¬ 
ments  which  produce  voltages  as  functions  of  time.  Examples  of  such 
devices  are  potentiometers  driven  by  a  clock  motor  or  circuits  containing 
charging  and  discharging  capacitors.  The  machine  variables  can  thus 
be  made  to  vary  with  time  in  the  prescribed  manner  and  may  be  recorded 
by  means  of  a  recording  milliammeter  or  oscillograph. 

Calculus.  It  is  easily  seen  that  a  majority  of  problems  in  applied 
mathematics  require  a  description  of  changes  of  quantities  (variables) 
involved  in  physical  processes.  The  differential  calculus  is  the  branch  of 
mathematics  concerned  with  the  description  of  such  changes.  A  time 
derivative  like  dX/dr  (derivative  of  the  machine  variable  X)  is  a  quantita¬ 
tive  measure  of  a  change  dX :  the  latter  is  compared  with  the  correspond¬ 
ing  change  of  a  known  physical  quantity,  the  time  r  indicated  by  a  clock. 
It  is  practical  to  write 

4-  =  P  thus  ~  =  PX  (1.6) 

dr  dr 

This  notation  will  be  used  throughout  this  book.  For  example,  if 
X  =  cos  wr,  then 

PX  =  P  cos  cot  =  co  sin  cot 

Derivatives  of  machine  variables,  like  PX,  are  themselves  functions 
of  time  and  may  change  with  time.  It  is  thus  usually  possible  to 
define  the  derivative  of  PX.  This  is  called  the  second  derivative  of  X, 
d2X/dr 2  =  P2X.  Higher  derivatives  are  defined  accordingly. 

Ordinary  Differential  Equations.  Mathematical  equations  relating 
measures  of  change  (derivatives)  of  this  type  are  called  ordinary  differen¬ 
tial  equations.  In  many  problems  a  set  of  such  differential  equations  is 
given,  and  it  is  desired  to  find  the  corresponding  time  dependence  of  the 
variables  involved.  The  set  of  differential  equations  is  solved  when  all 
the  variables  are  computed  as  functions  of  time.  Thus  the  set  of  dif¬ 
ferential  equations 


PX  =  ) 


py  =  -x 


(1.7) 
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is  satisfied  by  the  functions 

X  =  C  sin  (r  -f-  <p)  Y  =  C  cos  (r  +  ff)  (1.8) 

where  C  and  (p  are  arbitrary  constants. 

Figure  1.6  shows  how  relations  of  this  type  may  be  represented  on  d-c 
analog  computers.  All  derivatives  of  machine  variables  are  represented 
by  voltages  in  the  machine  and  are,  thus,  themselves  machine  variables. 
Figure  1.6  shows  how  special  computing  elements  called  integrators  form 
the  time  integrals  of  the  voltages  proportional  to  the  derivatives  PX  and 
PY  to  obtain  the  machine  variables  X  and  Y,  respectively.  With  this 


Fig.  1.6.  Block  representation  of  a  differential-equation  solver. 


arrangement  the  machine  variables  X,  Y,  PX,  and  .PF  must,  again,  vary 
as  prescribed  by  the  given  mathematical  relations.  Records  of  X  and 
Y  will,  then,  constitute  a  solution  of  the  set  of  differential  equations 
[Eqs.  (1.7)].  Analog  computers  capable  of  solving  sets  of  ordinary  dif¬ 
ferential  equations  are  often  referred  to  as  differential  analyzers.  Solu¬ 
tions  of  differential  equations  are  often  needed  and  may  be  very  laborious 
if  performed  by  conventional  numerical  methods.  A  differential  analyzer 
can  thus  be  a  very  useful  device  indeed. 

Initial  Conditions.  In  order  to  obtain  definite  information  from  a 
mathematical  relation  specifying  changes  of  variables,  it  is  necessary  to 
know  the  values  of  the  variables  at  the  start  of  the  changes.  Because  of 
this  simple  fact  a  set  of  ordinary  differential  equations  cannot  be  definitely 
solved  unless  the  initial  conditions  of  variables  and  derivatives  correspond¬ 
ing  to  the  start  of  the  computer  “run”  are  known.  Specifically,  it  can 
be  shown1  that  the  output  voltage  of  each  integrator  at  the  start  of  the 
computation  must  be  specified  if  a  definite  solution  is  to  be  obtained. 
In  the  computer  setup  illustrated  by  Fig.  1.6,  it  will  be  necessary  to 
specify  the  initial  conditions  for  X  and  Y.  The  output  voltages  of  the 
corresponding  integrators  must  be  set  to  the  correct  voltages.  This  will 
determine  the  constants  C  and  p>  left  arbitrary  in  Eq.  (1.8),  and  a  definite 

1  Caldwell,  S.  H.,  and  V.  Bush,  A  New  Type  of  Differential  Analyzer,  J.  Franklin 
Inst.,  October,  1945,  p.  255. 
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solution  will  be  obtained.  Every  differential  analyzer  must  contain  pro¬ 
visions  for  setting  such  initial  conditions  into  the  computing  elements. 

An  Advantage  of  Analog  Computers.  The  usefidness  of  the  “block” 
representation  of  mathematical  relations  in  practical  computer  applications 
cannot  be  overemphasized.  This  representation  serves  as  an  instructive 
model  which  illustrates  relationships  between  different  variables  of  a 
problem.  In  many  applications,  particularly  in  communications  and 
control  engineering,  the  functional  resemblance  between  the  model  and 
the  actual  equipment  described  by  the  mathematical  relations  is  striking. 
An  amplifier  or  a  servomechanism  component  does  have  input  and  output 
variables  related  by  sets  of  differential  equations.  Each  such  component 
can,  then,  be  represented  by  a  “block”  of  computing  elements  in  the 
machine.  The  flow  of  information  in  the  computer  will  then  be  closely 
analogous  to  the  flow  of  signals  in  the  physical  device  under  study. 
Blocks  of  computing  elements  may  be  interchanged  with  others  repre¬ 
senting  different  equipment  until  the  optimum  combination  of  com¬ 
ponents  for  the  physical  system  is  established.  It  was  already  mentioned 
that  one  or  several  components  of  the  physical  device  may  take  the  place 
of  the  corresponding  block  in  the  computer  itself.  They  may  thus  be 
tested,  with  the  computer  running  on  a  1:1  time  scale.  For  such  pur¬ 
poses  the  analog  computers  are,  indeed,  better  suited  than  digital  com¬ 
puters,  which  are  usually  forced  to  consider  an  entire  problem  as  a  whole 
for  reasons  of  economy.  In  the  analog  computers,  the  actual  relations 
between  variables  “become  alive”  and  can  be  observed  directly.  The 
next  task  is  that  of  designing  generally  useful  building  blocks  or  comput¬ 
ing  elements. 

Computing  Elements  Needed.  It  will,  in  general,  be  desirable  to  make 
a  computing  machine  easy  to  construct  and  suitable  for  a  wide  variety  of 
applications.  Accordingly,  it  is  customary  to  perform  more  complicated 
mathematical  operations  on  the  computer  voltages  (machine  variables) 
through  combinations  of  a  limited  number  of  simple  operations,  performed 
by  basic  computing  elements.  It  has  been  proved  explicitly 1 2 3  that  a  very  wide 
range  of  problems  can  be  solved  conveniently  by  the  application  of  only  the 
following  computing  elements: 

1.  Devices  which  will  multiply  a  machine  variable  by  a  (positive  or 
negative)  constant  coefficient 

2.  Devices  which  Avill  generate  the  sum  of  two  (or  more)  machine 
variables 

3.  Devices  which  will  generate  the  product  of  two  machine  variables 

1  Murray,  Francis  J.,  The  Theory  of  Mathematical  Machines,  King’s  Crown  Press, 
New  York,  1947. 
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4.  Devices  which  will  generate  functions  of  machine  variables 

5.  Devices  which  will  generate  either  the  time  integral  or  the  time 
derivative  of  a  machine  variable 

Some  of  the  more  commonly  used  devices  capable  of  performing  such 
operations  with  d-c  voltages  will  be  discussed,  one  by  one,  in  the  following 
section.  The  design  of  these  and  other  computing  elements  will  be 
covered  in  Chaps.  4  and  5. 

1.3.  Algebraic  Operations.  Compared  with  many  other  computing 
devices,  d-c  analog  computers  are  often  strikingly  simple.  The  reason 
for  this  is  in  the  relative  ease  with  which  the  fundamental  operations  of 
multiplication  by  constants,  addition,  differentiation,  and  integration 
can  be  performed  by  utilizing  simple  basic  laws  of  current  flow. 

Multiplication  by  a  Constant.  Figure  1.7a  shows  how  a  simple  voltage 
divider  or  potentiometer  is  used  to  multiply  a  voltage  by  a  constant  posi¬ 
tive  coefficient  a(l  >  a  >0): 

X„  =  alj  (1.9) 

The  coefficient  setting  may  be  read  on  the  potentiometer  dial.  The  dial 
scale  will  be  linear  unless  the  potentiometer  is  loaded  appreciably  by 
another  computing  element  connected  to  its  output  terminals  (see  Sec. 
4.1). 

D-c  amplifiers  with  feedback  make  it  possible  to  multiply  a  d-c  voltage 
by  a  constant  greater  than  1.  In  most  practical  cases  the  sign  of  the 
output  voltage  will  be  the  opposite  of  that  of  the  input  voltage.  The 
feedback  amplifier  thus  multiplies  by  a  negative  constant;  it  acts  as  a 
phase  inverter. 

D-c  amplifiers  with  various  feedback  networks  are  used  extensively  in 
d-c  analog  computers.  They  are  often  referred  to  as  operational  ampli¬ 
fiers.  The  transfer  functions  of  such  devices  are  determined  mainly  b}r 
the  feedback  networks;  the  amplifier  forward  gain  is  usually  made  as 
high  as  possible  in  order  to  make  the  transfer  function  stable.  The  ampli¬ 
fiers  and  their  associated  power  supplies  are  designed  for  low  drift.1  All 
input  and  output  voltages  are  measured  with  respect  to  a  ground  refer¬ 
ence.  It  is  clear  that  the  output  voltages  of  operational  amplifiers  must 
not  exceed  certain  maximum  absolute  values  (usually  plus  or  minus  100 
volts)  corresponding  to  the  range  of  linear  amplifier  operation. 

Consider  the  arrangement  of  Fig.  1.76.  Let  A  be  the  amplifier  forward 

1  Lor  an  elementary  discussion  of  amplifier  terminology,  the  reader  is  referred  to 
D.  G.  Fink,  Engineering  Electronics,  McGraw-Hill,  New  York,  1938.  More  advanced 
discussions  will  be  found  in  Vol.  18  of  the  MIT  Radiation  Laboratory  Series.  Proper¬ 
ties  desirable  in  computer  amplifiers  as  well  as  typical  circuits  are  discussed  in  Chap.  5. 
of  the  present  work. 
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gain  which  will  be  large  (500  to  50  million)  over  the  range  of  operating 
frequencies.  The  voltage  at  the  amplifier  input  grid  is  denoted  by  E,  so 
that 

X0  =  AE  or  E  =  ^  (1.10) 


One  might  note  in  passing  that  in  such  high-gain  amplifiers  the  input 
grid  is  practically  at  ground  potential  while  the  output  voltage  has  a 
finite  value.  According  to  KirchhofPs  first  law/  the  sum  of  all  currents 
flowing  to  the  grid  must  be  zero.  If  the  grid  current  is  neglected  for  the 
present  (see  Sec.  4.3),  the  “nodal”  equation  expressing  this  fact  is 


so  that 


(1.11) 

(1.12) 


In  most  practical  cases  |A|  1,  A 

to  a  good  approximation 

X0  = 


Ri 

Ro 


■ X ! 


»  1,  so  that  Eq.  (1.12)  becomes 
Ro 


R  i 


(1.13) 


Addition.  Summing  or  averaging  networks  of  the  type  shown  in  Fig.  1.7c 
may  be  used  to  obtain  a  voltage  proportional  to  the  sum  of  several  input 
voltages.  In  Fig.  1.7c,  the  sum  of  all  currents  flowing  to  the  output 
terminal  must  be  zero,  thus 


(x„  -  x.)  L  +  (X,  -  X,)  L  +  ■  •  • 

+  ( X .  -  X.)  /  +  X  L  =  0  (1.14) 

iln  JlCo 

so  that 


x  =  (  +  h.  + 

Ao  Vfli  +  r2  + 


+  i; 


(1.15) 


Ro 


Such  networks  may  be  used  for  addition,  but  it  is  seen  from  Eq.  (1.15) 
that  the  performance  changes  appreciably  with  the  load  resistance  Ri  and 
that  there  is  considerable  attenuation  in  this  circuit. 

1  Smvthe,  W.  R.,  Static  and  Dynamic  Electricity,  McGraw-Hill,  New  4ork,  1939. 
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Figure  1.7 d  shcuvs  a  feedback  amplifier  arrangement  which  permits  the 
addition  of  several  voltages  or  machine  variables  as  well  as  multiplication 
by  constants  and  phase  inversion.  The  operational  amplifier  shown  in 
Fig.  1.7 d  has  several  input  voltages  Xi,  X2,  .  .  .  ,  X„.  The  voltage  at. 
the  input  grid  is,  again,  equal  to  X0/A.  The  nodal  equation  for  this 
point  becomes 


so  that 


(1.16) 


X0 


AR0 


(1  —  A )  +  R0 


With  high-gain  amplifiers  one  has  usually 

\A\ »  1,  \A\ »  Ro  +  ^  +  -  ’  •  +  74) 

so  that  Eq.  (1.17)  becomes 


+i) 

(1.17) 


(1.18) 


Equation  (1.18)  is  particularly  useful  for  establishing  relations  of  the  form 


with 


X0  =  —  (aiXi  +  a  2X2  +  •  •  •  +  anXn)  (1.19) 


R0 

Rn 


A  commonly  used  summing  amplifier  employs  the  arrangement  of  Fig- 
1.7 d  with  the  resistance  values 


R0  —  1  megohm 

Ri  =  R2  —  R-i  =  Ri  =  1  megohm 
Rb  =  Re  =  0.25  megohm 
Ri  =  0.1  megohm 

so  that  (1.19)  becomes 

X0  =  -(Xx  +  X2  +  X3  +  x4  +  4Xs  +  4X6  +  10X7) 
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Seven  input  terminals  corresponding  to  the  coefficients  1,  1,  1,  1,  4,  4, 
and  10  are  available.  Figure  1.8  shows  this  arrangement  and  the  com¬ 
monly  used  block-diagram  symbol  for  such  a  summing  amplifier. 

A  summing  amplifier  may  be  used  for  multiplying  a  variable  by  a  con- 


D-C  AMPLIFIER 


X0=-U,+X2  -t-X3+X4  +4X5  +4X6+I0X7) 

Fig.  1.8.  Summing  amplifier  and  block-diagram  symbol. 


X0  =-(2X,  +4X2  +  I5X3) 

Fig.  1.0.  Summing  amplifier,  illustrating  use  of  parallel  inputs  for  multiplication  by 
constant  coefficients. 


stant  coefficient  in  yet  another  manner.  It  is  possible  to  connect  the 
same  input  voltage  to  two  or  more  input  terminals  of  the  summing  ampli¬ 
fier;  the  variable  is  thus  added  to  itself  (or  several  products  of  the  variable 
by  constant  coefficients  are  added).  Figure  1.9  illustrates  this  use  of 
“parallel  inputs”  with  a  summing  amplifier.  Summing  amplifiers  and 
potentiometers  can  be  combined  to  form  more  complicated  sums  and 
differences. 

M ultiplication.  The  design  of  computing  elements  whose  output  volt¬ 
age  is  the  product  of  two  input  voltages  is  somewhat  more  difficult. 
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Chapter  6  lists  a  number  of  devices  capable  of  performing  this  function 
by  electromechanical  or  electronic  means.  It  will  suffice  here  to  mention 
the  most  commonly  used  of  these  multipliers.  Consider  an  ordinary 
linear  potentiometer  of  the  type  described  above  with  an  input  voltage 
X\.  If  the  potentiometer  setting  a  is  made  proportional  to  a  second  input 
voltage  X2,  then  the  output  voltage  aX i  must  be  proportional  to  the 
product  of  Xi  and  X2.  A  servomechanism  consisting  of  an  amplifier  or 
relay  and  an  electric  motor  can  be  made  to  position  the  potentiometer 
shaft  in  the  desired  manner.  The  voltage  X2  is  applied  to  the  input 


X|  o 


POTENTIOMETER 


X0=oX,  =(CONSTANT)X,X2 


x2°- 


FlG.  1.10. 


SERVOMECHANISM 


Servo  multiplier. 


X, 


POTENTIOMETER 


CENTER 


it — r 


•X,  o- 


XQ  ;(C0NSTANT)X,X2 


*2' 


SERVOMECHANISM 


Fig.  1.11.  Servo  multiplier. 


terminal  of  the  servomechanism,  and  the  servomotor  will  turn  the 
potentiometer  shaft  continuously  to  the  correct  setting  (Fig.  1.10). 

This  arrangement  permits  multiplication  by  positive  voltages  X2  only. 
In  order  to  permit  X2  to  assume  negative  as  well  as  positive  values,  it  is 
customary  to  apply  the  voltages  Xi  and  —  Xi  to  two  ends  of  the  potenti¬ 
ometer.  The  output  voltage  X„  is  then  still  aX x,  and  a  varies  from  —  1 
through  0  to  +1  as  the  potentiometer  shaft  is  turned.  It  is  thus  possible 
for  a  to  be  proportional  to  negative  as  well  as  positive  values  of  X2,  and 
the  output  voltage  will  be  proportional  to  the  product  X\X2  for  all  com¬ 
binations  of  signs  (Fig.  1.11). 
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Function  Generation.  With  properly  tapered  and  tapped  potentiom¬ 
eters,  the  output  voltage  can  be  made  equal  to  a  nonlinear  function  of  the 
shaft  setting  a  and  thus  of  the  second  input  voltage  X2: 

X0  =  X \a  =  X  jo  (A  2)  ( —  1  cl  fC  1)  (1.20) 

Such  servo-driven  function  generators  permit  the  multiplication  of  a  volt¬ 
age  (constant  or  variable)  by  a  function  of  another  voltage.  For  example, 
it  is  possible  to  divide  a  voltage  Xi  by  another  voltage  X2  by  performing  a 
multiplication  by  the  function  1/X2.  A  number  of  other  circuits  for 
division  are  discussed  in  Sec.  G.3.  With  all  servo-driven  devices,  the 
speed  of  the  computation  is  limited  by  the  speed  with  which  the  motor 
can  follow  the  variations  of  the  voltage  X2. 

1.4.  Electronic  Integration  and  Differentiation.  Integrations  and 
differentiations  of  d-c  voltages  are  usually  performed  with  respect  to  the 
time  r  as  the  independent  variable. 

The  integrators  described  in  this  book  permit  integration  with  respect 
to  the  time  r.  If  integration  of  a  machine  variable  X  with  respect  to 
another  machine  variable,  Y ,  say,  is  desired,  use  must  be  made  of  the 
relation 

dr  =  J  XPYdr  (1.21) 

which  can  be  implemented  through  the  use  of  an  integrator  and  a 
multiplier. 

The  physical  basis  of  most  electrical  integrating  and  differentiating 
devices  is  a  simple  property  of  capacitors.  The  current  through  such  a 

capacitor  (Fig.  1.12)  is  always  propor¬ 
tional  to  the  derivative  of  the  voltage 
E  across  the  capacitor: 

i  =  CPE  (1.22) 

In  the  simple  integrating  network 
shown  in  Fig.  1.7e,  an  input  voltage 
Xi  will  start  to  charge  the  capacitor  C 
through  the  resistor  R  in  a  manner  amounting  approximately  to  integra¬ 
tion.  Unfortunately  the  voltage  built  up  on  C  during  this  process  can 
oppose  the  input  voltage  and  prevent  accurate  computation.  Quantita¬ 
tively  speaking,  the  sum  of  all  currents  flowing  to  the  output  terminal 
must  be  zero,  so  that 


- E - ► 

Fig.  1.12.  Illustrating  the  basic 
property  of  capacitors. 


XdY 


X 


(1Y 

dr 


(Xo  -  Xx)  ^  -  X0CP  =  0 
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and 


X0 


1 

RCP  +  1 


Xx 


The  transfer  function  X,,/ X  i  of  a  true  integrator  would  be 


X0  _  const 
Xl  ~  RCP 


(1.23) 


(1.24) 


Figure  1.13  shows  the  response  of  an  integrating  net  work  to  an  input  volt¬ 
age  step  (a  constant-voltage  source  suddenly  turned  on) .  The  integrating 
network  will,  in  all  cases,  approx¬ 
imate  the  performance  of  a  true 
integrator  reasonably  well  for  a 
short  time  after  the  computation  is 
started.  The  transfer  function  of 
(1.23)  approximates  that  of  a  true 
integrator  more  closely  if  the  values 
of  C  and  R  are  increased,  but  this 
also  increases  the  attenuation. 

Electronic  Integration.  The  elec¬ 
tronic  integrator  shown  in  Fig.  1 .7/ 
is  more  accurate  and  practical  than 
the  simple  integrating  network. 

Good  integration  is  obtained  with 
little  or  no  attenuation  and  smaller 
values  of  resistance  and  capacitance. 

Moreover,  the  output  can  be  made 
to  match  a  low-impedance  load, 
such  as  a  potentiometer,  with¬ 
out  impairing  the  quality  of  the 
integration. 

With  high-gain  feedback  amplifiers  the  input  grid  voltage  E  =  X0/A 
will  be  quite  small  for  high  values  of  the  amplifier  gain  A.  Since  now 
only  this  small  voltage  can  oppose  the  input  voltage  A\  the  amplifier  will 
charge  the  capacitor  at  a  rate  quite  closely  proportional  to  Xx.  The 
output  voltage  X0  will  then  be  closely  proportional  to  the  time  integral  of 
input  voltage  X\.  The  transfer  function  of  the  electronic  integrator  is 
derived  precisely  in  the  same  manner  as  that  of  other  operational  ampli¬ 
fiers.  The  nodal  equation  for  the  input  grid  is 

-  xcj  cp  =  o 


X, 


Fig.  1.13.  Integration  of  step-function 
voltage  by  a  simple  integrating  network. 


(1.25) 
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if  capacitor  leakage  is  neglected  for  the  present.  Thus 

Xo  =  (1  -  A)RCP  +  1  Xl  (L26^ 

For  large  values  of  A  and  reasonably  short  computing  times,  this  is 
approximated  by 

x°=  ~  MP  x'  (1-27) 

which  corresponds  to  integration. 

Since  Eq.  (1.27)  is  only  approximately  true,  there  is  still  a  limitation  on 
the  allowable  computing  time.  A  comparison  of  (1.2b)  and  (1.23)  shows, 


Ri 


however,  that  a  considerable  improvement  has  been  effected.  Because 
of  the  nature  of  integration,  it  is  possible  for  initial  errors  in  integration 
to  increase  with  time.  Accordingly  the  design  of  the  integrators  is  a 
crucial  part  of  the  entire  computer  design.  The  detailed  design  proce¬ 
dure  as  well  as  estimates  of  maximum  allowable  computing  times  will  be 
discussed  in  Sec.  4.3. 

Figure  1.14  shows  an  electronic  summing  integrator.  This  operational 
amplifier  is  capable  of  summing  as  well  as  integration.  The  output 
voltage  of  the  summing  integrator  is,  to  a  similar  approximation  as  (1.27), 


X0 


J_(Xi  X, 

CP  \Rl  ^  R2  ^ 


(1.28) 
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Electronic  Differentiation.  Networks  and  operational  amplifiers  capa¬ 
ble  of  approximate  differentiation  with  respect  to  time  may  be  constructed 
by  reversing  the  positions  of  resistors  and  capacitors  in  the  corresponding 
integrators,  as  illustrated  in  Fig.  1  ,lg  and  h,  which  also  show  the  respec¬ 
tive  transfer  functions.  Computer  designers  have  shied  away  from  the 
use  of  differentiators  because 

1.  Differentiators  have  a  tendency  to  amplify  noise  pulses. 

2.  Their  inherently  good  high-frequency  response  may  lead  to 
unwanted  high-frequency  oscillations  in  the  computing  machine 
unless  special  precautions  are  taken. 

It  is  generally  possible  to  use  integrators  instead  of  differentiators  in 
differential  equation  solvers.  In  all  such  machines,  whether  integrators 
or  differentiators  are  used,  some  provision  must  be  made  for  setting  the 
given  initial  conditions  into  the  machine.  Several  methods  for  accom¬ 
plishing  this  are  described  in  Sec.  7.1. 

1.5.  Complete  D-c  Analog-computer  Installations.  Applications.  By 
judiciously  combining  basic  computing  elements  of  the  types  discussed 
in  the  last  section,  it  is  possible  to  design  complete  d-c  analog  computers 
for  a  wide  range  of  applications.  The  technical  details  of  the  economical 
design  of  such  installations  will  be  discussed  in  Chap.  8. 

A  complete  d-c  analog  computer  will,  in  general,  comprise  the  follow¬ 
ing  components  in  one  form  or  another: 

1.  Linear  electronic  computing  elements  (operational  amplifiers  and 
associated  networks).  These  will  perform  the  operations  of  ampli¬ 
fication,  phase  inversion,  differentiation,  and  integration,  as  neces¬ 
sary.  The  cost  and  complication  of  these  and  other  computing 
elements  will  depend  on  the  required  accuracy. 

2.  Potentiometers  or  attenuators  to  set  constant  coefficients. 

3.  “Nonlinear”  electronic  or  electromechanical  computing  elements  for 
performing  operations  such  as  multiplication,  division,  function 
generation,  and  limiting.  Such  devices  are  needed  only  if  the 
problems  to  be  solved  call  for  nonlinear  operations. 

4.  Permanent  wiring  or  flexible  means  for  interconnecting  these  com¬ 
puting  elements  as  needed  for  the  problems  in  question.  Telephone 
patch  cords  and  jacks  are  a  practical  and  convenient  means  for 
such  interconnections. 

5.  Control  circuits  for  starting  the  computation  with  the  correct  initial 
condition  settings  and  for  stopping  the  machine  after  the  computa¬ 
tion  is  completed.  Such  circuits  must  be  designed  for  reliable  as 
well  as  convenient  operation. 
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Fig.  1.15.  Late  model  REAC  computer  (Reeves  Instrument  Corporation,  New  York 
City).  The  cabinets,  from  left  to  right,  contain  the  recorder  and  driver  amplifiers, 
servo  power  supplies,  computer  servomechanisms,  potentiometers  and  operational 
amplifiers,  and  power  supplies  for  the  d-c  amplifiers.  Note  the  patch  boards  used  for 
multishift  operation  of  the  central  patch  bay  (second  cabinet  from  the  riglTt;  see  also 
Secs.  8.3  and  8.6). 

6.  Means  for  recording  or  measuring  the  d-c  voltages  in  the  machine. 
Recording  milliammeters  are  commonly  used  to  furnish  a  permanent 
inked  record  of  voltages  against  time. 

7.  Regulated  power  supplies  which  furnish  the  voltages  needed  for  the 
operation  of  the  electronic  components. 

In  addition  to  special-purpose  computers  assembled  permanently  or 
on  a  breadboard  for  the  solution  of  single  problems,  an  institutional  or 
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industrial  laboratory  may  utilize  a  flexible  electronic  differential  analyzer 
of  small  to  moderate  size  (10  to  20  operational  amplifiers)  for  the  solution 
of  general  mathematical  problems  which  present  themselves  in  the  course 
of  research  or  development  work.  Such  computers  can  be  maintained 
and  serviced  by  any  alert  radio  technician  without  special  preparation. 
Experience  has  shown  that  engineers  and  scientists  with  an  average 
college  background  in  mathematics  can  learn  the  use  of  an  electronic 
differential  analyzer  without  difficulty  and  will  quickly  appreciate  the 
possibilities  afforded  by  this  powerful  modern  tool. 

Large-scale  analog-computer  laboratories,  staffed  by  mathematical 
experts  as  well  as  specialists  in  the  principal  fields  of  application,  are 
now  in  existence  in  several  parts  of  the  United  States.  Such  laboratories 
are  capable  of  rendering  invaluable  services  to  science  and  industry  by 
performing  computations  too  extensive  in  scope  or  volume  to  be  handled 
by  smaller  facilities.  Such  computer  laboratories  are  usually  started  by 
government  or  industrial  grants  and  may  well  be  self-supporting.  An 
installation  of  this  type  may  comprise  two  or  more  large  electronic  differ¬ 
ential  analyzers  which  can  be  interconnected  and  operated  together  for 
the  solution  of  especially  complicated  problems.  Test  facilities  for 
automatic  control  machinery  to  be  tested  with  analog  computers  may 
adjoin  the  differential  analyzers,  and  digital  computers  may  further 
increase  the  range  of  the  problems  which  can  be  solved. 

Figure  1.15  shows  a  flexible  electronic  differential  analyzer  of  the  d-c 
analog  type.  A  number  of  computer  laboratories  using  such  machines 
have  been  in  continuous  operation  for  a  number  of  years  and  have  an 
enviable  record  of  achievement. 
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PRACTICAL  SETUP  PROCEDURE 

2.1.  Introduction.  In  order  to  solve  a  given  set  of  differential  equa¬ 
tions  on  a  d-c  analog  computer  it  is  necessary  to  make  certain  voltages 
in  the  machine  vary  with  time  in  a  manner  prescribed  by  the  given 
differential  equations.  The  computer  is  “set  up”  for  the  given  problem 
if  a  suitable  arrangement  of  computing  elements  ensures  the  existence  of 
the  correct  mathematical  relations  between  the  voltages  in  the  computer. 

It  is  clearly  of  the  greatest  importance  for  the  engineers  or  mathe¬ 
maticians  in  charge  of  a  computer  laboratoiy  to  acquire  skill  and  facility 
in  the  technique  of  setting  the  machine  up  for  a  given  problem. 

The  setup  procedure  described  in  the  following  sections  has  evolved 
during  several  years  of  practical  work.  It  seems  to  be  sufficiently  simple 
and  straightforward  to  enable  even  inexperienced  personnel  to  obtain 
workable  setups  for  a  very  large  number  of  problems.  On  the  other 
hand,  there  are  usually  many  possible  setups  for  a  given  problem.  It 
will  always  be  somewhat  of  an  art  to  find  the  setup  which  will  result  in 
the  greatest  possible  accuracy  or  in  the  most  economical  use  of  the  com¬ 
puting  elements.  Experience  as  well  as  ingenuity  will  give  the  operator 
a  feeling  for  the  new  mathematical  medium,  and  one  may  say  that  an 
elegant  setup  will  be  aesthetically  satisfying  as  well  as  practically  useful. 

2.2.  Machine  Variables  and  Scale  Factors.  It  is  very  important  to 
remember  that  the  machine  will  establish  mathematical  relations  not 
between  the  original  variables  of  a  problem  but  between  voltages  “simu¬ 
lating”  these  variables.  In  order  to  keep  this  distinction  clearly  in 
mind  it  is  useful  to  denote  the  voltage  or  machine  variable  representing  a 
given  mathematical  variable  in  the  computer  by  the  corresponding  capital 
letter.  Thus  an  angle  5  would  be  represented  by  a  voltage  A,  a  velocity 
v  by  a  voltage  V,  a  variable  x  by  X,  etc.  Since  in  many  d-c  analog  com¬ 
puters  the  machine  variables  can  vary  between  the  limits  of  plus  and 
minus  100  volts,  it  has  been  found  convenient  to  measure  the  machine 
variables  in  units  of  100  volts,  or  machine  units.  These  conventions  will 
be  adhered  to  in  the  following  discussions. 

The  first  step  in  any  computer  setup  must  be  the  establishment  of 
relations  describing  the  transformations  from  the  given  problem  variables 
to  machine  variables  and  vice  versa.  In  all  ordinary  cases  these  trans- 
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formation  equations  arc  simply  of  the  form 

X  =  axx  A  =  V  =  a„v,  etc.  (2.1) 

The  dimensional  coefficients  ax,  a$,  av,  etc.,  in  Eq.  (2.1)  are  called 
scale  factors.  <  The  scale  factor  of  any  variable  is  numerically  equal  to 
the  number  of  100-volt  machine  units  corresponding  to  1  unit  of  the 
simulated  variable.  Each  voltage  is  given,  numerically  and  dimen¬ 
sionally,  by  the  product  of  scale  factor  and  variable.  Conversely, 
the  correct  value  of  any  variable  can  be  determined  from  the  correspond¬ 
ing  voltage  by  dividing  the  latter  by  the  scale  factor. 

Example.  Let  5  be  an  aircraft  angle  of  attack.  The  transformation  equation 
A  =  45  indicates  that  the  voltage  A  simulates  the  angle  5  with  a  scale  factor  as  =  4 
(100  volts/radian),  so  that  an  angle  of  radian  or  14.3  deg  is  represented  by  1  machine 
unit  or  100  volts  in  the  machine. 

The  choice  of  scale  factors  is  governed  by  two  conflicting  considera¬ 
tions  between  which  some  compromise  must  be  made:  (1)  scale  factors 
should  be  as  large  as  possible  in  order  to  minimize  percentage  errors  due 
to  stray  voltages,  and  (2)  the  machine  variables  must  not  exceed  plus  or 
minus  100  volts  (1  machine  unit)  so  that  all  tubes  operate  within  the 
linear  portions  of  their  characteristics.  Because  of  these  considerations, 
it  is  necessary  to  possess  some  information  as  to  the  expected  ranges  of 
the  variables  in  order  to  limit  the  scale  factors  accordingly.  Estimates 
of  these  ranges  may  be  obtained  from  a  knowledge  of  the  physical  back¬ 
ground  of  the  problem,  from  approximate  numerical  computations,  or 
from  the  results  of  trial  runs.  This  information  need  not  be  accurate, 
since  it  is  relatively  easy  to  change  the  scale  factors  during  the  course  of 
the  computation. 

In  general,  a  scale  factor  ax  associated  with  the  variable  x  will  be  chosen 
according  to  the  following  rule: 

1  machine  units  gx 

—  maximum  expected  value  of  |.t|  unit 

This  ensures  that  the  largest  expected  excursion  of  the  machine  variable 
X  will  never  exceed  1  machine  unit.  In  most  cases  a  convenient  round 
number,  somewhat  less  than  the  numerical  value  given  by  Eq.  (2.2), 
may  be  used  for  the  scale  factor.  Scale  factors  smaller  than  those 
indicated  by  the  foregoing  must  be  used 

1.  If  it  is  inevitable  that  multiples  of  the  machine  variables  in  question 
appear  at  an  amplifier  output  terminal. 

2.  If  the  time  scale  (see  Sec.  2.4)  is  fixed  and  the  voltages  representing 
derivatives  of  machine  variables  would  overload  one  or  more 
amplifiers. 
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Scale  factors  for  different  variables  will,  in  general,  differ  from  one 
another  in  magnitude  and  dimensions.  As  a  rule,  there  will  be  one  trans¬ 
formation  equation  and  thus  one  scale  factor  associated  with  each  variable 
of  the  problem.  Quite  frequently,  however,  a  mathematical  variable, 
x,  say,  may  be  represented  by  two  or  more  different  voltages  or  machine 
variables  Ari,  A^2,  etc.,  in  different  parts  of  the  computer.  In  such  cases 
there  may  be  more  than  one  transformation  equation  and  more  than  one 
scale  factor  for  the  variable  in  question. 

Functions  of  Machine  Variables.  Functions  of  machine  variables  such 
as  X sin  Y,  eY,  etc.,  may  be  considered  as  new  problem  variables  fi, 
/2,  etc.  The  absolute  values  of  the  corresponding  machine  variables 
F i,  F2,  etc.,  should  not  exceed  1  machine  unit. 

Examples.  If/i  =  sin  Y,  the  corresponding  transformation  equation  can  be  simply 

/.  =  F , 

If  /2  =  eY  with  —  1  <  Y  <  1,  the  corresponding  transformation  may  be 

fs  —  eb\ 

where 

Fi  =  -  eY 
e 

Note  that  the  new  function  F2  can  be  obtained  simply  by  means  of  a  potentiometer 
function  generator  whereas  the  original  function  /2  cannot  (see  also  Secs.  2.8  and  6.5) 

It  is  not  really  necessary  to  write  the  above  relation  explicitly  in  each 
case;  it  will  usually  suffice  to  rewrite  the  machine  equation  in  the  manner 
shown  in  the  following  example. 

Example.  The  machine  equation 

PX  =  with  0.1  <  X  <  1 

A 

can  be  rewritten  in  the  form 

The  function  in  parentheses  can  be  generated  by  means  of  a  function  potentiometer. 

Recorder  Scales.  The  adjustment  and  choice  of  the  recorder  scales 
before  computation  may  be  properly  considered  as  part  of  the  computer 
operation  as  such  and  are  described  in  Sec.  7.3. 

2.3.  Choice  of  Time  Scale.  If  the  transfer  functions  of  all  computing 
elements  are  given  in  terms  of  real  time  units,  a  d-c  analog  computer 
may  be  considered  as  capable  of  integrating  and  differentiating  the 
machine  variables  with  respect  to  real  time  and  only  with  respect  to  real 
time.  In  other  words,  real  time,  henceforth  denoted  also  as  machine  time 
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t,  is  the  independent  machine  variable The  time  scale  is  established  by 
writing  a  transformation  equation  relating  the  machine  time  r  to  the 
mathematical  independent  variable,  t,  say, 


t  =  a  tt 


(2.3) 


From  (2.3)  it  follows  that 


(2.4) 


where  the  operator  P  =  d/dr  denotes  differentiation  with  respect  to  the 
real  or  machine  time  t.  The  dimensional  coefficient  a,-  is  called  the 
time-scale  factor  and  is  often  referred  to  simply  as  the  time  scale.  The 
time-scale  factor  is  numerically  equal  to  the  number  of  seconds  repre¬ 
senting  the  unit  of  the  independent  variable  under  consideration.  Again, 
the  value  of  the  independent  variable  at  any  instant  of  the  computation 
is  obtained  by  dividing  the  elapsed  computing  time  by  the  time-scale 
factor. 

Example.  Let  the  time  t  be  the  independent  variable  in  a  physics  problem.  Do 
not  confuse  r  and  t!  The  transformation  equation  t  =  \0t  indicates  that  the  machine 
time  “simulates”  the  problem  time  t  with  a  time-scale  factor  of  10.  Thus  a  problem 
time  of  Ko  sec  is  represented  by  a  machine  time  of  1  sec.  All  rates  of  change  in  the 
problem  have  been  slowed  down  in  the  ratio  at :  1  or  10: 1. 

The  nature  of  a  d-c  analog  computer  makes  it  easy  to  change  the  time 
scale  of  a  computer  run  within  certain  limits.  When  the  time  scale  is 
changed,  the  voltage  changes  in  the  computer  remain  proportional  to 
the  corresponding  changes  of  the  mathematical  variables,  but  the  rates 
at  which  these  voltage  changes  take  place  may  lie  speeded  up  or  slowed 
down  in  order  to  improve  the  accuracy  or  increase  the  convenience  of 
the  computation. 

The  choice  of  the  time  scale  is,  again,  governed  by  a  number  of  con¬ 
flicting  considerations,  which  may  be  summarized  as  follows: 

1.  Almost  all  errors  associated  with  d-c  integrators  tend  to  increase 
with  time  (see  Sec.  4.3)  and  are  thus  minimized  by  short  computing- 
times  (small  at). 

2.  Computer  servos,  on  the  other  hand,  may  become  unreliable  at 
frequencies  higher  than  2  cps  (see  Sec.  6.4).  From  this  point  of 
view,  a  slow  time  scale  seems  to  be  more  favorable  if  servos  are  to 
be  used. 

1  While  the  symbol  t  for  real  time  might  be  preferable,  its  use  is  not  practical  because 
of  the  frequent  use  of  t  as  the  independent  variable  in  physics  problems.  It  is  impor¬ 
tant  to  consider  the  meanings  of  the  two  symbols  t  and  t  very  carefully  so  that  the 
two  may  not  be  confused. 
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3.  With  a  small  time-scale  factor  all  rates  of  changes  and  therefore  the 
coefficients  in  the  machine  equations  are  increased.  This  may  make 
it  necessary  to  cascade  amplifiers  to  the  point  of  instability  and 
also  to  reduce  the  scale  factors  of  certain  variables  whose  derivatives 
would  otherwise  overload  the  computer. 

Example.  Consider  the  differential  equation 


Suppose  the  scale  factor  for  y  has  been  chosen  so  that 

_  1  / machine  units \ 

a'J  200  \  unit  / 

or 

y  =  200 Y 

Then  for  t  =  t  (1 : 1  time  scale),  the  machine  equation  is 

r  -  p  G) 

For  r  =  100/  (“slow”  timescale  =  100:1) 


But  for  r  =  Koo*  (“fast”  time  scale  =  Moo'A) 

Y  =  p  (25) 

and  the  voltage  of  —  25  machine  units  needed  to  drive  the  integrator  is  not  available  in 
the  computer.  The  equation  could  be  solved,  however,  with  a  reduced  scale  factor  ay. 

On  the  basis  of  these  conditions  a  compromise  must  be  made.  It  is 
evident  that  a  choice  of  the  time  scale  can  be  made  only  after  a  study  of 
the  particular  problem  in  question.  Some  examples  will  be  presented 
in  Chap.  3.  In  general,  a  total  computing  time  of  1  to  4  min  will  be 
satisfactory  for  accurate  integration.  If  computer  servos  are  used, 
they  should  not  be  positioned  by  voltages  changing  at  frequencies  higher 
than  2  to  10  cps,  depending  on  the  machine  used.  If  a  d-c  analog  com¬ 
puter  is  to  be  used  in  a  partial  system  test  (see  Sec.  3.7)  in  connection  with 
other  equipment,  it  must,  of  course,  be  operated  on  a  1  : 1  time  scale. 

In  many  problems,  the  independent  variable,  t,  say,  or  some  function  of 
t,  occurs  explicitly  in  the  differential  equations. 

Example. 

—  —  y  +  t  —  ts  —  sin  2t 
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In  such  cases,  t  is  not  represented  by  the  machine  time  r  alone.  It  is 
necessary  to  define  an  additional  voltage  or  machine  variable  which  will 
represent  l  in  the  machine.  In  accordance  with  previous  practice,  this 
machine  variable  will  be  denoted  by  T  and  will  be  defined  by  a  trans¬ 
formation  equation 

T  =  att  (2.5) 

The  scale  factor  at  must  not  be  confused  with  the  time-scale  factor  at, 
from  which  it  is  in  general  numerically  and  dimensionally  different.1  The 
machine  variable  T  is  necessarily  always  generated  as  a  function  of  the 
machine  time  r,  which  is  the  real  independent  variable  in  the  machine. 
It  is,  therefore,  quite  proper  to  consider  T  as  a  dependent  and  not  as  an 
independent  machine  variable. 

2.4.  Machine  Equations  and  Block  Diagrams.  As  soon  as  all  scale 
factors,  for  the  independent  variable  as  well  as  for  the  dependent  varia¬ 
bles,  have  been  chosen  (subject  to  later  revisions),  the  transformation 
equations  (2.1),  (2.3),  (2.4),  and  (2.5)  should  be  collected  and  recorded  on 
a  sheet  or  card  clearly  labeled  with  the  problem  number  or  designation. 
Thus, 

X  =  axx  A  =  aid  V  =  avv  •  •  •  T  =  att 

t  =  att  P  =  —  p  (2.6) 
at 

These  equations  are  next  solved  for  the  original  mathematical  variables: 
x  =  —  X  5  =  -A  v  =  -V  •••  t  =  -T 

Q>x  Ctd  O't 

t  =  —  r  p  =  atP  (2.7) 
at 

(2.7)  is  recorded  on  the  same  sheet  or  card  as  (2.6). 

The  given  differential  equations  are,  of  course,  expressed  in  terms  of  the 
mathematical  variables  ( x,8,v ,  .  .  .  ,t ).  It  is  easy  to  rewrite  the  given 
differential  equations  in  terms  of  the  machine  variables  (X,A,F,  .  .  .  ,T,r). 
It  is  merely  necessary  to  substitute  the  expressions  (2.7)  for  the  original 
variables  in  the  given  differential  equations.  The  resulting  mathematical 
relations  between  the  machine  variables  are  called  the  machine  equations; 
they  are  the  equations  actually  solved  hy  fhe  computing  machine. 

Example.  Consider  a  given  set  of  differential  equations 

p2y  +  7.34  py  +  4.9  px  +  3.5  y  +  IOOj  =  0  1 

p2x  +  15.9pj/  +  10 px  +  731  y  +  50x  =  200  / 

1  The  numerical  value  of  at  is  determined  by  simply  applying  Eq.  (2.2)  to  the 
independent  variable. 
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If  the  scale  factors  are  chosen  to  be 


ax  —  ay  —  1Q0 


( 


machine  units 


unit 


the  transformation  equations  become 

x  =  10(LY  y  =  \00Y  t  =  Y/\  or  p  =  \0P 


(2.10) 


These  expressions  are  substituted  into  the  original  differential  equations.  The 
machine  equations  are 


> 


PCX  +  1.59  PY  +  PX  +  7.31  Y  +  0.5A'  =  0.02 
P*F  +  0.734PF  +  0.49PX  +  0.035  V  +  X  =  0 


(2.11) 


The  machine  equations  express  mathematical  relations  between  voltages 
in  a  form  more  or  less  readily  set  up  on  the  machine.  The  arrangements 
of  computing  elements  which  will  establish  these  relationships  between 
the  voltages  in  the  computer  are  first  drawn  up  on  paper  as  block  diagrams , 
one  for  each  equation.  Each  block  diagram  will  serve  as  a  visual  aid  for 
connecting  the  computing  elements  proper  and  also  constitutes  an  impor¬ 
tant  record  of  the  computer  setup  under  consideration. 

Just  as  a  mathematical  equation  describes  relations  between  variables 
and  operators,  the  block  diagram  describes  relations  between  voltages 
(machine  variables)  and  computing  elements  (machine  operators).  The 
basic  computing  elements  available  for  this  purpose  were  already  discussed 
in  Chap.  1.  Some  symbols  commonly  used  in  block  diagrams  are  shown 
in  Fig.  2.1,  together  with  a  summary  of  the  operations  performed  by  each 
of  the  basic  computing  elements.  On  all  block  diagrams,  the  machine 
variables  at  all  amplifier  output  terminals  should  be  clearly  indicated  so 
that  the  block  diagram  can  be  easily  interpreted.1 

The  block-diagram  symbols  presented  in  Fig.  2.1  are  intended  as  sug¬ 
gestions  only  and  will  frequently  have  to  be  supplemented  by  more  com¬ 
plete  diagrams  (partial  circuit  diagrams).  This  is  especially  true  for  set¬ 
ups  on  computers  which  have  no  fixed  computing  and  feedback  networks 
built  into  the  machine.  Since  block  diagrams  for  simple  relations  are 
most  easily  understood,  it  is  best  to  draw  separate  block  diagrams  for  each 
machine  equation  or  even  several  block  diagrams  for  the  various  relations 
expressed  by  one  machine  equation. 

Each  block  diagram  should  be  drawn  so  that  it  can  be  “read”  from  one 
or  more  input  terminals  on  the  left  to  one  or  more  output  terminals  on  the 
right  like  a  sentence  or  an  equation  in  a  book.  It  is  not  necessary  or 

1  In  a  number  of  computer  laboratories,  it  is  customary  to  label  voltages  in  block 
diagrams  with  the  products  of  scale  factors  and  mathematical  variables  (such  as  ayy 
instead  of  F).  It  is  believed  that  this  procedure  will  permit  errors  more  easily  than 
that  described  in  the  text. 
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desirable  to  show  interconnections  between  the  output  and  input  termi¬ 
nals  of  the  block  diagrams  corresponding  to  two  different  machine  equa¬ 
tions.  Such  interconnections  are,  in  any  case,  clearly  seen  from  the  fact 
that  the  respective  terminals  are  labeled  with  the  same  symbols. 

The  computer  will  be  set  up  by  using  wires  or  patch  cords  to  inter¬ 
connect  the  physical  components  of  the  machine  in  the  manner  shown  by 
the  block  diagram.  The  code  or  serial  number  of  each  actual  computing  ele¬ 
ment  must  be  noted  carefully  on  the  block  diagram  as  the  interconnections  are 
made ,  and  an  accurate  record  must  be  made  of  any  changes  in  the  computer 
setup  or  in  the  scale  factors  used. 

Several  examples  of  simple  block  diagrams,  together  with  the  cor¬ 
responding  machine  equations,  are  shown  in  Fig.  2.2  which  also  illustrates 
a  number  of  ways  of  combining  the  basic  computing  elements  to  perform 
various  operations. 

While  the  number  of  possible  interconnections  in  a  d-c  analog  computer 
is  very  large,  several  precautions  have  to  be  observed  which  will  be 
brought  out  more  clearly  when  the  design  of  the  individual  computing 
elements  is  discussed  in  Chaps.  4  to  6.  A  practical  limit  e  .ists  on  the 
amount  of  amplification  and  thus  on  the  magnitude  of  a  coefficient  which 
can  be  obtained  in  most  d-c  analog  computers.  Gains  higher  than  plus 
or  minus  200  obtained  by  means  of  cascaded  amplifiers  usually  lead  to 
instability. 

Again,  most  amplifiers  or  integrators  should  not  be  loaded  by  more  than 
two  simple  potentiometers  without  special  “booster”  connections  (see 
Sec.  5.5). 

Another  point  to  be  remembered  is  that  voltages  like  10  Y,  4F,  etc.,  and 
also  derivatives  likePF,  P2Y  (see  Fig.  2.4)  may  overload  an  amplifier  out¬ 
put  even  if  the  voltages  Y,  V,  etc.,  do  not.  Setups  involving  such  situa¬ 
tions  must  be  avoided  unless  the  respective  scale  factors  are  reduced 
accordingly. 

The  simple  potentiometers  in  the  computer  are  usually  loaded  by  ampli¬ 
fier  input  networks.  As  a  result,  the  potentiometer  dial  readings  are  not 
accurately  equal  to  the  respective  potentiometer  transfer  functions.  The 
subject  of  potentiometer  loading  is  discussed  in  detail  in  Sec.  4.1.  It 
suffices  to  say  here  that  the  loading  errors  can  be  corrected  accurately  by 
reference  to  a  comparison  potentiometer  or  to  the  correction  charts  given 
in  Sec.  4.1.  The  potentiometer  transfer  functions  indicated  in  all  block  dia¬ 
grams  should  be  the  actual  transfer  functions,  including  the  effects  of  loading; 
otherwise,  the  machine  equations  could  not  be  easily  derived  from  the 
block  diagram. 

Because  of  the  very  great  variety  of  problems  which  can  be  solved  by 
means  of  d-c  analog  computers,  the  technique  of  setting  up  a  machine  is 
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Fig.  2.1.  Basic  computing  elements  are  the  building  blocks  of  block  diagrams  and  computer  setups. 
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best  taught  and  learned  by  working  as  many  examples  as  possible.  The 
material  in  Secs.  2.5,  2.7,  and  2.8  as  well  as  Chap.  3  has  been  prepared  with 
this  idea  in  mind.  A  number  of  specific  setup  techniques  will  be  discussed 
in  Secs.  2.5,  2.7,  and  2.8.  Chapter  3  will  describe  the  solution  of  several 
complete  problems  and  will  also  serve  to  illustrate  a  method  of  keeping 
convenient  records  of  the  computations. 

Setup  Sheets.  A  number  of  computer  laboratories  have  successfully 
used  so-called  setup  sheets  as  an  intermediate  step  between  the  preparation 
of  the  block  diagram  and  the  actual  computer  setup.  A  setup  sheet  is  a 
form  listing  the  following  information  for  each  computing  element  used  in  the 
computer  setup  in  question: 

1.  Input  machine  variables — from  which  point  in  the  machine 

2.  Output  machine  variables — to  which  point(s)  in  the  machine 

3.  Mathematical  relation  enforced 

4.  Scale  factors  used 

5.  Special  settings  or  remarks 

Setup  sheets  may  be  convenient  particularly  if  the  computer  setup 
proper  is  to  be  made  by  relatively  unskilled  personnel.  Setup  sheets  may 
also  be  helpful  for  checking  completed  computer  setups.  On  the  other 
hand,  it  may  be  difficult  to  keep  the  setup  sheets  up  to  date  during  changes 
in  the  computer  setup,  and  the  additional  intermediate  step  may  provide 
an  added  opportunity  to  commit  errors. 

2.5.  D-c  Analog -computer  Solution  of  Linear  Differential  Equations 
with  Constant  Coefficients.  A  very  large  class  of  engineering  problems 
concerned  with  oscillations  and  automatic  controls  leads  to  sets  of  linear 
ordinary  differential  equations.  D-c  analog  computers  are  especially  well 
adapted  to  the  solution  of  such  equations.  Two  typical  cases  will  serve  to 
illustrate  the  manner  in  which  such  problems  are  handled. 

Suppose  that  the  dependent  machine  variable  Y  in  a  certain  problem  is 
to  vary  with  the  machine  time  r  as  prescribed  by  the  machine  equation 

d2Y  dY 

±L  +  r  +  Y  =  0  or  P2Y  -(-  rPY  +  Y  =  0 

dr-  dr 

with  0  <  r  <  1  (2.12) 

It  was  mentioned  already  that  the  differentiations  indicated  in  an  equa¬ 
tion  like  (2.12)  are  usually  considered  difficult  to  perform.  Differentia¬ 
tions  can,  however,  usually  be  replaced  by  integrations,  as  the  following 
discussion  will  show. 

Equation  (2.12)  is  first  solved  for  the  highest  derivative  of  Y,  resulting 
in 

P2Y  —  (rPY  +  Y)  (0  <  r  <  1)  (2.13) 
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Each  of  the  terms  on  the  left  and  right  of  Eq.  (2.13)  will  be  a  voltage. 
The  voltage  P-Y  must  appear  as  a  sum,  multiplied  by  —  1,  of  the  voltages 
rPY  and  Y. 

This  relationship  between  voltages  is  obtained  by  applying  the  voltages 
rPY  and  Y  to  the  input  terminals  of  a  summing  amplifier  (Fig.  2.3a) 


Fig.  2.3.  Solution  of  the  differential  equation  P2)  +  rP  1  +1  —  0  with  0  <  r  <  1. 
Initial  conditions:  T0  =  1,  (PF) u  =  0. 

which  will  perform  the  required  operations  of  addition  and  multiplication 
by  -1. 

The  voltages  rPY  and  Y,  which  must  appear  at  the  summing  amplifier 
input  terminals,  are  not  independent  of  P-Y  but  must  be  obtained  from 
P2Y  through  successive  integrations  and  multiplications  by  constants. 
The  voltage  P2Y  is  treated  as  if  it  were  already  known  and  is  applied  to 
the  input  of  an  integrator  whose  output  must  then  be  equal  to  —PY. 
Integration  of  this  voltage  in  turn  yields  the  voltage  Y;  each  electronic 
integration  results  in  a  change  of  sign  (Fig.  2.3 b).  1  he  voltage  —P\  is. 
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finally,  multiplied  by  —  r  by  means  of  a  phase-inverting  amplifier  and  a 
simple  potentiometer,  so  that  the  required  voltage  rPY  is  obtained.  Fig¬ 
ure  2.3c  shows  the  block  diagram  corresponding  to  the  machine  equation 
(2.12),  except  for  the  initial  condition  settings.  The  latter  will  be  dis¬ 
cussed  in  Sec.  6. 

Experience  has  shown  that  there  is  usually  more  than  one  correct  com¬ 
puter  setup  for  any  given  problem.  One  or  more  of  these  may  be  prefer¬ 
able  to  others  for  reasons  of  economy  in  the  use  of  computing  elements 
because  of  better  accuracy  or  because  of  scale-factor  advantages.  For 
this  reason,  every  block  diagram  should  be  inspected  with  a  view  to 
possible  revisions.  Unless  it  is  necessary  to  measure  or  record  the  voltage 
P2Y  itself,  the  operations  of  summing  and  integrating  in  Fig.  2.3c  may 
both  be  performed  by  a  summing  integrator.  This  results  in  the  saving 
of  one  amplifier.  The  revised  block  diagram  is  shown  in  Fig.  2.3 d.  A 
check  shows  that  the  revised  block  diagram  corresponds  to  the  relation 


PY  =  —  ^ 


rPY 


-p(--pr)] 


which  is  equivalent  to-Eq.  (2.12).  It  is  seen  that  the  machine  variable  Y 
will  have  no  choice  but  to  vary  as  prescribed  by  the  given  machine  equation 
(2.12). 1 

As  a  second  example,  suppose  that  two  dependent  machine  variables  X 
and  Y  are  to  vary  with  the  machine  time  r  as  prescribed  by  the  set  of 
machine  equations  derived  in  the  example  of  Sec.  2.3,  viz., 


P2X  +  1.59PF  +  PX  +  7.31  Y  +  0.5X  =  0.02  \ 

P2Y  +  0.734 PY  +  0.49PX  +  0.035  Y  +  X  =  0  j  {AM) 


In  such  problems,  one  machine  equation  is  solved  for  the  highest  occurring 
derivative  of  each  of  the  machine  variables.  This  procedure  is  applicable 
even  if  the  highest  derivatives  of  two  or  more  machine  variables  do  not 
occur  in  more  than  one  of  the  equations.  It  is  always  possible  to  differ¬ 
entiate  one  of  the  other  equations  until  the  desired  derivative  is  obtained. 

In  the  present  case,  one  of  the  machine  equations  (2.14)  is  solved  for 
each  of  the  variables  P2X  and  P2Y : 

1  Equation  (2.12)  is  the  equation  of  damped  harmonic  motion.  If  To  =  1, 
(PY) o  =  0,  the  solution  will  be  found  to  be 

Y  =  Y  c ,e~bT  cos  cor  b  =  ^  «  =  "^1  —  ^ 

This  solution  is  easily  recorded  and  verified  for  a  number  of  values  of  r.  For  this 
reason,  this  simple  problem  is  often  used  to  check  a  new  computer. 
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P2X  =  —  (1.59PF  +  PX  +  7.31  Y  +  0.5X  -  0.02) 

.  P2F  =  -(0.734 PY  +  0.49PX  +  0.035F  +  X) 

Once  the  desired  relations  between  the  voltages  in  the  machine  have  been 
expressed  in  the  form  (2.15),  they  can  be  easily  established  physically. 
Each  Eq.  (2.15)  is  taken  up  in  turn. 

Each  of  the  terms  in  (2.15)  will  be  a  voltage  or  machine  variable. 
Starting  with  the  first  equation  (2.15),  the  voltage  P2 X  must  appear  as  the 
sum,  multiplied  by  —  1,  of  the  voltages 

1.59PF,  PX,  7.3LF,  0.5Ar,  —0.02  machine  unit  (2.16) 
This  end  is  achieved  by  applying  the  voltages 

^  PY,  PX,  ^  Y,  0.5X,  -0.02  machine  unit  (2.17) 

to  the  correct  input  terminals  of  a  summing  amplifier  (see  Fig.  2.4a),  which 
now  performs  the  required  multiplications  by  —  1,  —4,  and  —  10  as  well  as 
the  addition.  The  voltages  (2.17)  are  not  independent  of  the  voltages 
P2X  and  P2F  but  must  be  obtained  from  them  through  successive  integra¬ 
tions  and  multiplications  by  constants.  As  before,  the  voltage  P2X  is 
treated  as  if  it  were  already  known  and  is  applied  to  the  input  of  an 
integrator  whose  output  must  then  be  equal  to  —PX.  In  this  manner, 
successive  integrations  by  means  of  cascaded  integrators  (Fig.  2.45)  yield 
the  voltages  — PX  and  X  at  the  output  terminals  of  successive  integra¬ 
tors.  Similarly,  successive  integrations  of  P2F  yield  the  voltages  —PY 
and  F.  Each  electronic  integration  results  in  a  change  of  sign.  It  should 
be  noted  that  an  integrator  may  be  used  to  effect  a  multiplication  by  a 
constant  factor  as  well  as  an  integration. 

It  remains  to  multiply  the  voltages  —PX,  X,  —PY,  and  F  by  the 
proper  positive  and  negative  constants  by  means  of  phase-inverting  ampli¬ 
fiers  and  potentiometers  to  obtain  the  voltages  (2.17)  which  are  the  terms 
to  be  summed  by  the  first  summing  amplifier. 

This  completes  the  simulation  of  the  first  equation  (2.15).  A  block 
diagram  for  the  second  equation  is  obtained  in  essentially  the  same 
manner.  The  machine  variable  P2F  appears  at  the  output  of  a  second 
summing  amplifier  which  sums  and  inverts  the  voltages  0.734PF,  0.49PA , 
0.035 F,  X  (machine  units),  obtained  by  successive  integrations  and 
multiplications  of  P2X  and  P2F,  as  before.  A  complete,  composite  block 
diagram  corresponding  to  the  machine  equations  (2.15)  is  shown  in  Fig. 
2.4c. 

The  composite  block  diagram  should  be  reexamined  with  a  view  to 
possible  improvements  in  the  manner  discussed  further  above. 


(2.15) 
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Figure  2.4c  shows  the  complete  computer  setup  except  for  the  initial 
condition  settings.  The  latter  are  discussed  in  Sec.  2.6,  and  a  composite 
block  diagram  with  the  initial  condition  settings  indicated  is  shown  in 
Fig.  2.5a. 

Several  remarks  on  such  block  diagrams  in  general  are  in  order.  It  is 
seen  that  a  separate  block  diagram  has  been  drawn  for  each  of  the  machine 
equations.  Each  machine  variable  appears  at  an  output  terminal  on  the 


Fig.  2.4.  Solution  of  the  set  of  differential  equations 

P2X  +  1.59P7  +  PX  +  7.317  +  0.5X  =  0.02 

P27  +  0.734 PY  +  0.49PX  +  0.0357  +  X  -  0 

It  is  interesting  to  note  in  the  above  computer  setup  how  all  multiplications  by 
factors  greater  than  one  have  been  performed  at  amplifier  inputs.  The  voltages 
1.59P7  and  7.31 7  do  not  occur  at  amplifier  output  terminals  where  they  might  cause 
overloading. 

right  of  one  of  the  equation  block  diagrams  and,  usually,  at  one  or  more  of 
the  input  terminals  on  the  left.  Several  other  voltages  (auxiliary  machine 
variables)  also  appear  at  the  right  and  left  and  may  or  may  not  be 
recorded.  The  only  input  terminals  will  be  those  connected  to  a  source 
of  constant  voltage  or  an  external  function  generator  “driving”  the  com¬ 
puter.  The  interconnections  between  terminals  on  the  right  and  left  or  the 
interconnections  between  block  diagrams  of  different  equations  need  not  and 
should  not  be  drawn.  This  procedure  will  result  in  much  greater  clarity  of 
the  composite  block  diagram  and  will  also  aid  in  the  handling  of  the 
records.  This  fact  is  illustrated  by  Fig.  2.5 b,  which  shows  the  block 
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diagram  of  Fig.  2.4a  with  the  interconnections  drawn  in.  It  is  readily 
seen  that  the  arrangement  in  Fig.  2.4a  is  more  easily  interpreted  and  also 


Fig.  2.5.  Solution  of  the  set  of  differential  equations 

PUX  +  1.59  PY  +  PX  +  7.31  Y  +  0.5  A'  =  0.02 
P2Y  +  0.734 PY  +  0.49PA  +  0.035  Y  +  X  =0 

permits  changes  to  be  made  in  one  equation  block  diagram  without 
making  it  necessary  to  redraw  the  entire  figure. 

Whenever  a  composite  block  diagram  has  been  established,  it  should  be  care¬ 
fully  checked  against  the  corresponding  equations.  An  inspection  of  Fig. 
2.4a  shows  that  the  machine  variables  X  and  Y  will  have  to  vary  with  time 
as  prescribed  by  Eqs.  (2.15)  and  thus  by  Eqs.  (2.14).  Records  of  the 
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voltages  X  and  Y  will,  then,  constitute  a  solution  of  the  problem  in 
question. 

2.6.  Initial  Conditions.  Before  each  computer  “run”  is  started,  it  is 
necessary  to  establish  at  the  output  of  each  integrator  in  the  computer  a 
voltage  equal  to  the  given  initial  value  of  the  machine  variable  which  is 
to  appear  at  that  point.  The  machine  variables  will  then  be  certain  to 
start  to  vary  from  the  correct  initial  values  given  by  the  problem. 

Naturally,  the  machine  variables  could  not  in  general  be  maintained 
constant  at  their  initial  values  before  each  run  while  the  computer  is  set 
up  to  solve  a  differential  equation.  Accordingly,  the  computer  is  made 
inoperative  by  disconnecting  the  integrator  amplifier  grids  from  the  input 
networks  while  the  initial  conditions  are  set  up.  This  is  called  the  reset 
condition  of  the  computer.  At  the  beginning  of  a  computer  run,  a  relay 
system  connects  the  amplifier  grids  to  the  input  networks  and  at  the  same 
time  removes  the  initial-condition  voltage  sources.  All  integrating 
capacitors  are  now  charged  up  to  the  correct  voltages,  and  the  machine 
variables  are  free  to  vary  according  to  the  differential  equations  set  up. 
The  exact  circuits  for  the  relay  system  and  the  initial-condition  voltage 
sources  are  described  in  Sec.  7.1.  An  alternative  system,  more  suitable 
for  introducing  initial  conditions  into  repetitive  computers,  is  described  in 
Sec.  8.5. 

The  number  of  initial  conditions  will  usually  equal  the  number  of  integra¬ 
tors  used  for  the  problem  in  question,  and  each  integrator  output  must  be  set  to 
the  corresponding  initial-condition  voltage. 

Summing  amplifiers  and  phase  inverters  need  not  be  made  inoperative 
in  the  reset  condition;  their  output  voltages  will,  in  any  case,  assume  the 
correct  initial  values  corresponding  to  the  initial  values  of  the  voltages 
established  at  the  amplifier  input  terminals  by  preceding  integrators. 

The  correct  initial  values  of  the  machine  variables  are  easily  found  by 
substituting  the  given  initial  values  of  the  original  problem  variables  into 
the  transformation  equations.  In  this  manner,  initial  values  for  the 
machine  variables  and  their  derivatives  will  be  found.  It  happens  fre¬ 
quently,  however,  that  an  integrator  output  voltage,  which  must  be  set  to 
the  correct  initial  value,  is  not  simply  equal  to  a  machine  variable  or  its 
derivative.  The  output  of  a  summing  integrator  may  well  be  a  function 
of  the  machine  variables  and  their  derivatives.  In  such  cases  the  correct 
initial  value  of  this  function  must  be  computed  and  set  into  the  integrator. 

Example.  Consider  a  summing  integrator  performing  the  operation 

-  ^  (~P3Y  +  4 PX) 

Its  output  voltage  will  be  P2Y  —  AX.  Given  the  initial  conditions  (P2Y) 0  —  0.5, 
XQ  =  0.25,  the  correct  initial  condition  setting  is  0.5  —  1  =  —0.5. 
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Figure  2.1  shows  the  maimer  in  which  initial  conditions  are  specified  in 
block  diagrams.  Figures  2.3e  and  2.5  show  how  initial  conditions  are 
introduced  in  the  examples  of  Sec.  2.5.  Whenever  an  integrator  is  shown 
without  any  initial-condition  input,  the  initial  value  of  the  integrator  out¬ 
put  voltage  is  simply  zero. 

2.7.  D-c  Analog-computer  Solution  of  Linear  Ordinary  Differential 
Equations  with  Variable  Coefficients.  Introduction.  I)-c  analog-com¬ 
puter  setups  for  the  solution  of  linear  differential  equations  with  variable 
coefficients  and  of  nonlinear  differential  equations  will  require  the  use  of 
computing  elements  capable  of  multiplying  two  machine  variables  and  of 
generating  functions  of  machine  variables  (see  Chap.  6).  Such  com¬ 
puting  elements  will  appear  in  addition  to  the  “ linear”  computing  ele¬ 
ments  used  for  the  solution  of  linear  differential  equations  with  constant 
coefficients.  No  particular  difficulties  will  be  encountered  once  the  limi¬ 
tations  on  the  input  and  output  voltages  of  the  various  devices  used  for 
multiplication  and  function  generation  are  understood.  Specifically, 
since  the  value  of  a  function  of  a  machine  variable  might  exceed  the 
dynamic  range  allowable  in  the  computer  even  though  the  machine  vari¬ 
able  itself  is  well  within  that  range,  it  is  often  necessary  to  rewrite  the 
machine  equation  in  the  manner  shown  in  Sec.  2.4  so  as  to  keep  the 
output  of  a  function  generator  within  its  working  range  throughout  a 
computation. 

Note  again  that  all  initial  choices  of  scale  factors  are  preliminary  in 
nature  and  that  the  scale  factors,  including  the  time  scale,  may  have  to  be 
readjusted  after  a  few  trial  runs  in  order  to  obtain  the  greatest  possible 
accuracy  and  convenience  in  each  case. 

Solution  of  the  Mathieu  Equation.  Solutions  of  Mathieu’s  differential 
equation 

ffjf  wo(^  H~  6  cos  umt)y  =  0  (2.18) 

where  e,  wo,  and  wm  are  constant  parameters,  are  of  interest  in  connection 
with  the  study  of  frequency-modulated  oscillations.  Inspection  of  Eq. 
(2.18)  shows  that  Mathieu’s  equation  is  essentially  the  performance  equa¬ 
tion  of  a  harmonic  oscillator  having  a  “stiffness  coefficient”  containing  a 
time-variable  term. 

Assuming  that 

0  <  wo  <  50  0  <  w„,  <  100  0  <  e  <  1  (2.19) 

in  Eq.  (2.18)  and  that  solutions  will  be  of  interest  for  0  <  t  <  15,  the 
independent  variable  may  be  related  to  the  machine  lime  r  by  the  trails- 
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formation  equation 


(2.20) 


which  leads  to  the  relation 


(2.21) 


The  dependent  variable  y  may  be  represented  in  the  computer  by  a 
voltage  of  Y  machine  units  such  that 


(2.22) 


The  scale  factor  ay  is  thus  equal  to  1,  but  this  figure  can  be  easily  raised  if 
an  overload  should  occur  in  the  computer  for  large  values  of  the  initial 
condition  settings. 

By  substituting  the  transformation  equations  (2.21)  and  (2.22)  into 
Eq.  (2.18),  one  obtains  the  machine  equation 


(2.23) 


Since,  according  to  (2.19),  the  value  of  oio  may  be  as  large  as  2,500,  it  is 
convenient  to  rewrite  the  machine  equation  (2.23)  in  the  form 


(2.24) 


so  that  a  coefficient  setting  potentiometer  can  be  used  for  multiplication 
by  wo/2,500.  The  block  diagram  of  Fig.  2.0a  shows  how  a  voltage  equal 
to  the  expression  on  the  right  of  Eq.  (2.23)  is  formed  by  means  of  a 
summing  amplifier  having  the  input  voltages  wo/2,500  and  (a>o/2,500)  e 
cos  (a>mr/10).  A  cosine  potentiometer  capable  of  continuous  360  deg 
rotation  (see  Secs.  6.5  and  6.8)  is  driven  by  a  clock  motor  at  a  speed 
um/2Ch r  rps;  this  speed  is  adjusted  in  accordance  with  the  “modulation 
circular  frequency”  iom  by  means  of  gears. 

The  machine  variables  —%PY  and  Y  are  obtained  by  successive 
integrations  of  the  voltage  }4$P2Y :  the  correct  initial  conditions  must  be 
introduced  in  each  integrator  in  the  manner  discussed  in  Sec.  2.6. 

Repetitive  Computer  Setup  for  Mathieu’s  Equation.  As  an  interesting 
alternative,  Fig.  2.66  shows  the  block  diagram  of  a  repetitive  computer 
setup  for  the  solution  of  Mathieu’s  equation  (2.18).  Since  the  repetitive 
display  of  the  solutions  requires  the  use  of  a  fast  time  scale  (see  Secs.  1.1 
and  8.5),  the  transformation  equation  (2.20)  is  replaced  by 


t  —  10r 


(2.25) 
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— p2  y  -  -  — (|+£  COS 
25  2500  U  ^  10 

WITH  U)0<  50,  wm  <  100,  £  <  I 


X)  V 
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Fig.  2.6a.  Block  diagram  of  a  computer  setup  for  the  solution  of  Mathieu’s  differ¬ 
ential  equation  (2.18)  on  a  slow  time  scale.  The  cosine  potentiometer  driven  by  the 
clock  motor  is  of  a  type  capable  of  continuous  360-deg  rotation  (see  Sec.  6.5).  The 

r 

potentiometer  shaft  makes  a  complete  revolution  every  -  seconds.  Potentiometer- 

(-0  m 

loading  corrections  must  be  observed. 


2 

-J - _4P2Y»- COS  IOWmT)Y  WITH  w0  <  50,  wm  <  100, 6<l 

25X10 

2  =  COS  10  wmT 

P22  =-100  Wm2  2  WITH  2(0)  =  I,  pf]0=0 


Fig.  2.66.  Block  diagram  for  the  solution  of  Mathieu’s  differential  equation  (2.18) 
on  a  repetitive  computer,  such  as  the  MacNee  machine  decribed  in  Sec.  8.5.  The 
multiplier  indicated  is  a  crossed-fields  electron  beam  multiplier  (see  Sec.  6.1).  Xote 
how  the  function  Z  =  cos  10wmr  is  generated  by  implicit  solution  of  the  differential 
equation  P2Z  —  —100c o?nZ.  Integrating  capacitors  of  0.1  /xf  are  used. 

The  machine  equation  becomes 

p'-v  -  -  So  (1  +  4  cos  1<w)r  (2'26) 

The  computer  setup  of  Fig.  2.06  is  similar  in  principle  to  that  for  the 
“slow”  d-c  analog  computer  (Fig.  2.6a),  but  an  electronic  multiplier  is 
used  to  multiply  e  by  a  voltage 

Z  =  cos  10o>,nT  (2.27) 

This  latter  voltage  is  obtained  as  a  function  of  the  machine  time  r  as  the 
solution  of  the  differential  equation 

P2Z  =  -100a >2mZ  where  Z( 0)  =  1  and  PZ}0  =  0  (2.28) 
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This  technique  of  obtaining  functions  of  the  machine  time  r  through 
implicit  computation  (see  also  Sec.  6.5)  is  widely  usable,  and  its  applica¬ 
tion  is  by  no  means  restricted  to  repetitive  computers.  It  will  be  an 
interesting  exercise  for  the  reader  to  modify  the  setup  of  Fig.  2.6a  so  as  to 
apply  this  technique.  The  resulting  computer  setup  is  particularly  useful 
if  function  potentiometers  are  not  available. 

Solution  of  Legendre’s  Equation.  Solutions  of  Legendre’s  differential 
equation 

(1  -  C)  -  21  d£  +  n(n  +  \)y  =  0  (2.20) 


where  n  is  a  real  integer,  are  important  for  solving  problems  in  potential 
theory  and  antenna  theory  in  terms  of  spherical  coordinates.1  The  initial 
conditions  chosen  for  n  between  0  and  6  are  given  by  the  following  table: 


n  =  0 

2/(0)  =  1 


dy 

dt 


=  0 


1 

0 

1 


2  3 

H  0 
0  -% 


4 

3 

0 


5  6  \ 

0  x '  1 6 

lH  0  j 


(2.30) 


This  choice  of  initial  conditions  will  result  in1 


1/(1)  =  1 


(2.31) 


It  will  be  convenient  to  represent  the  independent  variable  t  in  the 
computer  by  both  the  machine  time  r  and  a  voltage  or  shaft  displacement 
T  (see  also  Sec.  2.3).  The  dependent  variable  y  will  be  represented  by  a 
machine  variable  Y . 

Assuming  that  the  solutions  are  of  interest  only  for 

0  <  t  <  1  -1  <  y  <  1  (2.32) 


the  problem  variables  may  be  related  to  the  corresponding  machine 
variables  by  means  of  the  transformation  equations 


J. 

<h, 


Y 


o 


(2.33) 


The  scale  factor  a„  of  the  dependent  variable  y  is  left  undetermined  for  the 
time  being,  since  estimates  for  the  maximum  value  of  dy/dt  may  not  be 

1  For  a  discussion  of  the  solutions  of  Legendre’s  equation  in  terms  of  an  eigenvalue 
problem,  see  L.  Pauling  and  E.  Wilson,  Introduction  to  Quantum  Mechanics,  McGraw- 
Hill,  New  York,  1935,  or  H.  Margenau  and  G.  M.  Murphy,  The  Mathematics  of 
Physics  and  Chemistry,  Van  Nostrand,  New  York,  1946. 
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available.  The  machine  equation  becomes 

25 P2Y  =  —  [10 TPY  —  n(n  +  1)F]  where  T  =  ^  (2.34) 

It  is  seen  that  the  machine  equation  (2.34)  or,  in  fact,  any  machine 
equation  corresponding  to  a  single  linear  and  homogeneous  ordinary  differ¬ 
ential  equation  {with  either  constant  or  variable  coefficients)  is  not  affected  by 


25P2Y=  j-y2  [lOTPY- n(n  +  l)Y]  WITHT=^ 

(OPERATIONAL 


(a) 


Fig.  2.7.  Block  diagrams  of  two  d-c  analog-computer  setups  for  the  solution  of 
Legendre’s  differential  equation  (2.29).  The  function  generators  indicated  in  the 
setup  of  Fig.  2.7 a,  due  to  Hagelbarger,  Howe,  and  Howe  (see  footnote,  page  44), 
are  operational  amplifiers  whose  feedback  networks  are  switched  by  a  40-step  tap 
switch  (see  Sec.  6.5),  in  accordance  with  the  desired  functions.  Figure  2.7 b  is  an 
equivalent  CURTIAC  setup  (see  Sec.  8.7)  using  potentiometer  function  generators 
whose  transfer  functions  must  be  less  than  unity.  Allowances  must  be  made  for 
the  effects  of  potentiometer  loading  (see  Sec.  6.5). 

the  scale  factor  of  the  dependent  variable.  The  corresponding  computer  setup 
is  affected  by  the  choice  of  this  scale  factor  only  as  far  as  the  initial  condition 
settings  are  concerned.  It  is,  then,  particularly  convenient  to  find  scale 
factors  like  ay  in  (2.33)  through  a  trial-and-error  process,  since  the  com¬ 
puter  setup  proper  will  not  be  affected  by  changes  in  ay.  This  is  not  true 
in  the  case  of  computer  setups  for  nonlinear  equations. 

The  block  diagrams  of  Fig.  2.7  show  two  alternative  d-c  analog- 
computer  setups  for  the  solution  of  Legendre’s  equation  for  values  of 
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n  up  to  7.  In  each  case,  a  voltage  proportional  to  P2Y  is  obtained  as  the 
sum  of  two  voltages  corresponding  to  the  two  terms  on  the  right  of  Eq. 
(2.34).  The  machine  variable  Y  is  then  obtained  by  successive  integra¬ 
tions.  Initial  conditions  must  be  introduced  in  each  integrator  as 
described  in  Sec.  2.6. 

The  computer  setup  of  Fig.  2.7a  is  due  to  Hagelbarger,  Howe,  and 
Howe.1  The  machine  equation  (2.34)  is  established  in  a  particularly 
straightforward  manner  through  the  use  of  function  generators  consisting 
of  phase-inverting  amplifiers  whose  feedback  networks  are  varied  stepwise 
in  accordance  with  the  desired  function  of  the  time  r  by  40-step  tap 
switches  (see  Sec.  6.5).  The  transfer  functions  of  such  function  gen¬ 
erators  are  always  negative,  but  the  absolute  values  of  the  transfer  func¬ 
tions  are  not  limited  to  the  value  1  as  in  the  case  of  simple  potentiometer 
function  generators. 

Nevertheless,  since  the  function  1/(1  —  T 2)  increases  indefinitely  for 
values  of  T  approaching  unity,  it  is  necessary  to  replace  the  function  by 
its  value  for  T  =  0.975  for  all  larger  values  of  T.  This  arrangement 
limits  the  absolute  value  of  the  transfer  function  of  the  function  generator 
to  a  safe  value. 

The  errors  due  to  this  limitation  as  well  as  those  due  to  the  stepwise 
generation  of  the  functions  2 T  and  1/4(1  —  T2)  are  quite  small,  as  shown 
by  the  results  below. 

Figure  2.7 6  shows  a  computer  setup  for  the  same  machine  equation 
based  on  the  use  of  tapped  potentiometer-type  function  generators  driven 
by  a  clock  motor,  such  as  those  used  in  the  CURTIAC  computer  described 
in  Sec.  8.7.  The  tapped  potentiometer-type  universal  function  gen¬ 
erators  must  be  set  up  with  the  load  connected  as  described  in  Sec.  6.6. 

The  function  1/(1  —  T2)  is  replaced  by  its  value  for  T  =  \  1  —  Ms 
for  all  larger  values  of  the  argument  T,  so  that  the  transfer  function  of  the 
function  generator  will  never  exceed  unity. 

The  computer  setups  of  Fig.  2.7  are  capable  of  solving  Eq.  (2.29)  for 
values  of  n  between  0  and  7.  Trial  solutions  will  show  that  for  n  =  7, 
the  maximum  value  of  the  derivative  dy/dt  will  be  about  15,  so  that  the 
scale  factor  ay  cannot  be  larger  than  )^5  machine  unit  per  unit  for  the 
computer  setup  of  Fig.  2.7 a  and  2  machine  units  per  unit  for  the  computei 
setup  of  Fig.  2.7 6. 

Figure  2.8a  shows  a  sample  computer  record  for  n  =  6  obtained  by 
Hagelbarger,  Howe,  and  Howe  with  the  computer  setup  of  Fig.  2.7 a,  and 
Fig.  2.86  shows  a  comparison  between  the  d-c  analog-computer  solution 

1  Hagelbarger,  D.  W.,  C.  E.  Howe,  and  R.  M.  Howe,  Investigation  of  the  Utility  of 
an  Electronic  Analog  Computer  in  Engineering  Problems,  UMM-28,  Engineering 
Research  Institute,  University  of  Michigan,  Ann  Arbor,  Apr.  1,  1949. 
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Fig.  2.8.  D-c  analog-computer  solution  of  Legendre’s  differential  equation  for  n  =  6> 
and  comparison  with  analytical  results  (from  llagelbarger,  Howe,  and  Howe,  op.  cit.). 


for  n  =  6  and  the  analytically  obtained  result 

V  =  M 6 (23 If6  -  315P  +  105f2  -  5)  (2.35) 

for  n  =  6. 

2.8.  D-c  Analog-computer  Solution  of  Nonlinear  Ordinary  Differ¬ 
ential  Equations.  The  Van  der  Pol  Equation.  The  solution  of  the  Van 
der  Pol  equation 
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(2.36) 


where  n  is  a  constant  parameter,  may  be  used,  for  instance,  to  describe 
the  build-up  of  oscillations  in  certain  nonlinear  electrical  circuits  and 
furnishes  an  interesting  example  of  the  d-c  analog-computer  solution  of  a 
nonlinear  differential  equation.  The  Van  der  Pol  equation  (2.36)  is  seen 
to  resemble  the  performance  equation  (2.12)  of  a  damped  harmonic  oscil¬ 
lator  but  has  a  nonlinear  damping  term  which  will  tend  to  build  the 
amplitude  of  the  oscillations  up  for  small  values  of  y  and  to  decrease  the 
amplitude  for  large  values  of  y.  If  an  oscillator  of  this  type  is  given  a 
small  initial  displacement  y,  periodic  oscillations  of  constant  amplitude 
will  result  after  an  initial  transient. 

Suppose  that  g  =  0.1.  From  previous  knowledge  or  through  a  trial  - 
and-error  process,  it  may  be  said  that  the  variable  y  will  not  exceed  the 
value  2  appreciably.  It  is  reasonable  to  relate  the  problem  variables  y 
and  t  to  the  corresponding  machine  variables  F  and  r  through  the  trans¬ 
formation  equations 


(2.37) 


y  =  2.5  Y  t  —  t 

and  the  resulting  machine  equation  may  be  written  in  the  form 

P2Y  =  (0.1  -  0.625 Y2)PY  -  Y 


(2.38) 


The  block  diagram  of  Fig.  2.9a  shows  how  the  machine  variable  P2Y  is 
formed  through  the  processes  of  addition  and  successive  multiplication 
and  how  —PY  and  Y  are  obtained  through  integration  of  P2Y. 

Only  linear  servo-driven  potentiometers  are  required  for  the  computer 
setup  of  Fig.  2.9a.  A  phase-inverting  amplifier  is  used  to  avoid  errors 
due  to  excessive  loading  of  the  first  servo-driven  potentiometer.  If  a 
function  potentiometer  is  available  to  perform  the  required  multiplication 
by  F2,  it  is  possible  to  save  three  operational  amplifiers,  as  shown  in  Fig. 
2.95.  Errors  due  to  amplifier  drift,  distortion,  etc.,  may  thus  be  reduced. 
Since  F2  will  be  less  than  1  throughout  the  computation,  it  is  possible  to 
use  the  function  potentiometer  without  any  necessity  for  rewriting  the 
machine  equation  (see  Sec.  2.2). 

Solution  of  the  Rayleigh  Equation.  If  a  new  dependent  variable  z  is 
introduced  in  Eq.  (2.36)  through  the  transformation 


dz 


(2.39) 


one  obtains  the  Rayleigh  equation 


(2.40) 
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which  was  originally  used  for  the  description  of  certain  acoustical 
phenomena. 

The  d-c  analog-computer  solution  of  the  Rayleigh  equation  (2.40)  is 
of  interest  not  only  for  its  own  sake  but  will,  in  view  of  the  transformation 
(2.39),  also  furnish  the  solution  of  the  Van  der  Pol  equation  (2.30).  This 


P2YMO.I- 0.625  Y2)PY-Y 


-PY  o - 1  Y2  - 

nr 

V— 0J  (b) 


-o-Y2PY 


Fig.  2.9.  Computer  setups  for  the  solution  of  the  Van  der  Pol  equation.  Mechan¬ 
ical  connections  (servo  shafts)  are  indicated  as  broken  lines. 


may  be  particularly  useful  in  view  of  the  fact  that  the  d-c  analog-com¬ 
puter  solution  of  Eq.  (2.40)  requires  only  the  use  of  a  single  function 
generator  without  the  necessity  for  any  multiplications  of  machine 
variables.  This  fact  has  been  used  by  MacNee1  for  solving  either  Eq. 
(2.40)  or  (2.36)  with  a  comparatively  simple  setup  on  his  repetitive  com¬ 
puter  (see  Sec.  8.5). 

1  MacNee,  A.  B.,  An  Electronic  Differential  Analyzer,  Proc.  IRE,  37 :  1315,  1949. 
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Assume  again  that  y  =  0.1.  For  a  repetitive  computer  solution  of 
Eq.  (2.40),  the  machine  variables  Z  and  r  may  be  introduced  through  the 
transformation  equations 


z  =  2.5  Z  t  =  600r 


(2.41) 


The  corresponding  machine  equation  becomes 


1 

3lTx  10  s 


P-Z  =  0.1 


(2.42) 


Figure  2.10  shows  the  block  diagram  of  the  simple  repetitive  computer 
setup  for  Eq.  (2.42);  a  photoformer  (see  Sec.  6.5)  is  used  to  generate  the 
function  Q.208(^oqPZ)\ 


Fig.  2.10.  Block  diagram  of  a  repetitive  computer  setup  for  the  solution  of  the  Ray¬ 
leigh  equation  (2.40).  The  same  computer  setup  may  be  used  for  the  solution  of  the 
Van  der  Pol  equation  (2.36)  through  the  use  of  the  relations  (2.45)  and  (2.46)  given  in 
the  text.  Integrating  capacitors  of  0.1  fxf  may  be  used. 


The  same  computer  setup  may  be  used  to  solve  the  Van  der  Pol  equa¬ 
tion  (2.36)  through  the  use  of  the  transformation  equations 


y  =  2.5  Y  t  =  600r 

(2.43) 

and  the  relation 

YmoPZ  =  V 

(2.44) 

corresponding  to  the  transformation  (2.39).  From  (2.42), 
(2.44)  it  follows  that 

(2.43),  and 

PZ  =  600  F  =  240y 

! 

.  A 

7  _  n  1  V  -  yz  _  1  py 

3  600 

-  =  °  i  (y  -  M  f 

(2.45) 

(2.46) 

The  last  two  relations  will  yield  the  correct  initial  conditions  for  Z  and 
PZ  from  those  given  for  y  and  dy/dt. 
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Remarks  on  the  Intelligent  Choice  of  Machine  Variables.  The  use  of 
transformations  like  (2.39)  is  often  very  helpful  for  simplifying  the  <l-c 
analog-computer  solution  of  a  given  problem,  especially  when  only  a 
limited  number  or  choice  of  computing  elements  is  available. 

Again,  an  intelligent  choice  of  scale  factors  including  the  time-scale 
factor  will  help  one  to  realize  the  full  accuracy  capabilities  of  the  d-c 
analog  computer  used.  If,  for  instance,  the  value  of  the  parameter  p  in 
Eq.  (2.36)  or  (2.40)  is  increased,  the  maximum  value  of  the  problem 
variable  z  =  dy/dt  will  tend  to  increase  without  a  proportional  increase  in 
the  maximum  value  of  y.  In  such  cases,  the  use  of  a  slower  time  scale  is 
indicated  if  the  accuracy  of  the  computation  is  to  be  maintained. 

Plots  of  Solutions  in  the  Phase  Plane.  The  use  of  servo  plotting  boards 
(see  Sec.  7.3)  for  recording  d-c  analog-computer  solutions  permits  one  to 
plot  a  problem  variable,  y,  say,  against  its  derivative  dy/dt.  Studies  of 
such  “phase  plots”  are  of  particular  interest  in  connection  with  the 
theory  of  nonlinear  oscillations.1  In  the  case  of  repetitive  computers, 
phase  plots  may  be  obtained  conveniently  by  feeding  voltages  propor¬ 
tional  to  Y  and  PY  to  the  horizontal  and  vertical  deflection  plates  of  a 
cathode-ray  oscillograph.2 

2.9.  Summary  of  Setup  Procedure.  The  following  is  a  step-by-step 
review  of  the  setup  procedure  presented  in  this  chapter.  Further 
examples  of  applications,  together  with  sample  records,  will  be  given  in 
the  following  sections. 

Step  1.  Obtain  a  complete  statement  of  the  problem  in  question  for  the 
record  ( see  Sec.  3.1).  This  statement  should  include,  on  separate  sheets 
or  cards,  a  clear  indication  of  the  object  of  the  study;  mathematical  relations 
( differential  equations,  etc.);  initial  conditions;  numerical  values  of 
parameters,  given  functions,  etc.;  parameters  to  be  varied;  any  available 
solutions  or  checks;  estimated  ranges  of  variables  ( and  their  derivatives, 
if  possible). 

Step  2.  Determine  tentative  scale  factors  for  each  variable  and  function  and 
write  the  corresponding  transformation  equations  on  a  sheet  or  card. 

Step  3.  Choose  the  time  scale  and  write  the  transformation  equation  for  the 
independent  variable.  Using  the  transformation  equations,  write  the 
machine  equations  on  another  sheet  or  card.  Solve  one  machine  equation 
for  the  highest  occurring  derivative  of  each  machine  variable,  differentiating 
some  of  the  equations  if  necessary.  Do  not  forget  to  transform  initial 
values,  limiting  levels,  etc.,  to  machine  variables. 

1  Minorsky,  N.,  Introduction  to  Non-Linear  Mechanics,  Edwards  Bros.,  Inc.,  Ann 
Arbor,  Mich.,  1947. 

-  MacNee,  op.  cit. 
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Step  4.  Using  separate  sheets  or  cards ,  draw  a  computer  block  diagram  for 
each  machine  equation.  Choose  recorder  speed  and  voltage  scales. 

Step  5.  Review  the  combined  equation  block  diagrams.  Revise  setup  and 
scale  factors  where  necessary  to  save  computing  elements,  etc.  Rewrite 
equations  where  necessary. 

Step  G.  Check  whether  the  relations  expressed  by  the  revised  block  diagram 
reduce  to  the  correct  differential  equations  of  the  problem. 

Step  7.  Connect  the  various  computing  elements  by  means  of  the  patch  cords, 
following  the  revised  block  diagram,  equation  by  equation.  Do  this  with  a 
view  to  short,  convenient  connections.  Carefully  note  the  number  of  each 
actual  computing  element  on  the  block  diagram  for  reference. 

Step  8.  Set  potentiometers,  initial  values,  limiting  levels,  and  function  gen¬ 
erators  according  to  the  block  diagram.  Correct  settings  for  potentiometer 
loading' where  necessary.  Set  or  check  recorder  calibration. 

Step  9.  Check  the  entire  setup.  If  at  all  possible,  have  a  second  person 
check  steps  2  to  8  independently.  A  good  check  is  also  to  rederive  the 
machine  equations  from  the  computer  setup. 

Step  10.  The  machine  is  now  ready  for  trial  runs.  Revise  setup  and  scale 
factors  where  necessary.  Keep  a  careful  record  of  setup  and  scale-factor 
changes. 

2.10.  An  Alternative  Method  for  Handling  Scale  Factors.  Introduc¬ 
tion.  Consider  the  d-c  analog-computer  solution  of  the  differential 
equation 

^jt  =  —y2  or  py  =  -y2  (2.47) 

According  to  the  procedure  described  in  the  foregoing  sections,  machine 
variables  Y  and  r  representing  the  problem  variables  y  and  t,  respectively, 
are  introduced  by  the  transformation  equations 

y  =  —  Y  t  =  -  r  (2.48) 

Q>y  OCf 

where  a  preliminary  choice  of  the  scale  factor  a„  is  made  by  observing  the 
inequality 

Y  =  auy  <  1  machine  unit  (2.49) 

in  order  to  avoid  overloading  the  computing  elements.  The  resulting 
machine  equation 

PY  = - —  Y2  (2.50) 

ayat 

can  be  solved  by  the  computer  setup  of  Fig.  2.11a  if  the  time  scale  chosen 
is  assumed  to  be  sufficiently  slow  that  l/a,a;/  <  1 :  if  a  faster  time  scale 
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(larger  at )  is  desired,  the  coefficient  setting  potentiometer  shown  must  be 
supplemented  by  a  pair  of  amplifiers. 

An  Alternative  Procedure.  The  following  alternative  procedure  for 
handling  scale  factors  avoids  the  introduction  of  explicit  symbols  for  the 
machine  variables  Y  and  r: 


Fig.  2.11.  Illustrating  different  methods  of  handling  scale  factors  in  the  d-c  analog- 
computer  solution  of  the  differential  equation  dy/dt  =  —  y2.  The  procedures  shown 
are  basically  equivalent. 

1.  A  preliminary  block  diagram  of  a  computer  setup  for  the  desired 
equation  is  drawn  without  regard  to  scale-factor  restriction  for  the  various 
computing  elements  (see  Fig.  2.11  b).  In  general,  the  relations  expressed 
by  this  block  diagram  cannot  be  enforced  by  the  actual  computing  ele¬ 
ments,  since  their  dynamic  ranges  may  be  too  small  or  too  large. 

2.  A  similar  block  diagram  is  now  drawn  (Fig.  2.11c)  for  machine 
variables  obtained  by  introducing  (as  yet  unknown)  scale  factors  for  the 
voltages  appearing  at  each  terminal  throughout  the  block  diagram.  In 
the  notation  chosen,  auy  will  be  the  machine  variable  representing  y, 
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av%y2  that  representing  y2,  aP!/py  that  representing  py,  etc.  A  coefficient 
setting  potentiometer  (or  one  or  more  amplifiers)  is  provided  in  each  feed¬ 
back  loop  for  adjusting  the  scale  factors. 

3.  It  is  seen  that  there  are  more  scale  factors  to  be  chosen  than  can  be 
determined  by  the  inequality  (2.49).  An  inspection  of  the  block  diagram 
shows,  however,  that  relations  between  the  scale  factors  are  enforced  by 
the  computing  elements;  thus,  in  the  case  of  Fig.  2. 1  lc,  one  has 

aP!/  =  and  a„»  =  ( ay )2  (2.51) 

If  the  resulting  machine  equation 

—  apvpy  =  ka^y2  or  -  —  py  =  k(a,,)2y 2  (2.52) 

01/ 


is  to  be  equivalent  to  the  given  equation  (2.47),  one  must  have 


a„ctt 


(2.53) 


which  corresponds  to  the  potentiometer  setting  in  Fig.  2.11a. 

The  so-called  dosing  equations 1  (2.51)  and  (2.53)  together  with  the 
inequality  (2.49)  determine  the  potentiometer  setting  k  as  well  as  all  the 
scale  factors  in  Fig.  2  11c  once  the  time  scale  at  has  been  chosen;  at  is, 
again,  assumed  to  satisfy  1  /atay  <  1.  The  values  of  the  potentiometer 
setting  and  scale  factors  obtained  in  this  manner  are  then  entered  in  the 
block  diagram  (Fig.  2.11c),  which  is  then  used  for  the  computer  setup. 
It  goes  without  saying  that,  with  this  method  of  scale-factor  adjustment 
as  with  any  other,  the  computer  setup  may  require  readjustments  after 
trial  runs  indicate  possible  improvements  in  the  choice  of  scale  factors. 

Equivalence  of  the  Two  Methods.  As  evidenced  by  the  foregoing  discus¬ 
sion,  the  two  methods  for  handling  scale  factors  are  equivalent  in  that  the 
computer  setups  and  machine  variables  residting  from  either  setup  method  can 
be  identical  with  their  respective  counterparts  resulting  from  the  alternative 
setup  procedure.  Specifically,  the  determination  of  the  potentiometer 
setting  k  from  the  closing  equation  (2.52)  in  the  example  corresponds  to 
the  computation  of  the  machine  equation  (2.50). 

For  this  reason,  any  of  the  block  diagrams  presented  in  Chaps.  2  and  3 
are  equivalent  to  those  derived  by  the  alternative  setup  method  if  one 
remembers  that  the  machine  variables  indicated  (such  as  Y,  6X,  PA,  etc.) 
are  equal  to  products  of  the  corresponding  problem  variables  by  the 
respective  scale  factors  (such  as  a„y,  6 axx,  (as/at)  p5,  etc.). 

1  Caldwell,  S.  H.,  and  V.  Bush,  A  New  Type  of  Differential  Analyzer,  J.  Franklin 
Inst.,  October,  1945,  p.  255. 
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Although  no  mathematical  reasons  exist  for  preferring  either  one  of  the 
setup  procedures  presented,  the  methodical  introduction  of  explicitly 
defined  machine  variables  by  a  set  of  transformation  equations  appears  to 
have  certain  striking  advantages.  The  authors’  experience  seems  to 
indicate  that  this  approach  makes  it  easier  to  understand  the  operation 
of  the  machine,  which,  after  all,  handles  voltages  and  shaft  rotations 
rather  than  multiples  of  problem  variables.  The  explicitly  written  trans¬ 
formation  equations  and  machine  equations  are  also  particularly  helpful 
in  avoiding  errors,  especially  errors  associated  with  the  effects  of  changing 
the  time  scale. 


CHAPTER  3 


THE  APPLICATION  OF  D-C  ANALOG  COMPUTERS  TO 
REPRESENTATIVE  PRACTICAL  PROBLEMS 

3.1.  Problem  Preparation.  Introduction:  Performance  Studies.  D-c 
analog  computers  are  particularly  well  suited  for  the  solution  of  problems 
involving  the  solution  of  sets  of  ordinary  differential  equations,  and  the 
majority  of  the  sample  problems  presented  in  this  chapter  are  of  this 
general  type.  The  solution  of  problems  involving  the  solution  of  ordinary 
transcendental  or  algebraic  equations  is  also  discussed  briefly  in  Sec.  3.9. 

Most  of  the  problems  discussed  in  this  chapter  involve  d-c  analog- 
computer  studies  of  the  performance  of  engineering  systems.  The 
various  performance  characteristics  of  dynamical,  electrical,  or  electro¬ 
mechanical  systems  can  usually  be  inferred  from  records  of  the  system 
coordinates  vs.  the  time.  The  use  of  an  analog  computer  permits  one  to 
obtain  such  records  quite  rapidly  as  machine  solutions  of  sets  of  differ¬ 
ential  equations  (equations  of  motion  or  performance  equations)  which 
specify  the  design  of  the  system  under  consideration.  Wide  ranges  of 
variations  in  the  design  of  an  engineering  system  under  study  can  be  con¬ 
veniently  explored  by  making  appropriate  corresponding  changes  in  the 
computer  setup. 

Parameter  Studies:  Design  by  Trial  and  Error.  Methods  involving  the 
systematic  substitution  of  different  combinations  of  unknown  design 
parameters  are  frequently  used  to  find  those  “optimal”  combinations  of 
design  parameters  which  will  be  the  most  useful  for  achieving  a  desired 
result.  Trial-and-error  methods  of  this  type,-  made  possible  through 
high-speed  computing  methods,  are  frequently  preferable  to  more  con¬ 
ventional  analytical  engineering  processes  in  the  design  of  complex  sys¬ 
tems,  such  as  nonlinear  automatic  control  systems. 

Parameter  Studies:  Analyses  Based  on  Insufficient  Data.  Quite  fre¬ 
quently,  the  values  of  parameters  important  for  an  analysis  cannot  be 
known  with  precision  at  the  time  the  analysis  is  made.  In  such  cases, 
bracketing  of  these  parameters  will  permit  the  investigator  to  check  the 
sensitivity  of  the  results  to  changes  in  the  parameters  in  question;  such 
checks  will  help  to  evaluate  the  validity  of  results  based  on  assumed 
approximate  values  of  the  parameters.  The  application  of  automatic 
computing  machinery  will,  in  fact,  make  it  possible  for  the  investigator  to 
evaluate  the  effects  of  many  combinations  of  the  unknown  parameters. 
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Preparation  oj  Records.  from  the  point  of  view  of  convenience  in 
setting  up  the  computer  as  well  as  for  reference  purposes,  it  is  desirable  to 
record  all  the  information  pertinent  to  the  solution  of  a  given  problem  as 
clearly  and  unambiguously  as  possible.  For  this  purpose,  it  is  useful  to 
prepare  two  sets  of  forms,  one  summarizing  the  problem  specifications  and 
one  constituting  a  record  of  the  computer  solution. 

Problem  Specifications  Forms.  The  problem  specifications  forms1  will 
contain  the  following  information: 

1.  Introduction.  This  paragraph  will  contain  problem  designations, 
authorization  references,  etc. 

2.  Statement  of  the  problem.  This  paragraph  will  contain  a  concise 
statement  of  the  computations  to  be  performed  and  the  specific 
results  desired  from  the  computations.  Sketches  and  diagram.-, 
may  be  included. 

3.  Mathematical  relations.  All  mathematical  equations  and  inequali¬ 
ties  relevant  to  the  computations  must  be  listed. 

4.  Glossary  of  symbols.  All  symbols  used  must  be  defined  for  rapid 
reference. 

5.  Initial  conditions  and  boundary  conditions  (in  the  case  of  problems 
involving  differential  equations). 

6.  Numerical  values  of  constants.  The  values  of  the  constant  coeffi¬ 
cients  as  well  as  the  units  used  must  be  specified. 

7.  Estimated  ranges  of  variables.  The  information  listed  in  this  para¬ 
graph  is  to  aid  in  an  intelligent  choice  of  scale  factors  (see  Chap.  2). 

8.  Parameters  to  be  varied.  The  values  of  the  parameters  to  be 
changed  or  the  ranges  of  parameter  changes  for  use  in  parameter 
studies  must  be  specified.  The  estimated  total  number  of  com¬ 
puter  solutions  to  be  thus  obtained  should  also  be  given. 

9.  Expected  results  of  parameter  variations  (estimates  based  on  previous 
computations  or  practical  experience).  Such  data  may  be  helpful 
for  checking  computer  solutions. 

10.  Possible  analytical  or  numerical  checks  noted  by  the  customer,  includ¬ 
ing  references  to  the  literature. 

11.  Use  of  results.  This  (optional)  paragraph  may  contain  informa¬ 
tion  as  to  the  end  use  of  the  computations  specified  in  the  problem 
statement;  such  information  may  be  useful  in  deciding  on  the  repre¬ 
sentation  of  the  results  or  in  suggesting  modifications  to  the  prob¬ 
lem  statement. 

12.  Accuracy  requirements. 

1  This  procedure  is  followed  in  the  computer  laboratory  of  the  Reeves  Instrument 
Corporation,  New  York  City. 
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A  number  of  practical  examples  of  completed  problem  specifications 
forms  will  be  presented  in  the  remaining  sections  of  this  chapter  and  may 
serve  as  models  for  other  computations. 

Records  of  Computer  Solution  Forms.  The  computer  laboratory  should 
prepare  “ records  of  computer  solution”  forms  for  each  problem  as  aids  in 
setting  up  the  computer  and  as  records  of  the  computation  for  later 
reference  (see  also  Sec.  9.1).  These  forms  will  contain  the  following 
information: 

1.  Transformation  equations  (see  Chap.  2).  This  paragraph  amounts 
to  a  record  of  the  scale  factors  used.  The  units  used  for  problem 
variables  and  machine  variables  must  be  specified.  Changes  in  the 
scale  factors  made  in  the  course  of  parameter  studies  must  be  care¬ 
fully  listed. 

2.  Machine  equations  (see  Chap.  2).  This  paragraph  will  contain  the 
relations  actually  established  by  the  computing  elements. 

3.  Machine  initial  conditions  (initial  conditions  in  terms  of  machine 
units  and  dial  settings). 

4.  Block  diagrams. 

5.  Discussion.  Any  comments  regarding  the  solution  of  the  problem  or 
the  operation  of  the  computer  should  be  recorded.  In  particular,  it 
is  important  for  future  checks  to  list  any  failures  of  machine  com¬ 
ponents  during  the  computation.  Any  special  setups  or  new  oper¬ 
ating  methods  should  be  noted  for  future  reference. 

6.  Enclosures  (computer  records,  graphs,  tables  of  results,  etc.). 

A  number  of  completed  “records  of  the  computation”  forms  for  typical 
computations  are  included  in  the  following  sections  and  may  serve  as 
models  for  other  computations.  The  reader  should  remember,  in  each 
case,  that  the  choice  of  computer  setup  and  scale  factors  for  a  given  problem 
is  by  no  means  necessarily  unique. 

Evaluation  of  Machine  Solidions.  In  many  cases,  the  performance  of 
an  engineering  system  for  a  given  combination  of  design  parameters  is 
obvious  from  an  inspection  of  computer  records  showing  the  variation 
with  time  of  one  or  several  system  coordinates.  More  frequently,  no 
such  direct  interpretation  of  the  computer  records  is  possible,  and  the 
latter  must  be  used  indirectly  to  compute  figures  of  merit  of  the  system 
performance.  Examples  of  such  figures  of  merit  are  averages  or  maxi¬ 
mum  and  minimum  values  of  variables  or  their  rates  of  change.  In  still 
other  problems,  it  may  also  be  necessary  to  analyze  the  system  perform¬ 
ance  in  terms  of  cross  plots  summarizing  the  results  of  several  machine 
solutions,  such  as  frequency-response  curves  (see  Secs.  3.2.  3.3,  and  3.7). 


PRACTICA L  APPLICA TIONS 


01 


3.2.  D-c  Analog-computer  Analysis  of  a  Simple  Dynamical  System: 
Performance  of  a  Dynamic  Vibration  Absorber.  Introduction.  As  an 
illustrative  example  of  a  dynamical  system,  consider  the  dynamic  vibra¬ 
tion  absorber  system  of  Fig.  3.1a.  A  mass  mh  restrained  by  a  spring  of 
stiffness  Aq  and  a  dash  pot  whose  damping  coefficient  is  C\,  is  made  to  oscil¬ 
late  in  the  y  direction  through  the  action  of  a  periodic  force 


F{t)  =  a  sin  cot 


(3.1) 


This  situation  is  representative  of  many  other  situations  involving  the 
vibrations  of  machines  containing  more  or  less  unbalanced  components 
rotating  at  a  circular  frequency  co.  In  order  to  reduce  the  vibration  of  the 


h 

Fig.  3.1a.  Dynamic  vibration  absorber  system. 


main  mass  mh  an  absorber  mass  m2  is  coupled  to  m i  through  a  spring  of 
stiffness  Aq2.  It  may  be  shown1  that  the  parameters  nu  and  kvl  of  the 
vibration  absorber  may  be  chosen  so  that  the  main  mass  does  not  vibrate 
at  all;  in  this  case,  the  absorber  mass  m2  will  oscillate  in  such  a  way  that 
the  force  it  exerts  on  the  main  mass  vii  will  just  cancel  the  applied  force  F. 
These  statements  apply  only-  if  the  force  F  is  of  the  form  (3.1). 

Referring  to  Fig.  3.1a,  let  y\  be  the  displacement  in  the  y  direction  of  the 
main  mass  mx  and  let  y2  be  the  displacement  of  the  absorber  mass  m2. 
The  equation  of  motion  of  the  main  mass  is 


where  t  is  the  time.  The  expression  on  the  right  is  the  sum  of  the  forces 
acting  on  the  main  mass  m i,  viz.,  the  restraining  force  of  the  main  spring, 
the  viscous  damping  force  due  to  the  dashpot,  the  force  exerted  by  the 
coupling  spring,  and  the  driving  force. 


1  Den  Hartog,  J.  P.,  .1  fechanical  Vibrations,  3d  ed.,  McGraw-Hill,  Now  York,  1947. 
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p2  y2  =-4Y2  +  4Yj 


Fig.  3.16.  Block  diagram  of  a  d-c  analog-computer  setup  for  the  study  of  a  dynamic 
vibration  absorber  system.  The  coefficients  set  up  on  each  potentiometer  are  indi¬ 
cated;  the  numerical  potentiometer  settings  refer  to  the  sample  problem  treated  in  the 
text. 


Fig.  3.1c.  Computer  record  (Hagelbarger,  Howe,  and  Howe,  op.  cz7.),  showing  the 
effect  of  the  dynamic  vibration  absorber  near  resonance  (co  =  2  rad/sec).  After  an 
initial  transient,  the  amplitude  of  y i  is  reduced  to  less  than  3^o  of  the  amplitude  which 
would  result  without  the  vibration  absorber  (indicated  in  the  broken  lines).  The 
motion  of  m\  without  the  vibration  absorber  can  be  studied  by  setting  k\*  =  0  in  the 
block  diagram  of  Fig.  3.16. 

Similarly,  the  equation  of  motion  of  the  absorber  mass  tn2  is  found  to  be 

d2y2  7  /  v 

2  W  =  *12^1  ~ 

The  only  force  acting  on  m2  is  that  due  to  the  coupling  spring. 

A  practical  procedure  for  handling  the  study  of  such  a  dynamic  vibra- 


Pit  A  CT1CAL  APPL1CA  T10XS 


59 


tion  absorber  system  in  a  d-c  analog-computer  laboratory  is  illustrated 
below  in  terms  of  a  sample  problem  statement  and  a  set  of  sample  computer 
setup  records. 


Study  of  a  Dynamic  Vibration  Absorber 
A.  Problem  specifications 

1.  Introduction.  This  paragraph  will  contain  problem  designations, 
authorization  references,  etc. 

2.  Statement  of  the  problem.  Determine  the  effect  of  a  dynamic 
vibration  absorber  on  the  motion  of  a  mass  (see  Fig.  3.1a)  driven 
by  a  force  varying  as  a  sinusoidal  function  of  the  time.  In  par¬ 
ticular,  show  how  the  oscillation  amplitude  of  the  main  mass  is 
affected  by  changes  in  the  frequency  of  the  driving  force. 

3.  Mathematical  relations 

(a)  m1  +  ci^  +  kiVi  +  kviiyi  ~  yi)  =  a  sin  ut 

(Motion  of  mi) 

(b)  m2  +  k12(y2  —  yi)  =  0  (Motion  of  m2) 


4.  Glossary  of  symbols  (refer  to  Fig.  3.1a) 
t  time 

yi  displacement  of  main  mass 
y2  displacement  of  absorber  mass 
mi  main  mass 
m2  absorber  mass 
fci  stiffness  of  main  spring 
Ic 1 2  stiffness  of  coupling  spring 
Ci  damping  coefficient 
a  amplitude  of  driving  force 
co  circular  frequency  of  driving  force 

5.  Initial  conditions 

dy\  dy2  n 

Vi  =  »•  =  m  =  m  " 0 


6.  Numerical  values  of  constants 

m  i  =  1  slug 
m2  =  0.5  slug 
fci  =  1  lb/ft 


kn  =  2  lb/ft 
Ci  =  0.5  lb-sec/ft 
a  =  2  lb 


7.  Estimated  ranges  of  variables 

-2  ft  <  yi  <  2  ft  —2  ft  <  ?/2  <  2  ft  0  <  t  <  200  sec 
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8.  Parameters  to  be  varied.  Vary  between  0.8  and  4  radians/sec  in 
10  steps. 

9.  Expected  results  of  parameter  variations.  The  amplitude  of  the 
steady-state  periodic  vibrations  of  the  main  mass  will  have  a 
minimum  for  a  certain  circular  frequency  w.  In  this  “resonance  ” 
condition,  the  sinusoidal  oscillations  of  the  absorber  mass  will  be 
180  deg  out  of  phase  with  respect  to  the  driving  force. 

10.  Possible  analytical  or  numerical  checks  noted  by  the  customer.  This 
particular  problem  may  be  treated  analytically.1 

11.  Use  of  results.  Test  problem. 

12.  Accuracy  required.  0.5  to  1.5  per  cent. 

B.  Record  of  computer  solution 

1.  Transformation  equations,  (y i,  y2,  and  t  are  measured  in  the 
ft/slug/sec  system  ;  all  machine  variables  are  measured  in  machine 
units.  One  machine  unit  equals  50  volts.) 

Vi  =  8F  i  y2  =  8  Y2  t  =  t 

Note:  The  relatively  low  scale  factors  for  y i  and  y2  may  be  neces¬ 
sary  to  keep  the  absolute  values  of  PY i  and  PY  2  within  the  range 
of  1  machine  unit;  this  choice  of  scale  factors  also  makes  it  possible 
to  represent  voltages  like  4Fi  and  4F2  in  the  machine.  The 
recorder  scales  are  noted  on  the  records. 

2.  Machine  equations 

(а)  P2Fi  =  — O.SPFi  -  3Fi  +  2F2  +  0.25  sin  «t 

(б)  P2F2  =  — 4F2  +  4Fi 

3.  Machine  initial  conditions 
Fi  =  F2  =  PFi  =  PF2  =  0 

4.  Block  diagram.  See  Fig.  3.15.  An  electronic  low-frequency  oscil¬ 
lator  or  a  signal  generator  of  the  type -shown  in  Fig.  6.34  may 
be  used  to  generate  the  function  sin  cor.  Loading  corrections 
for  all  coefficient  setting  potentiometers  must  be  taken  into 
consideration. 

5.  Discussion  (of  special  problems  encountered  during  the  computa¬ 
tion,  tentative  conclusions  from  computer  results,  etc.)  “Reso¬ 
nance”  takes  place  near  w  =  2  radians/sec;  this  checks  the  theo¬ 
retically  computed  value  s/ki2/in2  for  the  resonance  circular 
frequency. 

6.  Enclosure.  Dated  and  initialed  computer  records  (sin  <xt  vs.  t, 
y\  vs.  t,  y2  vs.  0- 


1  See,  for  instance,  ibid. 
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A  sample  computer  record  for  o>  =  2  radians/sec  is  shown  in  Fig.  3.1c. 

Remarks  on  D-c  Analog-computer  Studies  of  Dynamical  Systems  in 
General.  The  d-c  analog-computer  treatment  of  the  dynamic  vibration 
absorber  system  may  serve  to  illustrate  a  number  of  facts  important  in 
connection  with  practically  all  d-c  analog  computer  studies  of  dynamical 
systems. 

1.  A  definite  group  of  computing  elements  may  be  used  to  establish  a 
machine  equation  corresponding  to  the  equation  of  motion  for  each 
“generalized  coordinate”  of  the  dynamical  system. 

2.  Generally  speaking,  the  input  voltages  “driving”  such  a  block  will 
represent  (generalized)  forces  or  accelerations ,  and  the  output  volt¬ 
ages  will  correspond  to  (generalized)  displacements  and  velocities. 

3.  Coupling  forces  leading  to  logical  interactions  between  two  of  the 
equations  of  motion  will  result  in  corresponding  electrical  intercon¬ 
nections  between  two  blocks  of  computing  elements. 

4.  It  is  usually  possible  to  vary  system  parameters  within  reasonable 
limits  and  to  studj^  the  resulting  changes  in  system  performance 
without  radical  changes  in  the  computer  setup. 

The  analogy  existing  between  components  of  the  dynamical  system 
under  consideration  and  “blocks”  of  computing  elements  in  analog  com¬ 
puters  makes  the  latter  particularly  well  suited  for  engineering  studies  of 
dynamical  systems. 

A  nalysis  of  Dynamical  Systems  Containing  Stops  and  Nonlinear  Springs. 
The  motion  of  the  simple  undamped  vibration  absorber  can  be  analyzed 
without  the  use  of  an  electronic  computer. 1  Consider,  however,  the  case 
of  a  dynamical  system  similar  to  that  of  Fig.  3.1a,  in  which  the  mass  Wi  is 
restrained  by  inelastic  stops  (indicated  in  dashed  lines  in  Fig.  3.1a)  so 
that  the  absolute  value  \fji\  of  the  coordinate  y\  cannot  exceed  a  given 
value  ymax.  Without  the  use  of  a  differential  analyzer,  the  motion  of  such 
a  relatively  simple  system  can  be  analyzed  only  by  tedious  numerical 
methods.  The  analog-computer  approach  to  the  new  problem,  on  the 
other  hand,  is  essentially  as  easy  to  understand  as  the  problem  itself.  As 
the  problem  variable  y\  in  Fig.  3.1a  is  restrained  between  the  limits  plus 
and  minus  ymax,  the  corresponding  machine  variable  Y i  must  be  kept 
between  the  limits  plus  and  minus  a,nymnx.  This  may  be  accomplished  by 
means  of  a  pair  of  parallel  diode  limiters  (see  Sec.  (5.7).  Figure  3.2a  shows 
how  the  computer  setup  for  the  first  machine  equation  in  Fig.  3.16  might 
be  modified  so  as  to  include  the  limiters. 

The  insertion  loss  due  to  the  limiting  resistor  [see  Eq.  (G.42)]  must  be 
taken  into  consideration  in  all  such  computer  setups.  Figure  3.26  shows 

1  Ibid. 


62 


ELECTRONIC  AXAEOG  COMPUTERS 


how  the  insertion  loss  due  to  the  limiting  resistor  in  Fig.  3.2a  is  made  up 
by  the  operational  amplifier  following  the  limiter. 

Many  other  types  of  nonlinear  spring  or  damping  characteristics  may 
he  simulated  by  means  of  various  types  of  function  generators  (see  Chap. 
6);  thus  in  systems  containing  elastic  stops,  the  spring  stiffnesses  k  are 
seen  to  vary  as  functions  of  the  displacements  y\.  Servo-driven  function 
potentiometers  or  tap  switches  (Sec.  6.5),  relays,  or  diode  switches  (Sec. 
6.7)  can  be  used  to  simulate  such  conditions,  which  may  otherwise  be 

P2Y,  =-0.5 PY,-3Y,  +  2Y2 +0.25  SIN  coo  with  |Y,|<oy|yMAX 


Fig.  3.2a.  Possible  modification  of  the  computer  setup  for  the  first  machine  equation 
in  Fig.  3.16  if  Y i  is  limited  in  absolute  value. 
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Fig.  3.26.  Detail  from  the  computer  setup  of  Fig.  3.2a,  showing  how  the  insertion 
loss  due  to  the  limiting  resistor  may  be  made  up  by  an*operational  amplifier  following 


the  limiter. 


quite  difficult  to  analyze.  A  number  of  problems  involving  nonlinear 
oscillations  are  discussed  in  Sec.  2.8. 

The  simulation  of  backlash  and  hysteresis  by  means  of  d-c  analog  com¬ 
puting  elements  is  discussed  in  Sec.  3.3. 

3.3.  Analysis  and  Synthesis  of  Servomechanisms  by  Means  of  D-c 
Analog  Computers.  Introduction.  Perhaps  the  most  extensive  and 
fruitful  applications  of  d-c  analog  computers  have  been  in  the  field  of 
automatic  control  engineering.  D-c  analog  computing  elements  lend 
themselves  naturally  to  the  “simulation’’  of  feedback  loops  analogous  to 
those  used  in  automatic  control  systems,  and  the  analog  nature  of  the 
computer  input  and  output  data  permits  one  to  introduce  components  of 
actual  control  systems  into  the  feedback  loops  for  partial  system  tests. 
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The  following  section  is  intended  as  an  introduction  to  the  analysis  and 
synthesis  of  servomechanisms  by  means  of  d-c  analog  computers.  For  an 
exhaustive  treatment  of  the  theory  of  servomechanisms  as  such,  the 
reader  is  referred  to  the  textbooks1  on  this  subject. 

Performance  Equations  of  a  Simple  Servomechanism.  Figure  3.3a  shows 
a  simple  example  of  a  servomechanism  designed  to  position  a  load  so  as  to 
follow  the  motion  of  a  control  dial.  A  d-c  error  voltage  e  proportional  to 
the  output  error 

e  =  Xi  —  x0  (3.2; 


measured  by  the  potentiometer-type  error  pickoff  device  shown  is  ampli¬ 
fied  and  fed  to  the  d-c  servomotor  to  generate  a  torque  in  such  a  direction 
as  to  reduce  the  error  (3.2).  The  performance  equations  of  this  system 
are  determined  as  follows.  The  servo  amplifier  input  voltage  is 


ex  =  aie  =  ai(x,  —  x0)  (3.3) 

where  ax  is  a  constant  determined  by  the  design  of  the  error  pickoff 
device.  The  input  voltage  to  the  servomotor  is 

e2  =  a2Ci  =  axa2e  =  aia2(.r,  —  x0)  (3.4) 


where  a2  is  the  amplifier  gain.  The  equation  of  motion  of  the  system 
consisting  of  the  motor,  the  gear  train,  and  the  load  is  given  by 


d2r  fix 

(/ L  +  n2/u)  ~TjY  +  n'r  -jfi  =  na 3«2  =  naia2a3(Xj  —  xQ ) 


(3.5) 


where  is  the  moment  of  inertia  of  the  load  and  I m  is  the  moment  of 
inertia  of  the  motor  armature  including  that  of  the  shaft  and  gear  pinion; 
the  effect  of  the  inertia  of  the  other  gears  is  considered  negligible,  n  is  the 
gear  ratio  between  motor  and  load,  r  is  the  motor  damping  coefficient, 
and  as  is  a  parameter  relating  the  motor  stall  torque  to  the  input  voltage. 
The  values  of  r  and  a>,  may  be  obtained  from  the  manufacturer’s  data  on 
the  speed-torque  characteristics  of  the  particular  motor  used.'2  The 
effects  of  any  time  delays  involved  in  “building  up”  the  servo  torque  in 
the  motor  mechanism  are  considered  as  negligible  in  this  analysis. 

D-c  Analog-computer  Setup  for  the  Performance  Equation  of  (he  Simple 
Servomechanism.  A  d-c  analog-computer  setup  establishing  a  machine 
equation  corresponding  to  the  servo  performance  equation  (3.5)  will  now 

‘Greenwood,  I.  A.,  J.  V.  Holdam,  and  D.  MaeRae,  Electronic  Instruments,  Mil 
Radiation  Laboratory  Series,  Vol.  21,  McGraw-Hill,  New  York,  1948;  James,  II.  M., 
X.  B.  Xichols,  and  R.  S.  Phillips,  Theory  of  Servomechanisms,  MIT  Radiation  Labora¬ 
tory  Series,  Yol.  25,  McGraw-Hill,  Xew  York,  1947;  Lauer,  II.,  R.  Lesnick,  and  L.  E. 
Matson,  Servomechanism  Fundamentals,  McGraw-Hill,  Xew  \ork,  1947. 

2  See,  for  instance,  Lauer,  Lesnick,  and  Matson,  op.  cit. 
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POTENTIOMETER  TYPE 


-  ELECTRICAL  CONNECTION 

MECHANICAL  (SHAFT)  CONNECTION 

Fig.  3.3a.  Simple  servomechanism  designed  to  make  the  angular  displacement  x0 
of  a  load  follow  the  angular  displacement  X{  of  an  input  dial. 


P2X0  =  4Xj  -  4X0-4  x  I04  r  PX0 


Fig.  3.36.  Block  diagram  of  a  d-c  analog-computer  setup  “simulating”  the  servo¬ 
mechanism  of  Fig.  3.3a  for  the  parameter  values  given  in  the  text. 


P2X0=  4Xj -4X0-4xio4 r  PX0 


Fig.  3.3c.  Another  computer  setup  “simulating”  the  servomechanism  of  Fig.  3.3a. 
All  summing  and  feedback  networks  are  shown.  No  coefficient-setting  potentiometers 
arc  used. 

be  designed  for  the  following  combination  of  numerical  values  of  the 
parameters  in  Eq.  (3.5): 

IL  =  0.05  slug  ft2  Im  =  2  X  10-5  slug  ft2 
n  =  100  a i  =  20  volts/radian  a2  =  20 
a-  =  2.5  X  10~5  ft-lb/volt 
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It  is  desired  to  study  the  effect  on  the  servo  performance  of  varying  the 
motor  damping  coefficient  r  between  the  values 

r  «  0  and  r  =  2  X  10~4  ft-lb-sec 

Physically,  the  value  of  r  may  be  changed,  for  instance,  by  changing  the 
resistance  of  the  motor  armature  winding. 

If  the  shaft  displacements  x0  and  x,  are  assumed  to  vary  between  the 
limits  plus  and  minus  2  radians,  the  problem  variables  t,  x0,  and  x,-  may  be 
related  to  the  corresponding  machine  variables  r,  X0,  and  X ,  by  the  trans¬ 
formation  equations 


t  =  t  x0  =  2X0  xt  =  2  Xi  (3.6) 

where  the  voltages  X0  and  Xi  are  measured  in  machine  units  of,  say,  5G 
volts.  The  scale  factors  chosen  are,  of  course,  subject  to  latei  revision. 
The  resulting  d-c  analog-computer  solution  will  be  on  a  1 : 1  time  scale. 
The  machine  equation  corresponding  to  Eq.  (3.5)  becomes 

P2X0  =  4Xt-  -  4X0  -  4  X  10 4rPXc  with  0  <  r  <  2  X  10"4  (3.7) 

Figure  3.36  shows  the  block  diagram  of  a  computer  setup  for  the  machine 
equation  (3.7).  The  computer  setup  is  essentially  the  same  as  the  one  for 
the  damped  harmonic  oscillator  discussed  in  Sec.  2.7. 

Figure  3.3c  shows  the  block  diagram  of  a  similar  computer  setup  more 
suitable  for  use  with  low-cost  analog  computers  (see  Sec.  8.4)  which  have 
neither  coefficient  setting  potentiometers  nor  permanently  built-in  input 
and  feedback  networks.  Such  a  computer  is  set  up  by  connecting  resis¬ 
tors  and  capacitors  to  the  d-c  amplifiers  in  the  manner  indicated. 

D-c  Analog-computer  Study  of  the  Simple  Servomechanism:  Transient 
Response.  The  computer  records  of  Fig.  3.4  show  the  response  of  the 
simple  servomechanism  to  a  step  displacement  of  the  input  shaft  for  three 
values  of  the  damping  coefficient  r.  Parameter  studies  (see  Sec.  3.1)  of 
this  type  can  be  made  to  test  the  transient  response  of  a  servomechanism 
for  any  number  of  combinations  of  the  design  parameters;  the  computer 
records  may  be  used  to  pick  a  combination  of  design  parameters  which 
will  result  in  small  errors  x,-  —  xG  without  any  tendency  toward  uncon¬ 
trolled  oscillations  or  hunting.  A  number  of  quantitative  figures  of  merit 
for  servomechanism  performance  will  be  discussed  below. 

D-c  Analog-computer  Setup  for  a  More  Complicated  Linear  Servo¬ 
mechanism.  Figure  3.5a  and  6  shows  a  semischematic  representation 
and  a  functional  block  diagram,  respectively,  ol  a  somewhat  more  com¬ 
plex  linear  servomechanism  than  that  pictured  in  Fig.  3.3a.  This  servo¬ 
mechanism  incorporates  a  load  restrained  by  springs,  rate  feedback  from  a 
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d-c  tachometer,  as  well  as  special  equalization  networks  which  add  the 
rate  feedback  signal  to  the  error  signal  and  produce  both  derivative  and 
integral  control.1 

The  performance  equation  of  this  servomechanism  may  be  written  in 
the  form 


[(/L  +  n~Iu)p'2  +  n2rp  +  k]x0  =  a[ai(.r,  —  x0)  —  nkipx0]a-2axF  (p)  (3.8) 

where  k  is  the  stiffness  of  the  spring  load,  ki  is  the  tachometer  sensitivity, 
and  F(p)  is  the  transfer  function  of  the  equalizing  networks,  which  is  here 


Fig.  3.4.  D-c  analog-computer  records  (Hagelbarger,  Howe,  and  Howe,  op.  cit.), 
showing  the  response  of  the  servomechanism  of  Fig.  3.3  to  a  step-function  input 
displacement  for  three  values  of  the  motor-damping  coefficient  r. 


taken  to  be  the  same  for  both  the  position  error  and  the  rate  feedback 
signals.  The  other  symbols  are  the  same  as  those  used  in  the  case  ol  the 
simple  servomechanism. 

The  computer  block  diagram  of  Fig.  3.5c  has  been  intentionally  drawn 
so  as  to  show  the  relatively  close  analogies  between  blocks  ot  computing 
elements  and  components  of  the  actual  servomechanism.  The  path  of 


1  Ibid.  James,  Nichols,  and  Phillips,  op.  cit. 
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ELECTRICAL  CONNECTION 
MECHANICAL  (SHAFT)  CONNECTION 


EQUALIZING  SERVO  SERVO  TACHOMETER 

NETWORKS  AMPLIFIER  MOTOR 


Fig.  3.5a.  Semischematic  representation  of  a  linear  servomechanism  with  a  spring- 
inertia  type  load,  rate  feedback,  and  equalizing  networks. 


Fig.  3.56.  Functional  block-diagram  representation  of  the  servomechanism  of 
Fig.  3.5a. 


Fig.  3.5c.  Block  diagram  of  a  d-c  analog-computer  setup  for  solving  the  performance 
equations  of  the  servomechanism  of  Fig.  3.5a.  This  block  diagram  was  drawn 
intentionally  so  as  to  emphasize  the  analogies  between  certain  components  of  the 
actual  servomechanism  and  corresponding  blocks  of  computing  elements. 
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the  control  signal  can  thus  be  traced  through  the  computer  setup  of  Fig. 
3.5c  just  as  it  can  be  traced  through  the  actual  servomechanism. 

Partial  System  Tests.  In  the  computer  setup  of  Fig.  3.5c,  the  perform¬ 
ance  equations  of  the  equalizing  networks  have  not  been  established  by 
means  of  d-c  integrators  and  summing  amplifiers,  but  the  actual  networks 
to  be  used  in  the  servomechanism  have  been  introduced  into  the  computer 
setup.  The  analog  nature  of  the  machine  variables  in  analog  computers 
makes  it  possible  to  include  actual  system  components  in  computer  setups. 
It  is  thus  possible  to  perform  partial  system  tests  of  servo  amplifiers, 
motors,  error  pickoff  devices,  etc.  Investigations  of  the  effects  of  differ¬ 
ent  component  designs  as  well  as  tests  of  control-system  components  can 
thus  be  made  under  very  realistic  conditions  (see  also  Sec.  3.7).  D-c 
analog  computers  are  well  suited  for  such  partial  system  tests,  and  this  is 
one  of  their  particularly  desirable  features. 

Analysis  and  Synthesis  of  Servomechanisms :  Evaluation  of  Compided 
Transient  Response  Records.  In  parameter  studies  of  automatic  control 
systems,  such  as  the  simple  study  of  optimum  damping  illustrated  by  the 
computer  records  of  Fig.  3.4,  it  becomes  necessary  to  formulate  quali¬ 
tative  criteria  or  quantitative  figures  of  merit  which  will  permit  definite 
choices  of  “optimum”  combinations  of  the  design  parameters  on  the 
basis  of  the  corresponding  computer  records.  Most  observers  will  agree 
that  the  servo  output  displacement  x0  in  the  third  computer  record  of 
Fig.  3.4  seems  to  follow  the  input  displacement  Xi  more  faithfully  than 
that  in  the  second  computer  record;  but  a  choice  between  the  values  of  the 
damping  constant  r  leading  to  the  first  and  third  computer  records  of  Fig. 
3.4  is  more  difficult.  Since  no  one  number  could  possibly  give  a  complete 
description  of  the  system  performance,  the  choice  of  a  quantitative  figure 
of  merit  will  depend  on  the  nature  of  the  particular  performance  charac¬ 
teristic  most  important  in  each  case. 

A  number  of  possible  figures  of  merit  for  judging  the  transient  per¬ 
formance  of  servomechanisms  are  listed  below.  All  of  them  are  obtained 
more  or  less  directly  from  d-c  analog-computer  records  of  the  error 

e(t)  =  X,(t)  -  Xa(t ) 

obtained  as  a  function  of  the  time  t  by  means  of  a  computer  setup  like 
that  shown  in  Fig.  3.6a,  for  various  input  signals  xft). 

1.  A  somewhat  crude  figure  of  merit  is  the  reciprocal  of  the  time  taken 
by  the  absolute  value  of  the  error  t  to  “recede”  below  a  certain 
specified  percentage  of  the  input  voltage  after  a  step  input  voltage 
has  been  applied. 

2.  The  displacement  figure  of  merit  M0  is  defined  as  the  ratio  of  the 
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output  displacement  x0  to  the  error  e  when  all  derivatives  of  the  out¬ 
put  displacement  x0  are  zero.  The  value  of  .V0  is  easily  obtained 
from  a  computer  record  of  e(t)  for  a  step  input  signal  Xi  (see  Fig. 
3.66). 

3.  The  rate  figure  of  merit  Mi  is  defined  as  the  ratio  of  the  output  rate 
px„  to  the  error  e  when  the  output  acceleration  and  all  higher 


XjO- 


r  COMPUTING  ELEMENTS 
1  SOLVING  SERVO _ (■ 


PERFORMANCE_EO UA_1 10 N  j 


(TO  RECORDER) 


<>4(Xi 


-X0)(TO  RECORDER) 


Fig.  3.6a.  Computer  setup  for  obtaining  records  of  the  error  «=*,•—  x0. 


a  step  input  signal  (Hagelbarger, 
Howe,  and  Howe,  op.  cit.). 


Fig.  3.6c.  Error  record  for  a  ramp  input 
signal  (Hagelbarger,  Howe,  and  Howe,  op. 
cit.). 


derivatives  of  x0  are  zero.  This  quantity  may  be  obtained  from  the 
computer  records  of  fit)  and  pxa  for  a  ramp  function  input  signal 

Xi  =  (constant)  t 

(see  Fig.  3.6c). 

4.  The  acceleration  figure  of  merit 1  M»  is  defined  as  the  ratio  of  the 
acceleration  p2x0  to  the  error  e  when  px0  equals  zero.  The  value  of 
M 2  may  be  obtained  from  computer  records  of  fit)  and  p2x0  for  a 
step  input  signal  x,-. 

If  the  servomechanism  under  consideration  is  linear,  the  displacement 
and  rate  figures  of  merit  are  simply  related  to  the  first  two  coefficients  in  a 
power  series  expansion  of  the  transfer  function 

m  =  i 

1  Lauer,  Lesnick,  and  Matson,  op.  cit. 
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in  terms  of  p.1  If  the  servomechanism  is  not  linear,  all  figures  of  merit 
may  vary  appreciably  with  the  magnitude  of  the  input  signals. 

A  very  useful  measure  of  servo  performance  is  given  by  the  average  e5  of 
the  square  of  the  error  e(t)  over  a  suitable  time  t\,  or 


(3.9) 


The  integral  (3.9)  is  easily  computed  by  means  of  a  d-c  analog  computer. 
By  this  criterion,  the  “optimum”  combination  of  design  parameters  will 
be  the  one  to  minimize  the  expression  (3.9)  for  a  fixed  value  of  the  time  t\ 
and  for  a  number  of  different  input  signals  xft)  considered  to  be  typical  of 
those  encountered  in  actual  practice. 

The  application  of  the  mean-square-error  criterion  makes  it  also  possible 
to  take  the  effects  of  noise,  stray  input  signals,  and  disturbing  torques  in 
the  servomechanism  on  the  choice  of  the  “optimum”  combinations  of 
design  parameters2  into  account.  In  parameter  studies  of  servomecha¬ 
nisms  it  is  only  necessary  to  introduce  voltages  corresponding  to  typical 
noise,  spurious  signals,  and  disturbing  torques  into  the  correct  points  of 
the  computer  setup  and  to  determine  the  mean  square  error  (3.9)  for  each 
combination  of  the  design  parameters.  Since  noise  is  a  statistical  proc¬ 
ess,  the  computations  must  be  repeated  a  number  of  times  with  different 
randomly  chosen  noise  voltages  in  order  to  gain  a  realistic  idea  of  the 
optimum  combination  of  design  parameters.  The  use  of  a  repetitive 
computer  (see  Sec.  8.5)  in  conjunction  with  a  suitable  noise  generator  may 
be  convenient  in  this  connection.  In  order  to  obtain  a  more  completely 
useful  result,  the  entire  procedure  should  also  be  repeated  for  as  many 
typical  input  signals  xft)  as  possible. 

Analysis  and  Synthesis  of  Linear  Servomechanisms:  Transfer  Function  or 
Frequency  Analysis  Methods.  Powerful  modern  methods  of  servomecha¬ 
nism  analysis3  and  synthesis  are  based  on  studies  of  the  performance  of 
servomechanisms  components  for  steady-state  sinusoidal  oscillations  of 
their  input  and  output  signals.  More  specifically,  the  ratio  of  the  output 
and  input  amplitudes  as  well  as  the  phase  difference  between  the  sinusoi¬ 
dal  input  and  output  oscillations  are  plotted  as  functions  of  the  circular 
frequency  w  of  the  oscillations,  and  the  properties  of  the  component  or 
group  of  components  in  question  are  described  in  terms  of  these  frequency- 
response  characteristics. 

1  Hagelbarger,  D.  W.,  C.  E.  Howe,  and  R.  M.  Howe,  Investigation  of  the  Utility  of 
an  Electronic  Analog  Computer  in  Engineering  Problems,  UMM-28,  Engineering  Research 
Institute,  University  of  Michigan,  Ann  Arbor,  Apr.  1,  1949. 

-  James,  Nichols,  and  Phillips,  op.  rit. 

3  Greenwood,  Holdam,  and  MacRae,  op.  rit.;  James,  Nichols,  and  Phillips,  op.  cit. 
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The  transient  response  of  a  linear  servomechanism  can  be  related  to  its 
frequency-response  characteristics  by  means  of  Fourier  analysis.  It  is 
true  that  the  transient  response  of  a  servomechanism  can  be  obtained 
directly  by  means  of  a  d-c  analog  computer.  The  frequency-response 
method  of  describing  servo  performance  is,  nevertheless,  particularly 
useful  for  the  synthesis  of  linear  servomechanisms  because  of  the  simple 
relations  existing  between  the  individual  frequency-response  character¬ 
istics  of  “transducers,”  such  as  amplifiers,  networks,  motors,  etc.,  and 
the  frequency-response  characteristics  of  combinations  of  such  devices 
connected  in  cascade.  The  amplitude  ratio  of  the  combination,  for  each 
value  of  the  circular  frequency,  will  be  the  product  of  the  individual 
amplitude  ratios,  whereas  the  phase  shifts  are  simply  added.  These  rela¬ 
tions  help  the  designer  to  choose,  for  instance,  the  type  of  equalizing  net¬ 
works  he  must  insert  into  a  feedback  loop  in  order  to  obtain  a  desired  fre¬ 
quency  response.  The  frequency  characteristics  of  a  servomechanism 
frequently  not  only  show  up  undesirable  conditions  but  also  indicate 
what  to  do  about  them.  No  similarly  simple  relationships  exist  between 
the  transient  responses  of  individual  and  cascaded  transducers. 

D-c  analog  computers  can  be  at  least  as  useful  for  computing  the  fre¬ 
quency-response  characteristics  of  servomechanism  components  and  com¬ 
plete  servomechanisms  as  they  are  for  computing  transient  responses. 
After  the  performance  equations  of  the  devices  in  question  have  been  set 
up  in  the  usual  manner,  it  is  only  necessary  to  provide  a  source  of  sinusoi¬ 
dal  input  signals  and  a  means  for  measuring  the  relative  amplitudes  and 
phases  of  the  input  and  output  voltages.  Although  ordinary  computer 
records  of  the  input  and  output  signals  will  serve  this  latter  purpose,  it  is 
preferable  to  use  a  convenient  signal  generator  capable  of  generating 
sinusoidal  voltages  of  different  frequencies  and  of  measuring  the  ampli¬ 
tude  and  phase  of  an  output  signal  by  comparison  with  a  reference  signal. 
A  signal  source  of  this  type  is  shown  in  Fig.  6.34. 

An  interesting  application  of  such  d-c  analog-computer  methods  is  the 
automatic  computation  of  loop  transfer  functions1  for  use  in  phase-decibel 
plots  and  other  powerful  graphical  methods  of  control-system  analysis 
and  synthesis. 

Frequency  analysis  methods  apply,  strictly  speaking,  only  to  devices 
whose  performance  equations  are  linear;  but  the  frequency-response 
characteristics  of  many  nonlinear  devices  are  at  least  qualitatively  inter¬ 
esting.  Sometimes  a  linear  or  nonlinear  transducer  whose  performance 
equation  is  not  known  can  be  represented  in  the  computer  by  a  block  of 
operational  amplifiers  or  networks  having  similar  frequency-response 
characteristics  for  most  input  amplitudes. 

1  James,  Nichols,  and  Phillips,  op.  rit. 
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Representation  of  Nonlinear  Transfer  Characteristics.  Although  the 
important  properties  of  many  control  systems  can  be  studied  in  terms  of 
linear  relationships  between  the  system  variables,  it  is  frequently  abso¬ 
lutely  necessary  to  explore  the  effects  of  nonlinear  relationships  existing 
between  the  input  and  output  signals  of  certain  control-system  com¬ 
ponents.  The  use  of  analog  computers  for  such  investigations  is  par¬ 
ticularly  important  because  it  may  be  impossible  to  find  valid  analytical 
formulations  for  the  relationships  existing  between  the  problem  variables, 
whereas  many  such  relationships  can  be  established  by  means  of  relatively 
simple  function  generators  in  an  analog  computer.  In  studies  of  auto¬ 
matic  control  systems,  it  is  often  sufficient  to  represent  the  nonlinear 
transfer  characteristics  of  control  system  components  to  an  accuracy 
between  1  and  5  per  cent.  Under  these  conditions,  function  generators 
based  on  the  properties  of  simple  diode  switches  are  particularly  versatile 
and  useful,  since  they  do  not  contain  moving  parts  and  have  good  high- 
frequency-response  characteristics.  The  properties  of  such  function  gen¬ 
erators  are  discussed  in  detail  in  Sec.  6.7;  several  particularly  interesting 
applications  of  diode-type  function  generators  to  the  simulation  of  con¬ 
trol-system  components  are  presented  below.  If  the  problem  in  question 
is  run  on  a  very  slow  time  scale,  it  is  also  possible  to  use  computing  relays 
(see  Sec.  6.5)  instead  of  diode  switches  in  many  of  the  applications. 

Position  limits  (stops),  rate  limits,  and  torque  limits  in  servomechanisms 
may  be  represented  in  d-c  analog-computer  setups  by  means  of  limiting 
diodes  in  the  manner  discussed  in  Sec.  3.2.  As  an  example,  consider  the 
computer  setup  for  analyzing  the  performance  of  a  hydraulic  controller. 
The  controller,  which  may  replace  the  electric  motor  in  the  servomecha¬ 
nisms  shown  in  Figs.  3.3  and  3.5,  consists  of  a  solenoid  valve  whose  dis¬ 
placement  y  is  controlled  by  an  input  voltage  e,  and  a  hydraulic  actuator 
whose  piston  displacement  x0  is,  in  turn,  controlled  by  the  valve  displace¬ 
ment.  The  performance  equations  of  the  hydraulic  controller  may  fre¬ 
quently  be  approximated  in  the  form1 

Xo  =  pV  V  =  (bp  +  \)(mp*  +  rp  +  k)  6  ^3,10) 

where  oq  and  a2  are  gain  coefficients,  b  is  the  time  delay  due  to  the  solenoid, 
and  m,  r,  and  k  are  the  mass,  damping  coefficient,  and  spring  constant, 
respectively,  of  the  valve.  The  rate  px0  of  the  output  motion  is  limited 
by  the  flow  capacity  of  the  hydraulic  system,  and  the  piston  displacement 

1  McCann,  G.  D.,  C.  H.  Wilts,  and  B.  N.  Locanthi,  Trans.  A 1  EE.  68,  Paper  49-165, 
1949.  For  a  more  complete  discussion  of  hydraulic  servomechanisms,  see  M.  It. 
Hannah,  Frequency  Response  Measurements  of  a  Hydraulic  Power  Unit,  Paper 
47-A-70,  ASME  Annual  Meeting,  Dec.  1-5,  1947. 
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xu  is  limited  by  mechanical  stops.  The  form  of  a  d-c  analog-computer 
setup  corresponding  to  Eq.  (3.10)  is  indicated  in  Fig.  3.7. 

Diode  limiters  or  more  complex  function  generators  based  on  diode 
characteristics  (see  Sec.  6.7)  may  also  be  used  for  simulating  the  satura¬ 
tion  characteristics  of  overdriven  servo  amplifiers  and  motors. 

Figure  3.8a  illustrates  the  use  of  a  high-gain  d-c  amplifier  and  a  pair  of 
limiting  diodes  for  simulating  the  generation  of  a  dry  friction  torque  as  a 
function  of  speed.  The  functional  relationship  between  the  input  voltage 


Y  = 


_ Qj _ 

(bP-H)(mP2  +  rP+k) 


E  (SOLENOID  VALVE) 


PXo  =  a.2Yj  (HYDRAULIC  ACTUATOR) 
|PX0|  AND  |X0|  ARE  LIMITED 


Fig.  3.7.  Block  diagram  of  a  d-c  analog-computer  setup  approximately  simulating 
a  hydraulic  controller  with  rate  and  position  limiting. 

Xi  (proportional  to  speed)  and  the  output  voltage  X2  (proportional  to 
torque)  is  indicated  in  the  graph  on  the  right  of  Fig.  3.8a. 

Figure  3.86  shows  a  computer  setup  for  the  simulation  of  an  inert- 
zone  characteristic.  Inert-zone  characteristics  are  encountered  in  many 
mechanical  or  electromechanical  transducers,  such  as  tachometers,  gyros, 
and  pressure  gauges.  It  is  seen  that  the  input  signal  must  reach  a  certain 
positive  or  negative  threshold  level  before  the  output  signal  can  follow. 

In  the  computer  setup  of  Fig.  3.8c,  the  transfer  characteristics  of  Fig. 
3.8a  and  b  have  been  combined  with  a  “time-delay  circuit”  having  the 
transfer  function 

X*  =  _  & 

AT  bP  +  1 


where  k  and  b  are  constants.  The  resulting  configuration  approximates 
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the  relation  between  the  input  and  output  voltages  of  a  control  relay 
circuit  or  between  the  input  voltage  and  output  shaft  speed  of  a  solenoid- 
operated  dry  friction  clutch. 

Many  other  types  of  nonlinear  characteristics  may  be  approximated  by 
the  performance  of  circuits  containing  diode  switches  (see  Sec.  6.7).  As 


Fig.  3.8a.  Simulation  of  dry  friction  torque. 


x,o 


+  i 


Fig.  3.86. 


Simulation  of  dead  space. 


Fig.  3.8c.  Simulation  of  a  relay  or  of  a  solenoid  clutch. 


a  particularly  interesting  example,  Fig.  3.9  shows  two  circuits  capable  of 
simulating  the  relation  between  the  displacements  and  $2  of  two  gears 
with  backlash. 

The  input  and  output  displacements  #i  and  $2  of  such  a  gear  train  are 
represented  by  the  voltages  0i  and  02,  respectively,  and  half  the  backlash 
“gap”  is  represented  by  a  voltage  E.  Referring  to  Fig.  3.9a,  it  is  seen 
that  the  lower  diode  will  conduct,  and 


02  =  0i  E  if  and  only  if  0\  —  02  >  E 
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Again,  the  upper  diode  will  conduct,  and 

02  =  0i  +  E  if  and  only  if  0i  —  02  <  —  E 

As  long  as  either  diode  conducts,  the  time  constant  of  the  circuit  is  so 
short  that  the  presence  of  the  capacitor  C  will  cause  no  appreciable 
integration. 

If,  however, 

-E  <  0!  -  02  <  E 


neither  diode  will  conduct,  and  the  capacitor  C  will  tend  to  store  or 
“remember”  the  voltage  02  previously  imparted  to  it  unless  leakage  is 


Fig.  3.9.  Simulation  of  a  gear  train  with  backlash  through  the  use  of  series  diode 
circuits.  Combinations  of  such  circuits  with  suitable  function  generators  permit 
simulation  of  hysteresis  loops,  thermodynamic  cycles,  etc. 


excessive.  The  resultant  transfer  characteristics  are  shown  on  the  right 
of  Fig.  3.9a  and  closely  approximate  those  of  a  gear  train  with  backlash. 

The  circuit  of  Fig.  3.96  is  a  more  practical  version  of  the  basic  circuit  of 
Fig.  3.9a.  The  storage  capacitor  C  is  arranged  so  that  it  cannot  be  dis¬ 
charged  through  the  load  connected  to  the  output  terminal,  and  the 
diode  bias  voltages  are  obtained  from  the  computer  reference  power  sup¬ 
plies  instead  of  from  battery  sources.  The  resistors  r  shown  are  current- 
limiting  resistors  of  a  few  hundred  ohms. 

The  computer  setups  of  Fig.  3.9  are  examples  of  transducers  whose 
transfer  characteristics  depend  on  the  “direction”  of  the  input  rate  of 
change.  Many  other  similar  arrangements  are  possible.  The  addition 
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of  simple  output  limiters  to  the  computer  setups  of  Fig.  3.9  permits  the 
simulation  of  a  hysteresis  loop  with  saturation  such  as  those  typical  of 
magnetic  circuits.  Similar  arrangements  make  it  possible  to  simulate  the 
performance  cycles  of  heat  engines,  pumps,  storage  batteries,  and  other 
similar  processes. 

Accuracy  Requirements.  In  many  investigations  of  servomechanisms 
by  means  of  d-c  analog  computers,  it  is  sufficient  to  obtain  qualitative 
results  with  respect  to  the  stability  and  relative  errors  of  different  system 
configurations.  For  this  reason,  a  great  deal  of  useful  information  has 
been  obtained  through  the  use  of  very  cheap  computing  elements. 
McDonald1  has  pointed  out  that,  in  most  d-c  analog-computer  analyses 
of  servomechanisms,  the  gain  changes  and  phase  shifts  resulting  from  the 
use  of  low-cost  operational  amplifiers  (see  Chap.  4)  usually  enter  the 
computation  in  such  a  manner  that  they  are  negligible  compared  with 
the  gain  changes  and  phase  shifts  inherent  in  the  transfer  functions 
of  the  simulated  servomechanisms.  This  question  should,  however,  be 
investigated  in  detail  in  each  particular  case  if  valid  quantitative  results 
are  desired. 

3.4.  D-c  Analog-computer  Setup  for  a  Trajectory  Computation :  The 
Trajectory  of  a  Slow  Spherical  Cannonball  with  Air  Resistance.  Intro¬ 
duction.  As  a  simple  example  of  a  trajectory  computation  in  two  dimen¬ 
sions,  consider  the  computation  of  the  trajectory  of  an  old-fashioned 
spherical  cannonball  with  air  resistance.  This  example  will  serve  as  an 
introduction  to  more  complex  ballistic  computations  involving  more  com¬ 
plicated  projectiles  such  as  rockets. 

The  cannonball  is  fired  from  a  cannon  with  a  given  muzzle  velocity  v0 
and  at  a  given  elevation  angle  d0.  It  is  desired  to  find  the  trajectory  of 
the  cannonball  with  respect  to  a  rectangular  Cartesian  coordinate  system 
whose  x  and  y  axes  are  horizontal  and  vertical,  respectively,  and  whose 
origin  is  located  at  the  cannon  muzzle  (trajectory  origin). 

The  only  forces  acting  on  the  cannonball  are  the  force  of  gravity  and 
the  aerodynamic  drag.  The  latter  force  is  assumed  to  be  proportional  to 
the  square  of  the  instantaneous  velocity  of  the  projectile.  Since  the 
aerodynamic  force  acting  on  a  body  in  flight  is  usually  specified  in  terms 
of  its  components  in  the  direction  of  the  velocity  vector  (drag)  and  at 
right  angles  to  this  direction  (lift  and  side  force),  it  is  often  convenient  to 
write  the  equations  of  motion  of  the  projectile  with  respect  to  “wind 
axes”  along  and  perpendicular  to  the  velocity  vector.  Let  d  be  the  angle 
between  the  horizontal  and  the  positive  instantaneous  velocity  direction. 
Referring  to  Fig.  3.10a  and  to  the  glossary  of  symbols  (see  page  78)  the 

1  McDonald,  D.,  Analog  Computers  for  Servo  Problems,  Rev.  Sci.  Instruments,  21, 
February,  1950. 
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Fig.  3.10a.  Computation  of  the  trajectory  of  a  slow  spherical  cannonball. 
10 PV  =  -0.161  sin  -  0.378 V* 

lore  -  -1.03  (j^)  cos  (|  e) 

10PX  =  0.238  V  cos  e) 

107*  F  =  0.834  V  sin  ©) 


0  ° - Cl  D - 1 


Fig.  3.106.  Block  diagram  of  a  possible  computer  setup  for  the  trajectory  compu¬ 
tation.  Potentiometer-loading  corrections  must  be  used  it  good  accuracy  is  desired. 
Solid  lines  indicate  electrical  connections,  and  broken  lines  indicate  mechanical  con¬ 
nections  (servo  shafts).  No  initial  condition  settings  are  indicated. 

equation  of  motion  in  the  positive  velocity  direction  is 

dv  .  „  , 

m  -r  =  —via  sm  v  —  rvi 
dt 

The  equation  of  motion  (upward)  at  right  angles  to  the  velocity  direc¬ 
tion  may  be  expressed  in  the  form 
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dd 

mv  —jj  =  —  mg  cos  d 

Note  that  the  acceleration  in  the  direction  perpendicular  to  the  instanta¬ 
neous  velocity  is  equal  to  v{dd/dt). 

These  two  differential  equations  permit  the  computation  of  the  pro¬ 
jectile  velocity  v  and  the  angle  d  as  functions  of  the  time  t.  The  instan¬ 
taneous  Cartesian  coordinates  x  and  y  of  the  cannonball  are  then  obtained 
from  v  and  d  through  the  relations 

dx  „  dy  .  ,n  , , . 

~r  =  v  cos  d  ~  =  v  sin  d  (3.11) 

dt  dt 

A  practical  procedure  for  handling  this  trajectory  problem  in  an  analog- 
computer  laboratory  is  illustrated  below  in  terms  of  a  sample  problem 
statement  and  a  set  of  sample  computer  setup  records. 


Trajectory  Computation  for  a  Slow  Spherical  Cannonball 


A.  Problem  specifications 

1.  Introduction.  This  paragraph  will  contain  problem  designations, 
authorization  references,  etc. 

2.  Statement  of  the  problem.  It  is  desired  to  obtain  the  parametric 
representation 

rc  =  x(t)  y  =  y(t) 


of  the  trajectory  of  a  slow  spherical  cannonball  whose  equations  of 
motion  are  given  below. 

3.  Mathematical  Relations 


(a) 

(P) 

(c) 

(d) 


—mg  sin  d  — 


dd 

mv  —rr  =  —mg  cos 
dt 


d 


,  (Motion  in  the  direction 
instantaneous  velocity) 
(Motion  at  right  angles  to  the 
taneous  velocity) 


dx 

dt 


V  cos  d 


~  —  v  sin  d 
dt 


(Transformation  to  earth  axes) 


of  the 
instan- 


4.  Glossary  of  symbols 
m  mass  of  cannonball 
t  time 

v(t )  velocity  of  cannonball 
—  rv2  aerodynamic  drag 
g  acceleration  of  gravity 
d(t)  angle  between  velocity  vector  and  horizontal 
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x(t)  [  rectangular  Cartesian  coordinates  of  cannonball  in  the  hori- 
y{t)  )  zontal  and  vertical  directions,  respectively 
t’o  value  of  v{t)  for  t  =  0 
value  of  d{t )  for  t  =  0 

5.  Initial  conditions.  For  /  =  0,  x  —  y  =  0 

=  v0  cos  d0 
o 

=  v0  sin  do 
o 

See  below  for  the  values  of  v0  and  d0  to  be  used. 

6.  Numerical  values  of  constants 
g  =  32.2  ft/sec2 

m  =  0.621  slug  (20  lb) 

r  =  4.7  X  10-5  ^  sec2 

7.  Estimated  ranges  of  variables 
0  <  t  <  25  sec 

0  <  x  <  21,000  ft 

0  <  y  <  6,000  ft  (negative  values  of  y  are  not  of  interest) 

100  <  v  <  1,000  ft/sec 
-45°  <  d  <  21° 

8.  Parameters  to  be  varied 

Take  t'o  =  1,000,  950,  and  1,050  ft/sec 
Take  d0  =  20°,  19°,  and  21° 

(Nine  solutions  required) 

9.  Expected  results  of  parameter  variations.  Increases  in  the  value  of 
Vo  are  expected  to  increase  the  values  of  x  and  y  for  each  value  of 
the  time  t. 

10.  Possible  analytical  or  numerical  checks  noted  by  the  customer.  If 
there  is  no  air  resistance  (r  =  0),  then 

x  =  Vo t  cos  do  y  —  Vot  sin  do  —  Yigt2 

11.  Use  of  residts.  To  prepare  ballistic  tables  for  an  eighteenth- 
century  cannon.  In  particular,  the  sensitivity  of  the  trajectory 
to  small  variations  in  the  initial  conditions  is  of  interest. 

12.  Accuracy  required.  Better  than  3  per  cent. 

B.  Record  of  computer  solution 

1.  Transformation  equations,  (x,  y,  v,  and  t  are  measured  in  the 
ft/slug/sec  system;  d  is  measured  in  radians;  all  machine  variables 
are  measured  in  machine  units.  One  machine  unit  equals  100 


dx 

dt 

dy 

dt 
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volts,  or  a  servo  shaft  rotation  corresponding  to  100  volts  input  to 
the  servomechanism.) 

x  =  21,000X  y  =  0,000  Y 


v  =  1 ,000F 


Note:  The  choice  of  the  scale  factor  for  d  depends  on  the  types 


of  function  potentiometers  used  to  generate  voltages  proportional 
to  sin  d  and  cos  <?.  The  choice  made  here  permits  the  use  of  com¬ 
mercial  sine  and  cosine  potentiometers  whose  wiper  positions  cor¬ 
respond  to  (9  =  +  7r/2  when  the  input  voltage  0  to  the  servomech¬ 
anism  equals  plus  or  minus  1  machine  unit,  respectively. 

The  2:1  (slow)  time  scale  was  chosen  tentatively  to  permit 
greater  accuracy  in  the  computer  servomechanisms. 

The  recorder  scales  are  noted  on  the  records. 

2.  Machine  equations 


Introducing  \/V  =  10(1/10F)  to  permit  the  use  of  a  function 
potentiometer  (see  Sec.  2.2),  (b)  becomes 


3.  Machine  initial  conditions 

X0  =  0  Y0  =  0  V0  =  O.OOlvo  0o  =  O.G37$0 

4.  Block  diagram  (see  Fig.  3.1  Oh).  Integrators  employing  10  gf 
integrating  capacitors  are  indicated  to  facilitate  operation  on  a 
reduced  time  scale.  Loading  corrections  for  potentiometers 
should  be  observed. 

5.  Discussion  (of  special  problems  encountered  during  the  computa¬ 
tion,  tentative  conclusions  from  computer  results,  etc.) 

None. 
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6.  Enclosure.  Dated  and  initialed  computer  records  ( x  vs.  t,  y  vs.  t, 
and  y  vs.  x). 

More  General  Trajectory  Computations.  The  foregoing  example  will 
serve  to  illustrate  a  method  for  solving  ballistic  trajectory  problems  on  d-c 
analog  computers.  If  the  simple  cannonball  is  replaced  by  a  rocket  or 
other  self-propelled  body,  the  effects  of  mass  changes  and  thrust  forces 
will  have  to  be  considered.1  In  the  case  of  more  complicated  nonspherical 
projectiles,  the  effects  of  the  aerodynamic  lift  as  well  as  of  various  control 
forces  must  be  taken  into  consideration.  In  addition,  the  “moment 
equation”  describing  the  rotation  of  the  projectile  about  the  pitch  axis 
must  be  solved,  and  the  interaction  between  this  rotation  and  the  trans- 
latory  motion  must  be  determined.  An  elementary  discussion  of  some  of 
these  questions  for  a  special  case  is  presented  in  Sec.  3.5.  Many  three- 
dimensional  as  well  as  two-dimensional  trajectory  problems  can  be  solved 
successfully  by  means  of  d-c  analog  computers  subject  to  the  accuracy 
limitations  of  the  latter. 

3.5.  Introduction  to  D-c  Analog -computer  Methods  for  Solving  Air¬ 
craft  Flight  Equations.  Description  of  the  Motion  qf  an  Aircraft:  Motion 
in  the  Pitch  Plane.  The  motion  of  an  aircraft  in  the  atmosphere,  like  the 
motion  of  the  projectile  discussed  in  Sec.  3.4,  may  be  conveniently  speci¬ 
fied  by  reference  to  wind  axes  along  and  perpendicular  to  the  direction  of 
the  instantaneous  velocity  vector  and  centered  in  the  center  of  gravity  of 
the  aircraft;  the  velocity  direction  is,  of  course,  opposite  to  that  of  the 
relative  wind  in  a  stationary  air  mass. 

As  an  important  special  case,  it  will  be  interesting  to  consider  the 
motion  of  an  aircraft  which  is  not  turning,  slipping,  or  skidding.  The 
motion  will,  then,  take  place  in  the  vertical  plane,  pictured  in  Fig.  3.11. 
The  trajectory  of  the  aircraft  center  of  gravity  in  this  “pitch  plane”  may 
be  described,  in  the  manner  shown  in  Sec.  3.4,  by  specifying  the  magnitude 
v(t )  of  the  instantaneous  velocity  and  the  angle  d(t)  between  the  velocity 
direction  and  the  horizontal  as  functions  of  the  time  t.  The  rectangular 
Cartesian  coordinates  x(t)  and  y(t)  of  the  trajectory  are,  again,  related  to 
v(t)  and  d(t)  by  Eqs.  (3.11),  or 

~  =  v  cos  {/  ~n  —  v  sin  #  (3.12) 

dt  dt 

In  addition  to  the  motion  of  the  aircraft  center  of  gravity,  the  pitch 

1  See  J.  B.  Rosser,  R.  R.  Newton,  and  G.  L.  Gross,  Mathematical  Theory  of  Rocket 
Flighty  McGraw-Hill,  New  York,  1947,  for  a  detailed  discussion  of  the  equations  of 
motion  of  rockets. 
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attitude  angle  <^(f),  defined  as  the  angle  between  some  preferred  longi¬ 
tudinal  axis  fixed  in  the  aircraft  and  the  horizontal  reference,  must  be 
specified  as  a  function  of  the  time  t. 

The  angle  y(l)  between  the  longitudinal  axis  and  the  velocity  direction, 
or 

7(o  =  <p(t)  -  m  (3.i3) 

is  known  as  the  pitch  angle  of  attack. 

The  motion  of  the  aircraft  in  the  pitch  plane  can  be  controlled  by  chang¬ 
ing  the  deflection  angles  of  control  surfaces  such  as  elevators,  spoilers, 


Fhj.  3.11.  Description  of  the  two-diincnsioiml  motion  of  an  aircraft  in  the  pitch 
plane.  Note  that  neither  the  location  of  the  center  of  pressure  nor  of  the  center  of 
gravity  is  necessarily  fixed  with  respect  to  the  airframe. 


elevens,  or  movable  wings  and  by  changing  the  magnitude,  direction,  or 
point  of  attack  of  the  thrust  propelling  the  aircraft.  The  various  control 
parameters  will  be  denoted  by  <5j,  5 2,  .  .  .  ,  etc. 

Flight  Equations  for  Motion  in  the  Pilch  Plane.  The  system  of  forces 
acting  on  the  aircraft  can  usually  be  reduced  to  the  four  forces  indicated  in 
Fig.  3.11.  These  may  be  listed  as  follows: 

1.  The  thrust  T  due  to  the  power  plant  or  power  plants.  In  most  con¬ 
ventional  aircraft,  the  thrust  direction  and  point  of  attack  are  not 
used  for  control  purposes.  The  longitudinal  axis  may  then  be 
chosen  to  coincide  with  the  thrust  axis.  The  latter  does  not  neces¬ 
sarily  pass  through  the  center  of  gravity  of  the  aircraft. 

2.  The  weight  mg  of  the  aircraft,  where  m  is  the  aircraft  mass  and  g  is 
the  acceleration  of  gravity. 
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3.  The  drag  D  is  the  component  of  the  total  aerodynamic  force  in  the 
negative  velocity  direction.  For  each  particular  aircraft  configura¬ 
tion,  the  drag  will  appear  as  a  function 

D  =  D(v,y,p)  (3.14) 

of  the  velocity  v,  the  angle  of  attack  y,  and  the  air  density  p,  and 
possibly  also  of  some  of  the  control  parameters  6i,  82,  .  .  .  . 

4.  The  lift  L  is  the  component  of  the  total  aerodynamic  force  at  plus 
90  deg  with  respect  to  the  velocity  direction.  For  each  particular 
aircraft  configuration,  the  lift  will  appear  as  a  function 

L  =  L  (v,y,  ^  6i,52,  .  .  .  ,p^  (3.15) 

of  the  velocity  v,  the  angle  of  attack  y,  the  pitching  rate  d<p/dt,  the 
control  surface  deflections  8X ,  <52,  •  •  •  ,  and  the  air  density  p. 


In  the  case  of  certain  jet  aircraft,  and  especially  of  rockets,  the  aircraft 
cannot  be  regarded  as  a  rigid  body  but  contains  a  large  amount  of  moving 
fuel  and  exhaust  gases  which  may  subject  it  to  various  kinetic  reaction 
forces  in  addition  to  the  jet  thrust;1  these  forces  are  not  considered  in  the 
analysis  presented  below. 

The  equation  of  motion  of  the  aircraft  in  the  positive  velocity  direction 
is,  by  reference  to  Fig.  3.11. 

mf^-  =  T  cos  7  —  mg  sin  d  —  D{v,y,p )  (3.16) 


The  equation  of  motion  at  right  angles  to  the  instantaneous  velocity 
direction  may  be  written  in  the  form 


dd 

mu  -  —  mg  cos 


d  +  L^v, y>~^>  $i,52,  •  •  •  ipJ  (3.17) 

The  equation  of  motion  describing  the  changes  of  the  pitch  angle  <p 
takes  the  form 

/  ^  =  drT  +  M  (v,y,  (lJt'  M*,  •  •  •  ,p)  (3.18) 


where  71/  is  the  pitch  moment  due  to  the  aerodynamic  forces  and  dT  is  the 
distance  between  the  thrust  axis  and  the  center  of  gravity.  The  moment 


1  See,  for  instance,  ibid. 
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M  may  be  computed  from  known  values  of  the  drag  D  and  the  lift  L  if  the 
location  of  the  point  of  attack  of  the  total  aerodynamic  force  (center  of 
pressure,  see  Fig.  3.1 1)  is  known,  but  it  is  usually  simpler  to  obtain  M  as  a 
function  of  v,  y,  dtp/dt,  cp,  82,  ...  ,  and  p  directly  from  wind-tunnel  data. 

The  three  flight  equations  (3.16),  (3.17),  and  (3.18),  in  conjunction  with 
the  definition  (3.13)  of  the  angle  of  attack  y,  determine  the  motion  of  the 
aircraft  in  the  pitch  plane  and  permit  one  to  compute  v(t),  &(t),  <p(t),  and 
y(t)  as  functions  of  the  time  t  if  proper  initial  conditions  are  given. 

D-c  Analog-computer  Solution  of  the  Flight  Equations.  The  flight  equa¬ 
tions  are  usuallj7  suitable  for  d-c  analog-computer  solution.  The  equa¬ 
tions  of  motion  of  the  projectile  discussed  in  Sec.  3.4  are  special  cases  of 
the  flight  equations  (3.16)  and  (3.17);  the  d-c  analog-computer  setup  dis¬ 
cussed  in  Sec.  3.4  is  thus  an  example  of  the  d-c  analog-computer  solution 
of  a  flight  problem. 

At  least  for  low  values  of  the  velocity  v,  it  is  often  possible  to  express  the 
functions  D,  L,  and  M  to  a  good  approximation  in  the  form 


D(v,y,p )  =  CipD!(v)D2(y ) 

^  ■  •  •  :PJ  C2pLi(v) 


U(y)  +  L,  (A 


M  (v,y,  •  •  •  ,p  j  =  c3pMi(v ) 


+  L4(«i)  +  . 

'V 

v  dt . 


(3.19) 


M  2(7)  +  il/3 


+  +  . 


where  Ci,  c2,  and  c3  are  constants.  The  expressions  (3.19)  involve  only 
functions  of  single  variables  and  are  particularly  easily  computed  by 
means  of  servo-driven  function  potentiometers  which  are  capable  of 
simultaneous  multiplication  and  function  generation.  D-c  analog-com¬ 
puter  solutions  of  the  flight  equations  based  on  these  techniques  can  be 
successfully  applied  to  the  computation  of  aircraft  trajectories  even  in  the 
case  of  more  or  less  complicated  maneuvers  such  as  stalls,  landings,  and 
rocket-assisted  take-offs. 

Aircraft  Motion  in  Three  Dimensions.  If  the  aircraft  motion  under 
consideration  is  not  confined  to  the  pitch  plane,  a  total  of  six  generalized 
coordinates  must  be  specified  as  functions  of  the  time  through  a  set  of  six 
flight  equations.1  The  solution  of  the  general  problem  by  means  of  a  d-c 
analog  computer  is  not  more  difficult  in  principle  than  the  determination 

1  See,  for  instance.  R.  von  Mises,  Theory  of  Flight,  McGraw-Hill,  New  York,  ' 045. 
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of  the  motion  in  the  pitch  plane,  but  the  number  of  computing  elements 
needed  in  the  former  case  will  be  materially  larger.  The  transformations 
relating  the  variation  of  the  three-dimensional  velocity  vector  to  the 
Cartesian  coordinates  of  the  three-dimensional  trajectory  will  also  involve 
more  complex  trigonometric  expressions  than  the  corresponding  trans¬ 
formation  equations  (3.12)  for  motion  in  the  pitch  plane. 

Flight  Simulators.  An  analog  computer  capable  of  solving  aircraft 
flight  equations  on  a  1:1  time  scale  is  frequently  referred  to  as  a  flight 
simulator.  If  input  voltages  corresponding  to  the  control  surface  deflec¬ 
tions  are  supplied  to  the  machine  either  manually  or  by  means  of  appro¬ 
priate  control  mechanisms,  the  machine  variables  describing  the  attitude 
and  trajectory  of  the  aircraft  must  vary  as  the  corresponding  aircraft 
coordinates  would  in  actual  flight.  These  voltages  may  be  recorded  for 
later  study  of  the  simulated  aircraft  performance  and  may  also  actuate 
real  or  simulated  flight  instruments. 

The  operation  of  a  flight  simulator  on  the  ground  is  vastly  cheaper  as  well 
as  safer  than  operation  of  actual  aircraft.  For  this  reason,  analog  com¬ 
puters  are  used  in  increasing  numbers  as  flight  simulators  for  the  following 
purposes: 

1.  Training.  Flight  simulators  are  invaluable  as  safe,  rapid,  and  reli¬ 
able  synthetic  training  devices.  The  use  of  flight  simulators  will,  for 
instance,  permit  realistic  instruction  in  instrument  flying,  aerial  gunnery, 
and  power-plant  control  for  single-  and  multiengine  aircraft.  Instruc¬ 
tion  can  be  given  under  controlled  conditions  which  can  be  easily  evalu¬ 
ated  and  repeated  by  the  instructor. 

Such  synthetic  training  devices  are  also  useful  for  evaluating  flight 
procedures,  crew  cooperation,  and  job  assignments  among  air  crews. 

2.  Aircraft  design  and  redesign.  A  flight  simulator  is  a  flexible  com¬ 
puter  which  can  simulate  aircraft  parameter  changes  in  hundreds  of  "test 
flights”  under  controlled  laboratory  conditions. 

Such  flight  simulation  permits  one  to  test  the  behavior  of  new  aircraft 
configurations  in  standard  maneuvers  as  well  as  in  potentially  dangerous 
stalls,  spins,  etc.  If  desired,  the  maneuvers  in  question  can  also  be  per¬ 
formed  on  a  slow  time  scale. 

Again,  the  cost  of  testing  a  modern  multiengine  aircraft  can  amount  to 
thousands  of  dollars  per  hour,  so  that  very  substantial  savings  can  be 
realized  by  performing  as  many  preliminary  tests  as  possible  on  a  flight 
simulator. 

3.  Partial  system  testing.  The  output  voltages  of  a  flight  simulator 
may  be  used  to  change  the  attitude  of  a  servo-driven  flight  table  or  to  con¬ 
trol  the  “altitude”  in  a  pressure  chamber.  Flight  instruments  such  as 
gyros  and  altimeters  may  thus  be  tested  under  conditions  closely  simu- 
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lating  those  of  actual  flight.  Flight  simulators  are  particularly  useful  for 
the  design  of  automatic  pilots  (see  Sec.  3.7). 

Because  of  the  limitations  imposed  on  the  computing  time  by  d-c 
analog  computing  elements  (see  Chap.  4),  the  latter  may  not  be  so  suit¬ 
able  for  use  in  flight  simulators  intended  for  training  purposes  as  electro¬ 
mechanical  analog  computers.  The  relatively  high  accuracy,  low  cost, 
and  flexibility  of  d-c  analog  computers  make  them,  however,  eminently 
useful  as  flight  simulators  used  for  design  and  partial  system  testing. 

3.6.  Analysis  of  Small  Aircraft  Motions  in  the  Pitch  Plane:  D-c 
Analog-computer  Solution  of  the  Linearized  Flight  Equations.  Intro¬ 
duction.  The  solution  of  the  set  of  flight  equations  (3.16),  (3.17),  (3.18), 
and  (3.13)  for  aircraft  motion  in  the  pitch  plane  can  be  simplified  very 
considerably  if  it  is  necessary  to  determine  only  small  changes  v,  d,  and  ip 
of  the  variables  v,  d,  and  <p  from  their  constant  values  for  some  condition 
of  steady-state  or  equilibrium  flight.  Steady-state  or  equilibrium  motion 
in  the  pitch  plane  corresponds  to  a  condition  of  steady  horizontal  flight, 
climb,  or  dive  given  by  a  set  of  values  of  the  three  variables  v,  d,  and  <p; 
it  is  desired  to  investigate  the  results  of  disturbing  aerodynamic  forces 
and/or  control  surface  deflections. 

Linearized  Flight  Equations  for  Motion  in  the  Pitch  Plane.  Steady-state 
or  equilibrium  motion  in  the  pitch  plane  may  be  defined  by  the  relations 


dv  _  dd  _  d<p 
dt  dt  dt 


(3.20) 


It  will  be  assumed  that  the  elevator  deflection  Si  is  the  only  control 
parameter  and  that  the  air  density  p  is  constant.  Let  v,  d,  ip,  y,  and  Sa  be 
the  variations  of  v,  d,  <p,  y,  and  Si  from  their  respective  equilibrium  values 
Vi,  dh  <pi,  71,  and  Sn,  so  that 

v  =  Vi  +  v  d  =  d\  d  <p  —  <p i  ip 

7  =  Ti  T  7  Si  =  Sn  +  Si 

Since  v,  d,  <p,  and  y  are  assumed  to  be  small,  one  may  write 

sin  d  =  sin  di  +  (cos  di)d  cos  d  =  cos  di  —  (sin  di)d  \ 

D(v,y  ,p)  =  D(vi,yhp)  +  Dvv  +  Dyy  1 

l(v, 7>5i,  =  L(pi,yi,Sii,0,p)  +  Lvv  +  Ly 7  +  L«,S i  (3.22) 

M^v, 7, Si,  ~fff  P^j  =  M (i'i,7ij^ii,0,p)  +  M Vv + M 7y J 

where  the  derivatives  of  D,  L,  and  M  with  respect  to  v,  y,  Si,  and  d<p/dt  are 
all  computed  for  the  equilibrium  values  of  v,  y,  Si,  and  d<p/dt. 


(3.21) 
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By  introducing  the  relations  (3.20),  (3.21),  and  (3.22)  into  the  flight 
equations  (3.16),  (3.17),  (3.18),  and  (3.13)  it  may  be  shown  that  the 
variations  v,  d,  <p,  y,  and  5i  must  satisfy  the  linearized  flight  equations 

civ 

(a)  =  ~  ~~  Dyi  —  (m0  COS  di)d 

(motion  in  velocity  direction) 

( b )  mv i  =  Lvv  -j-  L/y y  4-  Lsfli  -T  Tj ^  (png  sin  $i)d  (lift) 

(c)  I  =  Mvv  -f-  My 7  +  Msfli  +  M^, 

(pitching  motion) 

(( d )  7  =  <p  —  d  (angle  of  attack  definition) 

for  small  motions  in  the  pitch  plane.  Although  the  analysis  of  the  linear 
equations  (3.23)  is  by  far  simpler  than  that  of  the  corresponding  general 
flight  equations,  such  analysis  has  been  very  fruitful  especially  in  connec¬ 
tion  with  the  following  applications: 

1.  Studies  of  aircraft  stability.  The  equilibrium  motion  of  an  aircraft 
is  said  to  be  stable  if  the  aircraft  tends  to  return  to  that  equilibrium  con¬ 
dition  after  a  small  disturbance  due  to  aerodynamic  disturbing  forces  or 
control  deflections.  In  the  case  of  stable  motion,  small  changes  in  speed 
and  attitude  will  tend  to  remain  small;  such  a  situation  is  frequently 
desirable. 

2.  Studies  of  aircraft  response  to  controls.  The  linearized  flight  equa¬ 
tions  are  frequently  used  for  analyzing  the  response  of  different  aircraft 
configurations  to  motions  of  the  control  surfaces.  This  may  be  accom¬ 
plished  by  studying  the  transient  behavior  of  the  aircraft  after  a  control 
surface  deflection.  Another  particularly  useful  method  for  analyzing  the 
sensitivity  of  the  aircraft  attitude  to  control  motions  applied  at  various 
rates  is  based  on  the  study  of  steady-state  sinusoidal  variations  of  the 
flight  variables.  It  is  possible,  for  instance,  to  study  the  amplitude  and 
phase  response  of  the  attitude  angle  changes  and  flight  path  angle  #  to 
applied  sinusoidal  changes  in  the  elevator  deflection  at  ditterent  fre¬ 
quencies.  The  amplitude  response  will  indicate  the  sensitivity  of  the 
aircraft  motion  to  control  motions  applied  at  different  rates,  whereas  the 
phase  response  will  show  how  quickly  the  aircraft  can  follow  the  control 
motion.  Aerodynamic  transfer  functions  like  <p/8i  or  d  5 1  may  be  derived 
from  the  linearized  flight  equations  (3.23)  in  much  the  same  manner  as 
voltage  transfer  functions  are  derived  from  electrical  circuit  equations.-1 

1  Seamans,  R.  C.,  B.  G.  Bromberg,  and  L.  E.  Payne,  Application  of  the  Performance 
Operator  to  Aircraft  Automatic  Control,  MIT  DIC  Repl.,  1947  (Instrumentation 
Laboratory). 
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Figure  3.13c  shows  typical  plots  of  the  computed  amplitude  and  phase 
response  of  the  attitude  angle  <p  of  a  B-25J  aircraft1  to  small  sinusoidal 
changes  in  the  elevator  deflection  8 i.  The  results  of  such  computations 
can  be  applied  to  the  study  of  more  realistic  maneuvers  by  means  of 
Fourier  analysis. 

Finally,  the  study  of  small  aircraft  motions  is  important  in  connection 
with  the  design  of  automatic  pilots  (see  Sec.  3.7). 

D-c  Analog-computer  Solution  of  the  Linearized  Flight  Equations.  The 
solution  of  aircraft  linearized  flight  equations  has  been  one  of  the  most 
fruitful  applications  of  d-c  analog  computers.  This  is  true  not  only 
because  of  the  savings  in  time  and  labor  effected  but  also  because  of  the 
ease  of  eventually  introducing  the  effects  of  nonlinearities  such  as  stops 
limiting  the  control  surface  deflections  (see  Sec.  3.3)  and  of  performing- 
partial  system  tests. 

A  d-c  analog  computer  set  up  to  solve  the  linearized  flight  equations  may  be 
used  to  study  the  transient  response  of  the  aircraft  with  respect  to  small  dis¬ 
turbances  as  well  as  the  amplitude  and  phase  response  to  sinusoidal  disturb¬ 
ances  of  different  frequencies.  The  amplitude  and  phase  response  may  be 
measured  exactly  as  shown  in  Sec.  3.3  for  the  case  of  servomechanisms 
simulated  by  the  computer.  D-c  analog  "computers  have  become  invalu¬ 
able  tools  for  the  study  of  aircraft  stability  and  control  in  an  ever- 
increasing  number  of  instances. 

A  typical  d-c  analog-computer  setup  for  such  purposes  is  described 
below  in  terms  of  the  problem  specifications  and  computer  solution  record 
forms  for  a  typical  case. 

A.  Problem  specifications 

1 .  Introduction.  This  paragraph  will  contain  problem  designations, 
authorization  references,  etc. 

2.  Statement  of  the  problem.  Set  up  a  d-c  analog  computer  to  solve 
the  linearized  flight  equations  of  an  aircraft  for  small  motions  in 
the  pitch  plane.  It  is  desired  to  compute  variations  in  the  speed, 
pitch  attitude  angle,  and  flight  path  angle  of  the  aircraft  as  func¬ 
tions  of  the  time  for  given  initial  conditions  if  the  elevator  deflec¬ 
tion  angle  is  given  as  a  function  of  the  time. 

3.  Mathematical  relations 

dv  — 

(a)  m  =  —  Dvv  —  Dyj  —  (mg  cos  df)d 

(motion  in  velocity  direction) 

(b)  mv\  ^  =  Lvv  -f  Lyj  +  Lhl i  +  L^t  +  (mg  sin  d,)d  (lift) 

1  Hagelbarger,  Howe,  and  Howe,  op.  cit . 
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(c)  I  =  Mvv  +  Myy  +  4/a,5i  +  (pitching  motion) 


(d)  y  =  <p  —  d 


(angle  of  attack  definition) 


These  equations  were  derived  under  the  following  assumptions 
which  flight  tests  have  shown  reasonably  valid  for  aircraft  of  the 
type  under  consideration:  (a) -variables  deviate  from  the  equi¬ 
librium  conditions  by  small  increments  only;  (6)  all  coefficients 
remain  constant  throughout  the  maneuvers  considered;  (c)  the 
coupling  between  the  motion  in  the  pitch  plane  (longitudinal 
motion)  and  the  roll  and  yaw  (lateral  motion)  is  negligible;  ( d )  the 
thrust  remains  constant  throughout  the  maneuver. 

Glossary  of  symbols 


7  =  <P 


t 

Pi 

di 

<Pi 

v 

d 

$ 

-  d 

h 


g 

m 

I 

D(v,y ) 


I  A  v,  7, Si. 


dip 

Tt 


M 


w) 


time 

aircraft  velocity  v  in  equilibrium  condition 

flight  path  angle  d  in  equilibrium  condition 

pitch  attitude  angle  ip  in  equilibrium  condition 

change  in  velocity 

change  in  flight  path  angle 

change  in  pitch  attitude  angle 

angle  of  attack  change 

change  in  elevator  deflection  (upward) 

acceleration  of  gravity 

aircraft  mass 

pitch  moment  of  inertia 

drag 

lift 

pitch  aerodynamic  moment 


The  constant  coefficients  Dv,  Lv,  My,  M^s,  etc.,  are  the  partial 


derivatives  of  D,  L,  and  M,  respectively,  with  respect  to  the  sub¬ 
script  variables;  all  these  derivatives  are  obtained  for  the  equi¬ 


librium  value  of  v,  and 


Si 


dv 

dt 


dd 

dt 


dip  dy 


dt  dt 


=  0 


5.  Initial  conditions.  As  specified  for  each  particular  problem  within 
the  ranges  given  below. 

6.  Numerical  vahies  of  constants 1 

1  From  Operating  Manual  for  the  Goodyear  Electronic  Analog  Computer ,  Goodyear 
\ireraft  Company,  Akron,  Ohio. 
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—  =  +0.02  ft/sec2 
m 

^  =  +16.6  ft /sec2 
m 

g  =  32.2  ft/sec2 

#i  =  0 

V\  =  270  ft/sec 

—  =  +0.237  ft/sec2 

^  =  +238  ft/sec2 
m 

7.  Estimated  ranges  of  variables 

0  <  t  <  50  sec  -25°  <  f  <  25° 

-25°  <  #  <  25°  -25°  <  h  <  25° 

—  25°  <  ip  <  25°  —50  ft/sec  <  v  <  50  ft/sec 

25°  =  0.436  radian 

8.  Parameters  to  be  varied.  The  effects  of  certain  changes  in  aircraft 
configurations  may  be  investigated  by  changes  in  the  constants 
above. 

9.  Expected  results  of  parameter  variations.  None  noted  here.1 

10.  Possible  analytical  and  numerical  checks  noted  by  the  customer 

a.  A  constant  upward  change  +  in  the  elevator  displacement 
should  be  followed  by  an  increase  ip  in  the  attitude  angle.  The 
resulting  increase  in  the  angle  of  attack  y  will  create  additional 
lift  which  in  turn  will  increase  the  flight  path  angle  #. 

b.  The  steady-state  response  of  the  aircraft  to  elevator  deflections 
varying  as  sinusoidal  functions  of  the  time  t  may  be  determined 
analytically  by  replacing  each  operator  d/dt  in  the  linearized 
equations  of  motion  by  ju>,  where  co  is  the  circular  frequency  of 
the  sinusoidal  oscillations. 

11.  Use  of  residts 

a.  To  investigate  small  deviations  from  equilibrium  flight  condi¬ 
tions  in  the  pitch  plane. 

b.  To  investigate  effects  of  changes  in  the  aircraft  configuration 
on  aircraft  stability  in  the  pitch  plane  (longitudinal  stability). 

1  See,  for  instance,  Von  Mises,  op.  cit. 


—  =  —26.6  ft/sec2 
m 

—  =  +1.68  ft/sec 
m 

^  =  0 

=  -11.9  1 


sec" 


=  +10.3 


sec" 


Ml 


<P  _ 


=  — 0.G79 


sec" 
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c.  Use  of  the  flight  simulator  for  testing  both  simulated  and  real 
automatic  pilots  (see  Sec.  3.7). 

12.  Accuracy  required.  0.5  to  1.5  per  cent. 

B.  Record  of  computer  solution 

1.  Transformation  equations.  All  problem  variables  are  measured 
in  the  ft/slug/sec  system  of  units;  all  angles  are  measured  in 
radians.  All  machine  variables  are  measured  in  machine  units. 
One  machine  unit  equals  100  volts. 

t  ~  t  (1:1  time  scale) 

d  =  0.56  <p  =  0.5$  7  =  0.5F  Sl  =  0.5Ai 

v  =  50  u 

2.  Machine  equations 

(а)  PV  =  —0.02V  —  O.lGOr  —  0.3220  (motion  in  velocity  di¬ 

rection) 

(б)  P6_  =  0.0879  U  +  0.882r  -  0.098GAX  +  0.00622P$  (lift) 

(c)  P2$  =  —  11.9r  +  10.3Ai  —  0.G79P$  (pitching  motion) 
(i d )  r  =  <1  —  6  (angle  of  attack  definition) 

3.  Machine  initial  conditions.  As  specified  for  each  particular 
problem. 

4.  Block  diagram  (see  Fig.  3.12).  The  following  types  of  function 
generators  may  be  needed  for  generating  —  Ai  (simulated  elevator 
deflection)  as  a  function  of  the  machine  time  r. 

a.  Potentiometer  for  manual  operation. 

b.  Step-function  generator  (voltage  source  and  switch). 

c.  Sine  or  cosine  generator  capable  of  continuous  operation  (see 
Sec.  G.5). 

d.  Computer  setups  to  generate  (constant)  •  r  and  (constant)  •  r2 
(see  Sec.  3.3). 

e.  Universal  function  generator  (see  Sec.  G.5). 

5.  Discussion.  None. 

6.  Enclosure  (see  also  Fig.  3.13).  Dated  and  initialed  computer 
records  (5i,  v,  y,  <p,  d,  vs.  t );  plotted  amplitude  and  phase  charac¬ 
teristics  of  the  “ transfer  function”  <p/8 1  for  sinusoidal  elevator 
motion. 

3.7.  Application  of  D-c  Analog  Computers  to  the  Design  and  Testing 
of  Automatic  Pilots.  Introduction.  A  number  of  techniques  lor  employ¬ 
ing  d-c  analog  computers  as  flight  simulators  for  the  design  of  automatic 
pilots  will  now  be  outlined  in  more  detail.  An  automatic  pilot  is  a  system 
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(0)  PV  = -(0.02V +  0.l66r  + 0.322  0) 

(MOTION  IN  VELOCITY  DIRECTION) 


(b)  P  0  =0.0879V  +  0.882 T- 0.0986 A,+  O.OO622P0 
(LIFT) 


(c)  P20  =-ll.9r  +  IO.3A,-O.679P0  (PITCHING  MOTION) 


(d)  r  =  (d-  9)  (ANGLE  OF  ATTACK  DEFINITION) 


ii'iG.  3.12.  Block  diagram  of  a  flight-simulator  setup  for  the  study  of  small  aircraft- 
motions  in  the  pitch  plane.  Note  how  each  equation  of  motion  is  represented  by  a 
block  of  computing  elements.  The  simulated  “aircraft”  may  be  “steered”  by  vary¬ 
ing  the  input  voltage  —3,  which  corresponds  to  a  change  in  the  elevator  deflection. 


Fig.  3.13a.  Flight-simulator  record  (from  Hagelbarger,  Howe,  and  Howe,  op.  cil.)  of 
the  attitude  change  of  an  aircraft  in  response  to  an  elevator  deflection.  The  solutions 
of  Fig.  3.13a  to  c  are  not  for  the  aircraft  configuration  discussed  in  the  text. 


(b) 


(c) 

Fig.  3.136  and  c.  Experimental  and  calculated  amplitude  and  phase  response  of  the 
aircraft  attitude  change  <p  to  sinusoidal  elevator  deflections  (From  Hagclbarger,  Howe, 
and  Howe,  op.  cit.).  The  solutions  of  Fig.  3.13a  to  c  are  not  for  the  aircraft  configura¬ 
tion  discussed  in  the  text. 
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Control  Surface 
Deflections  and 
Throttle  Settings 
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AIRCRAFT 


I 
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i  L. _ 
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AUTOMATIC  PILOT 
(Sensing  Devices 
ond 

Servomechanisms) 


e 


J! 


Actual  Aircroft 
Position  and 
Attitude  Data 


•Position  ond 
Attitude  "Orders" 


Fig.  3.14a.  Block-diagram  representation  of  autopilot  operation. 


Voltages  (Machine 
Variables)  Representing 
Control  Surface 
Deflections  and 
Throttle  Settings 


D~c  Analog 
Computing  Elements 
Set  Up  to  Solve 
Aircraft  Flight 
Equations 


D-c  Analog 
Computing  Elements 
Solving  Autopilot 
Performance 
Equations 


€ 


Voltages  (Machine 
Variables)  Representing 
Aircraft  Position  and 
Attitude  Data 


Voltages  (Machine 
Variables)  Representing 
Position  and  Attitude 
"Orders" 


Fig.  3.146.  General  type  of  d-c  analog-computer  setup  for  simulating  the  operation 
of  an  aircraft-autopilot  system. 


Fig.  3.14c.  Block  diagram  showing  how  a  d-c  analog  computer  may  be  used  as  a 
flight  simulator  for  partial  system  testing. 


of  servomechanisms  designed  to  adjust  the  control  surface  deflections  and 
possibly  the  throttle  settings  of  an  aircraft  continuously  or  intermittently. 
The  automatic  pilot  will  operate  in  such  a  manner  that  all  or  some  ol  the 
coordinates  describing  the  aircraft  attitude  and  position  and/or  their 
derivatives  correspond  as  closely  as  possible  to  certain  desired  “reference” 
values  which  may  be  fixed  or  vary  as  functions  of  the  time.  Automatic 
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pilots  used  for  attitude  control  will  position  control  surfaces  so  as  to  main¬ 
tain  a  desired  attitude  in  roll,  pitch,  and  yaw  or  so  as  to  produce  desired 
rates  of  turn  or  rates  of  climb  or  descent.  Automatic  pilots  may  also 
achieve  altitude  control  and  speed  control,  as  well  as  control  of  the  angle  of 
attack.  Automatic  control  devices  intended  primarily  for  trajectory  con¬ 
trol  are  not  usually  referred  to  as  automatic  pilots  but  may  be  studied  in 
much  the  same  manner.  Devices  in  this  latter  category  include  equip¬ 
ment  used  for  blind  landings  as  well  as  long-range-navigation,  homing, 
and  guidance  apparatus.  They  will  usually  comprise  a  computer  which 
translates  position  data  from  some  type  of  navigational  device  into  orders 
for  an  automatic  pilot  which  regulates  control  surface  deflections  and/or 
throttle  settings. 

Automatic-pilot  Operation.  The  nature  of  automatic-pilot  operation  as 
well  as  the  great  importance  of  analog  computers  in  the  development  of 
automatic  pilots  can  perhaps  be  understood  best  after  an  inspection  of 
the  block-diagram  representation  of  an  automatic-pilot  system  shown  in 
Fig.  3.14a. 

In  this  block  diagram,  the  aircraft  is  represented  as  a  “transducer” 
whose  input  data  are  instantaneous  values  of  control  surface  deflections 
and  throttle  settings.  The  output  data  are  the  instantaneous  values  of 
the  coordinates  specifying  the  aircraft  attitude  and  position.  The  auto¬ 
matic  pilot,  in  turn,  measures  the  attitude  and  position  “errors,”  or  differ¬ 
ences,  between  the  actual  and  desired  values  of  the  attitude  and  position 
coordinates  by  means  of  gyros,  accelerometers,  pressure-sensitive  devices, 
etc.  These  data  are  reduced  to  input  signals  for  the  servomechanisms 
which  position  the  control  surfaces  and  throttles.  The  latter  are  made  to 
control  the  aircraft  attitude  and  position  so  as  to  minimize  the  attitude 
and  position  errors. 

In  Fig.  3.14a,  the  automatic  pilot,  like  the  aircraft,  is  represented  as  a 
“transducer”;  its  “input  signals”  are  the  aircraft  attitude  and  position 
data  as  well  as  the  preset  orders,  and  its  output  data  are  control  surface 
deflections  and  throttle  settings.  Together  the  aircraft  and  the  auto-' 
matic  pilot  constitute  a  feedback  loop. 

A  properly  designed  automatic  pilot  for  a  certain  aircraft  must  control  that 
aircraft  in  accordance  with  its  “  orders ”  to  within  a  specified  error  range  and 
without  any  tendency  toward  instability  or  uncontrolled  oscillations. 

Since  the  automatic  pilot  comprises  a  number  of  servomechanisms,  it 
will  itself  contain  a  number  of  internal  feedback  loops  used  to  obtain  the 
correct  control  surface  deflections  and  throttle  settings  as  functions  ot 
the  input  data.  The  entire  system  consisting  of  the  automatic  pilot  and 
the  aircraft  is,  then,  a  rather  complex  multiloop  feedback  system  whose 
analysis  by  ordinary  means  may  become  quite  complicated,  especially  ii 
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the  performance  of  system  components  cannot  be  described  in  terms  of 
linear  differential  equations. 

Simulation  of  the  Aircraft- Automatic-pilot  System.  Figure  3.146  illus¬ 
trates  the  use  of  a  d-c  analog  computer  as  a  flight  simulator  for  automatic- 
pilot  design.  The  performance  of  the  aircraft  is  represented  by  a  block 
of  computing  elements  set  up  for  solution  of  the  flight  equations.  This 
block  of  computing  elements  accepts  voltages  proportional  to  the  control 
surface  deflections  and  throttle  settings;  output  voltages  proportional  to 
the  corresponding  attitude  and  position  coordinates  of  the  aircraft  are 
obtained  through  continuous  integration  of  the  flight  equations.  The 
automatic  pilot  may,  in  turn,  be  represented  by  a  block  of  computing  ele¬ 
ments  which  accept  attitude  and  position  data  as  input  voltages  and 
continuously  compute  output  voltages  proportional  to  the  control  surface 
deflections  and  throttle  settings  produced  by  the  automatic  pilot.  The 
entire  feedback  loop  of  Fig.  3.14a  is  thus  “simulated”  by  the  “ analogous ” 
computer  setup  of  Fig.  3.146. 

Figure  3.14c  shows  schematically  how  a  partial  system  test  of  an  auto¬ 
matic  pilot  may  be  performed  through  the  use  of  a  d-c  analog  computer 
set  up  as  a  flight  simulator  operating  on  a  1:1  time  scale.  The  output 
voltages  of  the  flight  simulator  are  used  to  position  a  flight  table  and,  if 
desired,  to  vary  the  pressures  in  small  pressure  chambers  in  accordance 
with  the  simulated  aircraft  motion.  The  sensing  elements  of  an  actual 
automatic  pilot  under  test  are  used  to  detect  these  changes  and  will  cause 
the  servomechanisms  of  the  automatic  pilot  to  position  control  surfaces 
and  throttles  loaded  artificially  by  springs,  motors,  or  solenoids. 

Pickoff  potentiometers  permit  one  to  obtain  voltages  proportional  to 
the  control  surface  deflections  and  throttle  settings;  these  voltages,  in 
turn,  become  the  input  voltages  of  the  flight  simulator,  so  that  the  entire 
control  loop  is,  again,  simulated;  a  setup  of  this  type  permits  very  realistic 
testing  of  automatic-pilot  performance. 

A  Practical  Design  Procedure.  The  design  of  a  projected  automatic 
pilot  for  a  given  aircraft  may  proceed  in  a  series  of  steps  constituting 
successive  approximations  to  the  realistic  simulation  of  actual  flight  con¬ 
ditions.  Such  a  stepwise  procedure  will  permit  the  designer  to  introduce 
himself  gradually  to  the  difficulties  involved  in  ascertaining  the  perform¬ 
ance  of  a  complicated  automatic  control  system. 

1.  The  flight  equations  of  the  aircraft  under  consideration  are  set  up 
on  the  d-c  analog  computer,  and  the  resulting  flight  simulator  setup  is 
checked. 

2.  Frequently  the  most  effective  approach  to  control-system  design  is 
through  an  initial  study  of  a  greatly  simplified  system.  Thus  each  servo¬ 
mechanism  of  a  projected  automatic  pilot  may  be  initially  represented  by 
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a  perfect  proportional  follow-up  device  having  a  certain  constant  gain. 
This  amounts  to  the  assumption  of  a  perfect  servomechanism  which  can 
translate  any  order  into  a  corresponding  proportional  control  surface 
deflection  or  change  in  throttle  setting. 

3.  As  the  simulated  servomechanism  gains  in  such  a  computer  setup 
are  raised  in  order  to  obtain  sufficiently  low  attitude  and  position  errors 
(“tight”  control),  “hunting”  or  instability  will  usually  result.  The  next 
step  in  the  design  of  each  automatic-pilot  servomechanism  may  be  to 
introduce  equalizing  networks  (rate  feedback,  integral  feedback,  or  even 
nonlinear  types  of  feedback)  into  the  control  loop  while  still  assuming 
“perfect”  servomechanisms  having  unlimited  amplitude  and  frequency 
response. 

4.  After  a  preliminary  choice  of  the  equalization  devices  has  been  made 
in  this  manner,  it  becomes  necessary  to  make  a  choice  of  actual  error¬ 
sensing  devices  and  servomotors  which  most  closely  approach  the  desired 
ideal  characteristics  within  the  working  frequency  range  of  the  automatic 
pilot  while  still  satisfying  given  space,  weight,  and  power  requirements. 

It  will  usually  be  found  that  especially  the  high-frequency  response  of 
actual  servomotors  does  not  correspond  to  the  idealized  conditions  con¬ 
sidered  in  step  3. 

The  equations  of  motion  of  the  actual  automatic-pilot  components  are 
next  included  in  the  d-c  analog-computer  setup.  In  other  words,  each 
servomechanism  of  the  automatic  pilot  is  represented  by  d-c  analog  com¬ 
puting  elements  in  the  manner  discussed  in  Sec.  3.3  in  as  great  detail  as  is 
found  necessary.  The  design  parameters  of  the  various  servomechanisms 
and  equalization  networks  may  then  be  varied  until  the  best  possible 
response  is  approximated.  The  values  of  the  parameters  so  obtained  will 
serve  as  basic  design  data  for  the  automatic  pilot. 

5.  After  a  model  of  the  actual  automatic  pilot  has  been  assembled 
according  to  these  considerations,  it  may  be  connected  together  with  the 
flight  simulator  for  a  partial  system  test  during  which  further  adjustments 
can  be  made. 

6.  The  equipment  is  then  packaged  for  an  actual  flight  test,  is  given  the 
usual  drop  and  vibration  tests,  and  is  checked  out  in  flight.  Although 
the  flight  test  must  always  be  the  final  criterion  of  the  suitability  of  an 
automatic-pilot  design,  a  large  amount  of  actual  flight  time  may  be  saved 
by  the  procedure  outlined  above. 

The  d-c  analog-computer  setup  for  the  automatic-pilot  development 
outlined  above  may  be  operated  on  an  expanded  time  scale  it  this  is  desir¬ 
able;  only  the  flight  simulator  used  for  partial  system  testing  must  neces¬ 
sarily  be  operated  on  a  1:1  time  scale.  It  may,  however,  often  be  useful 
to  utilize  the  same  flight  simulator  for  both  partial  system  testing  and 
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simulation  of  the  automatic  pilot,  since  by  convenient  alternation  of  the 
two  methods,  it  is  possible  to  make  rapid  checks  on  proposed  changes  in 
the  automatic-pilot  design. 

It  will  usually  be  advantageous  to  utilize  both  the  frequency  analysis  and 
transient  analysis  methods  discussed  in  Sec.  3.3  throughout  the  automatic- 
pilot  development  procedure  outlined  above.  The  use  of  the  d-c  analog  com¬ 
puter  also  makes  it  possible  to  introduce  nonlinear  characteristics  of  both 
aircraft  and  servomechanisms,  such  as  torque  and  speed  limitations  of 
motors,  stops  limiting  control  surface  deflections,  and  backlash  in  gear 
trains  (see  Sec.  3.3). 

Flight  Simulator  Study  of  Automatic-pilot  Performance  for  Small  Motions 
in  the  Pitch  Plane.  The  use  of  a  d-c  analog  computer  for  the  design  and 
testing  of  a  simple  automatic  pilot  intended  to  control  aircraft  motions  in 
the  pitch  plane  (see  Sec.  3.6)  is  an  interesting  application  of  the  principles 
outlined  above.  The  proposed  automatic  pilot  is  to  “sense”  the  pitching 
motion  of  a  certain  aircraft  by  means  of  free  and  rate  gyros  and  to  control 
the  elevator  deflections  so  as  to  keep  the  pitch  attitude  angle  as  closely  as 
possible  equal  to  a  reference  attitude  set  into  the  automatic  pilot.  If  the 
reference  attitude  angle  is  constant,  the  automatic  pilot  will  attempt  to 
maintain  a  constant  aircraft  attitude  <p  equal  to  the  preset  reference  atti¬ 
tude.  If  the  reference  attitude  is  “programmed”  as  a  function  of  time, 
the  automatic  pilot  will  attempt  to  make  the  aircraft  attitude  follow  the 
reference. 

Block  diagrams  of  d-c  analog-computer  setups  used  in  connection  with 
the  development  of  such  an  automatic  pilot  are  shown  in  Fig.  3.15  a  to  e. 
Since  conventional  automatic  pilots  are,  in  general,  not  used  during  vio¬ 
lent  maneuvers,  it  will  be  sufficient  to  study  small  motions  of  the  aircraft 
about  an  equilibrium  condition.  For  the  sake  of  simplicity,  only  motions 
in  the  pitch  plane  are  considered,  as  in  Sec.  3.6.  The  equivalent  three- 
dimensional  problem  is,  again,  no  more  difficult  in  principle,  but  the 
resulting  computations  are  more  complex. 

The  design  parameters  of  any  automatic  pilot  must  depend  strongly  on 
the  design  of  the  aircraft  to  be  controlled,  since  the  response  of  different 
aircraft  to  similar  control  surface  deflections  may  be  entirely  different. 
Assuming  that  the  aircraft  under  consideration  is  of  a  type  similar  to  that 
discussed  in  Sec.  3.6,  a  flight  simulator  of  the  type  shown  in  Fig.  3.15a 
may  be  used  to  compute  the  attitude  changes  of  the  aircraft  in  response 
to  applied  changes  in  the  elevator  deflection.  The  machine  equations 
and  the  computer  setup  of  the  flight  simulator  shown  are  those  derived  in 
Sec.  3.6;  the  effects  of  reasonable  changes  in  aircraft  configuration 
(changes  in  the  areas  of  wing,  stabilizer,  or  elevator  surfaces;  length  of 
the  fuselage;  etc.)  or  equilibrium  speed  may  be  introduced  by  changing 
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coefficient  settings  (see  Sec.  3.6).  The  flight  simulator  will  accept  an 
input  voltage  proportional  to  the  elevator  deflection  changes  5i  and  will 
continuously  compute  output  voltages  proportional  to  the  pitch  attitude 
angle  change  <p  and  the  pitch  rate  d<p/dt  on  a  1 : 1  time  scale.  A  real  or 
simulated  automatic  pilot  may  then  be  made  to  “sense”  the  simulated 
pitching  motion  and  can,  in  turn,  be  made  to  “control”  the  simulated 
elevator  deflections,  so  that  the  performance  of  the  entire  control  loop 
can  be  studied. 

First  Approximation  to  the  Performance  of  an  Actual  Automatic  Pilot. 
Figure  3.156  shows  a  d-c  analog-computer  setup  simulating  the  perform¬ 
ance  of  a  hypothetical  automatic  pilot  which  makes  the  elevator  surface 
deflection  8 1  equal  and  opposite  to  the  weighted  sum 

ai  (hi  +  <P  —  ipr'j  =  o,i[(kip  +  \)ip  —  ZpT] 

Such  an  automatic  pilot  would  have  to  incorporate  a  “perfect”  servo¬ 
mechanism  capable  of  positioning  the  control  surface  instantaneously  in 
accordance  with  the  input  signals  supplied  from  the  free  gyro,  which 
“senses”  the  attitude  error  (^r  —  <p),  and  the  rate  gyro,  which  senses  the 
pitch  rate  d<p/dt.  The  computer  setup  of  Fig.  3.156  may  be  said  to  con¬ 
stitute  a  first  approximation  to  the  performance  of  an  actual  automatic 
pilot. 

Second  Approximation  to  the  Performance  of  an  Actual  Automatic  Pilot. 
In  an  actual  automatic  pilot,  the  control  surface  deflection  cannot  follow 
the  input  signals  instantaneously,  mainly  because  of  the  inertia,  spring- 
loads,  and  friction  associated  with  the  mechanical  components  of  the 
system.  As  a  second  approximation  to  the  performance  of  an  actual 
automatic  pilot,  the  transfer  function  of  the  automatic-pilot  servo¬ 
mechanism  may  be  approximated  by  the  simple  expression 

constant 
bp  +  1 

so  that 

<5i  =  —  r  ~t  ,  [hi P<p  +  (<p  ~  <?v)] 
bp  +  1 

The  somewhat  crude  approximation  (3.24)  is  frequently  useful  for  investi¬ 
gating  the  approximate  operation  of  automatic  control  mechanisms. 
Using  the  transformation  equations 

t  =  T  <p  =  0.5$  <pr  =  0.5$r  h  =  0.5Ai  (3.26) 

corresponding  to  those  used  in  Sec.  3.6,  the  machine  equation  correspond¬ 


ed) 

(3.25) 
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Fig.  3.15h.  Computer  setup  simulating  the 
performance  of  an  automatic  pilot  with  per¬ 
fect  servomechanism  (first  approximation  to 
the  performance  of  a  real  autopilot). 
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Fio.  3.15(7  to  e.  D-c  analog-computer  setups  for  the  increasingly  detailed  simulation  of  an  automatic  pilot  under  study. 
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ip r  VS.  t 


Fig.  3.16.  Computer  record  for  a  typical  “push-over”  maneuver  controlled  by  an 
automatic  pilot  (Goodyear  Aircraft  Company,  loc.  cit.).  A  multichannel  recorder 
was  used  to  present  five  variables  plotted  on  the  same  time  scale. 


ing  to  (3.25)  becomes 

bPNi  =  -[ax(< !>  -  4>r)  +  +  Ax]  (3.27) 

The  computer  setup  shown  in  Fig.  3.15c  establishes  the  machine  equation 
(3.27)  for 

ai  —  6  ki  =  0.25  sec  b  =  0.143  sec 
Figure  3.16  shows  a  set  of  typical  computer  records  for  an  automatic- 
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pilot-controlled  maneuver  specified  by  giving  the  automatic-pilot  refer¬ 
ence  setting  ipT  as  a  function  of  the  time  t. 

Third  Approximation  to  the  Performance  of  an  Actual  Automatic  Pilot. 
In  the  computer  setup  of  Fig.  3.15d,  the  performance  characteristics  of  an 
actual  automatic  pilot  are  simulated  even  more  closely  by  computing  ele¬ 
ments  capable  of  solving  the  performance  equation  of  the  automatic-pilot 
servomechanism.  A  servomechanism  comprising  special  equalizing  net¬ 
works,  an  electric  motor,  and  a  spring-inertia  load  has  been  simulated  in 
the  manner  described  in  Sec.  3.3.  In  addition,  inelastic  stops  on  the  con¬ 
trol  surface  and  the  torque  limitations  of  the  servomotor  are  simulated  by 
pairs  of  parallel  diode  limiters  at  the  correct  points  of  the  computer  setup 
of  Fig.  3.15d.  All  important  design  parameters  of  the  simulated  auto¬ 
matic  pilot  can  be  varied  by  changes  in  potentiometer  settings  or  changes 
in  the  computer  setup. 

There  is  almost  no  limit  on  the  refinements  possible  in  simulator  setups 
of  this  kind.  Among  other  interesting  variations  one  may  introduce  the 
effects  of  motor-field  time  delays,  dry  friction  and  gear  backlash  (see  Sec. 
3.3),  disturbing  torques  on  the  aircraft  or  the  control  surfaces,  dead 
spaces  in  the  gyro  response  (see  Sec.  3.3),  and  errors  in  the  gyro  output 
signals.  The  simple  electric  motor  simulated  in  Fig.  3.15d  could  also  be 
replaced  by  computer  setups  simulating  clutch  servos,  hydraulic  actu¬ 
ators,  etc. 

The  results  of  parameter  studies  of  automatic-pilot-controlled  aircraft  can 
be  evaluated,  exactly  in  the  manner  shown  for  less  complex  servomechanisms 
in  Sec.  3.3.  As  a  further  example,  Fig.  3.17  shows  the  transient  response 
of  another  automatic-pilot-controlled  aircraft.  The  effect  on  the  tran¬ 
sient  response  of  changing  the  value  of  the  automatic-pilot  gain  is  shown. 
Figure  3.18  shows  the  amplitude  and  phase  of  the  transfer  function 
P>/<pT  for  steady-state  sinusoidal  oscillations  of  a  simulated  automatic- 
pilot-controlled  aircraft  plotted  vs.  the  circular  frequency  go. 

Flight  Simulator  Setup  for  Partial  System  Testing  of  Actual  Automatic- 
pilot  Components.  Figure  3.15e  shows  how  the  flight  simulator  setup  of 
Fig.  3.15a  may  be  used  for  testing  actual  automatic-pilot  components. 
The  “output  voltages”  —  $  and  of  the  flight  simulator  arc  fed  to  a 

servomechanism  which  positions  a  flight  table  (pitch  table).  The  angle 
between  the  pitch-table  surface  and  the  horizontal  is  thus  kept  equal  to 
the  pitch  attitude  angle  <p  =  <pi  +  <p  of  the  simulated  aircraft  as  the  atti¬ 
tude  change  tp  about  the  equilibrium  attitude  <p\  varies  in  accordance  with 
the  flight  simulator  output  voltage  —  4>.  The  free  and  rate  gyros  of  the 
automatic  pilot  under  test  are  mounted  on  the  pitch  table,  and  their  out¬ 
put  signals  cause  the  actual  automatic-pilot  elevator  servo  to  position  an 
actual  or  simulated  elevator  surface.  The  latter  is  loaded  by  springs 
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simulating  the  aerodynamic  forces  on  the  control  surface  for  each  aircraft 
speed  under  consideration.  A  potentiometer-type  pickoff  on  the  control 
surface  shaft  is  used  to  generate  a  voltage  —  Ax  proportional  to  the  control 
surface  displacement  5i  and  representing  the  latter  in  the  flight  simulator. 

Utilization  of  Computer  Servomechanisms  in  Flight  Simulators.  Flight 
simulators  intended  for  partial  system  testing  of  more  complicated  auto- 


Fig.  3.17a.  D-c  analog-computer  records  (Hagelbarger,  Howe,  and  Howe,  op.  cit.) 
showing  the  transient  response  of  the  elevator  deflection  5i  and  of  the  pitch  attitude 
change  ip  of  a  simulated  autopilot-controlled  aircraft  to  a  step-function  change  in  the 
reference  attitude  <pr. 

matic  pilots,  such  as  those  used  for  preventing  stalls,  may  require  the  use 
of  computer  servomechanisms  for  solving  nonlinear  flight  equations  (see 
Sec.  3.5).  Since  a  d-c  analog  computer  used  as  a  flight  simulator  must 
operate  on  a  1 : 1  time  scale,  it  may  be  necessary  to  consider  the  possible 
effects  of  limitations  in  the  high-frequency  response  of  the  computer 
servomechanisms  used.  In  this  connection,  it  is  useful  to  remember  that 
the  frequency-response  limitations  of  computer  servomechanisms  apply 
only  to  one  of  the  two  machine  variables  to  be  multiplied.  It  is  tre- 
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quently  possible  to  choose  a  problem  variable  which  varies  slowly  to  cor¬ 
respond  to  the  machine  variable  appearing  as  a  servo  shaft  displacement 
in  the  computer.  Thus,  for  most  flight  simulators,  the  inertia  associated 
with  aircraft  attitude  and  position  changes  is,  as  a  rule,  by  far  larger  than 
the  inertia  associated  with  the  rotations  of  computer  servomechanism 
shafts  whose  displacements  are  to  simulate  the  attitude  and  position 


tiG.  3.176.  D-c  analog-computer  records  (Hagelbarger,  Howe,  and  Howe,  op.  cit.) 
showing  the  effect  of  increasing  the  forward  gain  of  the  simulated  autopilot  used  to 
obtain  the  computer  records  of  Fig.  3.17a  by  a  factor  of  five  and  six,  respectively. 


changes  of  the  aircraft.  This  usually  applies  even  to  the  fairly  large 
servomechanisms  positioning  the  flight  tables  used  for  simulating  aircraft 
rotations  in  the  laboratory. 

3.8.  Miscellaneous  Applications.  Introduction.  The  preceding  sec¬ 
tions  illustrate  the  solution  of  representative  problems  by  means  of  elec¬ 
tronic  differential  equation  solvers  of  the  d-c  analog  type.  The  following 
list  of  problems  involving  the  solution  of  sets  of  ordinary  differential  equa¬ 
tions  may  suggest  other  applications  of  such  machines. 
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Fig.  3.18.  Amplitude  and  phase  response  of  an  autopilot-controlled  aircraft  simu¬ 
lated  by  d-c  analog  computing  elements  (Hagelbarger,  Howe,  and  Howe,  op.  cit  x 
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1.  Aircraft  engineering 

Design  of  aircraft  controls  (see  Secs.  3.5  and  3.6) 

Design  of  automatic  pilots  (see  Sec.  3.7) 

Turbojet  and  supercharger  controllers 
Helicopter  vibrations  and  control 
Vibrations  and  nonstationary  flutter 
Gust  loads 

Design  of  guidance  and  landing  systems 

Landing  shocks 

Rocket  burning  and  flight 

Trajectory  computations  (see  Secs.  3.4  and  3.5) 

Design  of  wind-tunnel  mounting  systems 
Aerodynamic  stability  of  aerial  refueling  devices 
Supersonic  flow  problems 
Partial  system  testing 

Partial  system  testing  involving  human  operators 

2.  Mechanical  and  automotive  engineering 

Design  and  partial  system  testing  of  automatic  control  systems  (see 
Sec.  3.3) 

Production  testing  of  control  devices 
Vibrations  of  structures 

Spring  systems  and  vibration  absorbers  (see  Sec.  3.2) 

Torsional  vibrations  in  crankshafts 
Dynamics  of  mechanisms 
Hydraulic  transmissions 
Flow  problems 

3.  Electrical  engineering 

Analysis  of  linear  and  nonlinear  circuits 
Studies  of  modulation  systems 

Studies  of  the  effects  of  noise  in  communications  systems 
Electron  optics 

Feedback  amplifiers  and  automatic  control  systems 
Analysis  of  rotating  machinery 
Design  of  loudspeaker  systems  and  enclosures 
Analysis  of  transmission  lines 

4.  Others 

Process  control  in  chemical  plants 
Fire  control 

Ballistic  trajectories  (see  Sec.  3.4) 

Solutions  of  Schrodinger’s  equation  in  atomic  physics 

This  list  is  by  no  means  a  complete  one,  and  many  other  problems  can,  no 
doubt,  be  added. 
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The  remainder  of  this  section  will  be  devoted  to  computer  applications 
which  do  not  directly  involve  the  solution  of  differential  equations;  in 
addition,  a  brief  discussion  of  the  solution  of  differential  equations  involv¬ 
ing  boundary  and  eigenvalue  problems  is  presented. 

Automatic  Equation  Solvers.  The  solution  of  a  set  of  machine  equations 
like 


X  +  Y  =  0  | 
X  -  Y  =  2  ) 


(3.28) 


for  the  unknown  voltages  A"  and  Y  by  means  of  an  analog  computer  is  a 
problem  different  from  that  of  establishing  the  machine  equation 

X  +  Y  =  0  (3.29) 

simultaneously  with  a  differential  equation  like 

~  -  Y  =  0  (3.30) 


by  means  of  an  analog  machine.  Since  the  differential  equation  (3.30)  is 
essentially  a  relation  involving  only  changes  of  the  variable  X,  the  machine 
equations  (3.29)  and  (3.30)  can  be  satisfied  continuously  for  any  reason¬ 
able  set  of  initial  values  of  X.  This  is  not  true  for  the  machine  equations 
(3.28).  Correctly  designed  automatic  equation  solvers  may  enforce  rela¬ 
tions  like  (3.28)  only  after  an  initial  transient.  A  machine  of  this  type 
has  actually  solved  a  set  of  differential  equations,  viz.,  the  performance 
equations  of  the  amplifiers,  servomechanisms,  and  networks  used  for  the 
computation.  If  these  are  correctly  designed  for  the  purpose,  the 
machine  variables  X  and  Y  will  be  made  to  approach  the  correct  values 
corresponding  to  the  solution  of  the  given  set  of  equations  in  the  course  of 
the  “solution”  of  the  performance  equations.  An  automatic  equation 
solver  may  thus  be  an  analog  computer  comprising  amplifiers  and/or 
servomechanisms  set  up  so  that  its  performance  equations  cause  the 
machine  variables  to  approach  the  correct  unknown  values  without  any 
tendency  toward  instability  or  uncontrolled  oscillations.  If  the  machine 
variables  finally  assume  constant  values  within  the  dynamic  range  of  the 
computing  elements,  these  values  will  belong  to  the  set  of  the  correct 
unknowns.  Generally  applicable  analytical  conditions  for  the  stable 
performance  of  such  machines  have  been  formulated  for  the  case  of  linear 
equation  solvers,1  but  more  remains  to  be  done  in  the  general  case.2 

1  Korn,  G.  A.,  Stabilization  of  Simultaneous  Equation  Solvers,  Proc.  IRE,  37 :  1000, 
1949. 

2  Murray,  Francis  J.,  The  Theory  of  Mathematical  Machines ,  King’s  Crown  Press, 
New  York,  1947. 
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Utilization  of  D-c  Analog  Computers  as  Automatic  Equation  Solvers. 
Existing  d-c  analog  computers  are  usually  intended  mainly  for  the  solution 
of  sets  of  differential  equations.  In  machines  specifically  intended  to 
solve  problems  involving  neither  differentiations  nor  integrations,  the 
utilization  of  a-c  amplitudes  as  machine  variables  may  frequently  be 
preferable  to  the  use  of  d-c  analog  computing  techniques;  the  use  of  a-c 
amplifiers  will  eliminate  drift  as  an  error  source.  Multipurpose  d-c 
analog  computers  can,  nevertheless,  be  quite  useful  for  the  solution  of 
certain  types  of  equations  and  sets  of  equations. 

The  solution  of  a  single  equation  like 

f{x)  =  0 

for  the  unknown  x  must  be  translated  into  the  solution  of  a  corresponding 
machine  equation 

F(X)  =0  (3.31) 

for  an  unknown  voltage  X.  Automatic  equation  solvers  may  be  set  up 
with  ordinary  d-c  analog  computing  elements  by  one  of  the  following- 
methods: 

1.  Solution  by  implicit  computation.  This  method  was  introduced  in 
Sec.  1.2.  The  machine  equation  (3.31)  is  replaced  by  an  equivalent 
equation 

F(X)  +  X  =  X  or  X  -  F(X)  =  X  (3.32) 

and  this  relation  is  set  up  on  the  computer  in  the  usual  manner.  This  is 
shown  in  Fig.  3.19a  for  the  general  case  as  well  as  for  a  simple  linear  equa¬ 
tion.  The  stability  of  the  resulting  computer  setup  must  be  investigated 
in  each  case. 

2.  Use  of  high-gain  amplifiers.  This  method,  illustrated  in  the  solid 
lines  of  Fig.  3.196,  is  discussed  in  Sec.  4.G.  High-gain  servomechanisms 
may  be  used  in  the  same  manner.  The  stability  of  the  resulting  com¬ 
puter  setups  must  be  investigated  in  each  case. 

3.  Use  of  integrators  as  high-gain  amplifiers.  Since  a  d-c  integrator  has 
a  very  high  gain  at  zero  frequency,  ordinary  d-c  integrators  may  replace 
high-gain  amplifiers  in  automatic  equation-solver  setups  (but,  of  course, 
not  in  differential  analyzer  setups  utilizing  high-gain  amplifiers).  Inte¬ 
grating  capacitors  have  been  indicated  in  dash  lines  in  the  computer 
setups  of  Fig.  3.196. 

The  use  of  d-c  integrators  instead  of  high-gain  d-c  amplifiers  often 
tends  to  eliminate  troublesome  high-frequency  oscillations  because  of 
the  intrinsically  bad  high-frequency  response  of  integrators.  The  sta¬ 
bility  of  the  resulting  computer  setups  must,  however,  still  be  investi¬ 
gated  in  each  case. 
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The  methods  outlined  above  can  also  be  applied  to  the  solution  of  sets 
of  equations ,  although  the  stability  checks  involved  may  become  quite 
difficult. 

The  solution  of  equations,  such  as  algebraic  equations ,  which  have  several 
roots  by  means  of  ordinary  equation  solvers  may  be  difficult  or  impractical. 


F(X)  =  0 
F(X)  +X  -  X 


3X  + 1  =  0 
—  ( 2 X  + 1 )  -X 


Fig.  3.19a.  Solution  of  an  equation  by  implicit  computation.  Stability  tests  are 
necessary  in  each  case. 


Fig.  3.196.  Use  of  high-gain  amplifiers  or  d-c  integrators  (dash  lines)  for  the  solution 
of  equations.  Stability  tests  are  necessary  in  each  case. 


Fig.  3.19c.  Solution  of  a  set  of  linear  simultaneous  equations;  d-c  integrators  are 
used  as  high-gain  amplifiers. 


The  machine  may  “ prefer’’  one  of  the  real  roots  and  solve  for  this  root 
only.  Again,  an  ordinary  equation  solver  cannot  solve  directly  for  com¬ 
plex  roots,  and  transformations  introducing,  for  instance,  the  absolute 
values  and  the  arguments  of  the  complex  roots  as  new  real  unknowns 
would  have  to  be  resorted  to. 

Solution  of  Sets  of  Linear  Simultaneous  Equations  by  Means  of  D-c 
Analog  Compiders.  The  use  of  d-c  integrators  instead  of  high-gain  ampli¬ 
fiers  for  automatic  equation  solvers  is  particularly  useful  for  the  solution 
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of  sets  of  linear  simultaneous  equations  by  means  of  existing  d-c  analog- 
computer  installations.  The  machine  equations  corresponding  to  a  given 
set  of  linear  simultaneous  equations  will  have  the  form 


a 1 1 A  i  -f-  a i2A  2  +  •  •  •  +  ai».Yn  +  6i  =  0 


a«iA  i  -f-  an2A  2  +  •  •  •  -f-  annXn  -T  6„  =  0 


(3.33) 


A  computer  setup  for  solving  the  above  problem  through  a  generalization 
of  the  scheme  shown  in  Fig.  3.196  is  obtained  by  setting  up  computing 
elements  to  establish  the  differential  equations 


anXi  +  a  i2X2  T-  •  •  •  +  a  i„  A  n  +  61  =  —PX , 


a„iA  1  -f-  dn2X2  +  •  •  •  +  (inn  Xn  +  bn  =  —PX2 


(3.34) 


With  properly  designed  integrators  and  reasonably  low  coefficients  a,*,  the 
resulting  computer  setup  will  be  stable  if  the  real  parts  of  all  the  roots  of 
the  characteristic  equation 


an  —  s 

0 12  .  .  . 

0.  In 

021 

d22  —  s 

.  .  •  C l2n 

=  0 

(3.35) 

Onl 

dn2  .  .  . 

&nn  S 

are  positive.  If  this  is  not  the  case,  one  may  try  to  rearrange  Eqs.  (3.33) 
or  to  multiply  some  of  the  equations  by  —  1 .  If  the  computer  setup  given 
by  the  machine  equations  (3.34)  is  stable,  the  machine  variables  Xh 
AT,  .  .  .  ,  Xn  will  approach  the  desired  unknown  values. 

If  stability  cannot  be  obtained  by  the  simple  procedure  described 
above,  the  unknowns  Xi,  AT,  .  .  .  ,  X„  in  (3.33)  may  be  obtained  by 
setting  up  a  new  set  of  machine  equations 


a'u AT  +  a'2X o  +  •  •  •  +  alnXn  +  b\  =  -PA,  ' 
tt'nlX  1  +  (ln2 X2  +  ’  ‘  '  +  d'nnXn  +  6^  =  ~PXn  t 


(3.36) 


with 
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b' 
i,  k 


ajidjk 

y  =  i 
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y  djrbj 
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1,  2 ,  ,n 
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The  new  coefficients  nik  will  always  lead  to  a  characteristic  equation 
(3.35)  having  positive  real  roots  unless  the  determinant  of  the  an-  is 
equal  to  zero. 

Figure  3.19c  shows  a  computer  setup  for  a  simple  numerical  example. 
The  unknown  voltages  Xx  and  A"2  satisfying  the  set  of  equations 


0.4 A i  -  0.1  A 2  -  0.5  =  0 
0. 15A  i  d-  0.9A  2  T-  0.4  =  0 


(3.37) 


are  found  as  the  “equilibrium  voltages”  approached  by  the  solutions 
Ai(r)  and  A2(t)  of  the  set  of  differential  equations 


0.4Aj  —  0.1  A  2  —  0.5  —  — PA  i 
0.15A]  +  0.9 A  2  T  0.4  —  — PA  2 


(3.38) 


after  the  initial  transients  have  damped  out.  The  solutions  are  stable, 
and  in  the  equilibrium  condition  PA i  =  PA2  =  0,  so  that  the  differential 
equations  (3.38)  reduce  to  Eqs.  (3.37). 


DIAL 


Fig.  3.20.  Simple  adjuster-type  equation  solver. 

Adjuster-type  Equation  Solvers.  The  high  computing  speeds  obtain¬ 
able  with  d-c  analog  machines  make  it  possible  to  solve  equations  with 
very  simple  equipment  by  a  trial-and-error  process.  Figure  3.20  shows  a 
computer  setup  forming  a  voltage  F( A)  as  a  function  of  a  dial  rotation  A 
by  means  of  function  potentiometers  and  summing  networks.  In  order 
to  solve  the  equation 

F(  A)  =  0 

for  the  unknown  value  or  values  of  X,  it  is  only  necessary  to  adjust  the 
dial  until  a  meter  or  null  indicator  measuring  the  output  voltage  F( A) 
reads  zero.  The  value  of  the  unknown  may  then  be  read  on  the  adjust¬ 
ment  dial.  Devices  of  this  type  may  be  quite  accurate  (0.2  to  0.5  per 
cent),  since  the  result  is  not  affected  by  drift  in  the  source  voltage  used. 

In  a  more  elegant  version  of  the  foregoing  process,  the  voltage  F( A) 
may  be  computed  as  a  function  of  an  input  voltage  or  shaft  rotation  X 
which  is  varied  (swept)  periodically  through  its  range  of  Variation  as  a 
known  periodic  function  of  the  time.  It  is  then  possible  to  measure  the 
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time  at  which  the  null  detector  responds  by  automatic  means,  and  the 
relative  time  at  which  this  occurs  during  the  sweep  cycle  may  be  used  to 
measure  each  root  of  the  given  equation. 

The  principle  of  the  adjuster-type  computer  may  also  be  applied  to  the 
solution  of  sets  of  equations.  Given  a  set  of  machine  equations 


(3.39; 


where  the  f’s  are  reasonable  single-valued  functions  of  the  X’s,  perhaps 
the  most  generally  applicable  method  of  solution  is  to  generate  a  voltage 


F(X  1,  X2,  .  .  .  ,  X.)  =  f!  +  f!  +  •  •  •  +  fl  (3.40; 


as  a  function  of  the  input  voltages  or  shaft  rotations  Xx,  X2,  .  .  .  ,  Xn  by 
means  of  suitable  computing  elements  and  to  minimize  this  quantity  by 
iterated  adjustments  of  the  X^s.1 

Other  Applications  of  D-c  Analog  Computers.  A  d-c  analog  computer 
and  its  associated  recording  equipment  may  be  very  useful,  quite  apart 
from  its  more  sophisticated  applications,  for  computing  and  plotting  func¬ 
tions  of  one  or  several  variables.  A  d-c  analog  computer  with  a  servo 
plotting  table  makes  it  easy  to  prepare  reproducible  graphs  of  functions 
such  as  r2,  sin  r,  eT,  and  many  others.  Again,  complicated  expressions 
involving  transformations  of  empirically  obtained  functions  may  be  com¬ 
puted  and  plotted  if  an  input  table  or  universal  function  generator  (see 
Sec.  6.5)  is  available. 

D-c  analog  computers  are  also  very  useful  for  performing  simple  inte¬ 
grations  (definite  and  indefinite  integrals).  Such  computations  are 
involved,  for  instance,  in  the  determination  of  weighted  averages. 

Integral  Transforms.  The  computation  of  expressions  of  the  type 


(3.41) 


where  K  and/ are  given  functions  of  the  variables  x  and  t,  is  ot  the  greatest 
importance  in  a  large  number  of  problems,  as  shown  by  the  following 
examples:  expansion  of  functions  in  series  of  orthogonal  functions,  Fourier 
analysis,  convolution  and  superposition  integrals,  solution  of  integral 
equations,  boundary  value  problems  (Neumann  and  Dirichlet  problems), 
computation  of  autocorrelation  functions  and  cross-correlation  functions. 

Expressions  of  the  form  (3.41)  frequently  lend  themselves  conveniently 


Ibid. 


ELECTRONIC  ANALOG  COMPUTERS 


1  14 

to  computation  by  means  of  d-c  analog  computers.  MacNee1  and  Wall- 
man2  have  made  particularly  interesting  applications  of  repetitive  com¬ 
puters  to  such  computations.  Some  of  these  applications  are  so  impor¬ 
tant  that  they  warrant  the  design  of  special-purpose  computers. 


value  problem  given  by  Eq.  (3.42).  The  final  solution,  shown  in  (6),  is  presented 
with  a  faster  recorder  speed  for  greater  accuracy  Hlagelbarger,  Howe,  and  Howe, 
op.  cit.) 

Solution  of  Boundary  and  Eigenvalue  Problems  by  Means  of  D-c  Analog 
Computers.  In  certain  problems  involving  the  solution  of  differential 
equations,  the  number  of  initial  conditions  (values  of  variables  and  deriv¬ 
atives  for  t  =  0)  given  is  not  sufficient  to  determine  the  solution  com¬ 
pletely.  Instead,  the  value  of  dependent  variables  or  derivatives  lor 
some  finite  value  h  are  given.  The  solution  of  such  boundary  value  prob- 

1  MacNee,  A.  B.,  A  High-speed  Product  Integrator,  MIT-RLE  Rept.  136,  Aug.  17, 
1949. 

2  Wallman,  H.,  An  Electronic  Integral-Transform  Computer  and  the  Practical 
Solution  of  Integral  Equations,  J.  Fmnkbn  Inst..  250:  45,  1950. 
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lems  on  a  d-c  analog  computer  proceeds  by  a  trial-and-error  process.  The 
initial  value  settings  left  unspecified  by  the  problem  are  varied  until  the 
solution  satisfies  the  desired  boundary  conditions  for  t  =  tx.  Excellent 
examples  of  d-c  analog-computer  solutions  of  boundary  value  problems 
such  as  the  static  deflection  of  elastic  beams  are  presented  in  the  litera¬ 
ture.1  Figure  3.21,  taken  from  the  reference,  shows  several  steps  in  the 
d-c  analog-computer  solution  of  a  beam  deflection  problem  involving  the 
solution  of  a  differential  equation 

pHj  =  c  with  y] o  =  py] o  =  0  and  y]t=h  =  py]Ml  =  0  (3.42) 

Many  eigenvalue  problems ,2  such  as  certain  problems  involving  elastic 
vibrations  or  quantum  mechanics,  may  be  solved  on  d-c  analog  com¬ 
puters  by  trial-and-error  procedures  analogous  to  those  used  for  the  solu¬ 
tion  of  ordinary  boundary  value  problems.  The  values  of  the  unknown 
eigenvalues  must  be  varied  until  the  desired  boundary  or  normalization 
conditions  are  satisfied  by  the  solutions  of  the  given  differential  equa¬ 
tions.1  Frequently  it  is  useful  to  obtain  approximate  solutions  of  eigen¬ 
value  problems  on  a  d-c  analog  computer  for  use  in  powerful  numerical 
methods  involving  successive  approximations.2 

Analog  computers  of  the  repetitive  type  (see  Sec.  8.5)  are  particularly 
suitable  for  the  rapid  solution  of  boundary  and  eigenvalue  problems,  since 
such  machines  permit  the  effects  of  parameter  variations  to  be  observed 
directly  on  a  cathode-ray  oscillograph. 

1  Hagelbarger,  Howe,  and  Howe,  op.  cit. 

2  For  a  discussion  of  such  problems,  see  H.  Margenau  and  G.  M.  Murphy,  The 
Mathematics  of  Physics  and  Chemistry,  Van  Nostrand,  New  York,  1(J4G. 


CHAPTER  4 


THEORY  AND  DESIGN  OF  LINEAR  COMPUTING  ELEMENTS: 
OPERATIONAL  AMPLIFIERS  AND  NETWORKS 

4.1.  Multiplication  by  Constant  Coefficients:  Potentiometers.  Intro¬ 
duction:  Construction  of  Potentiometers.  A  potentiometer  consists  of  a 
resistance  having  terminals  at  each  end  and  provided  with  a  sliding  con¬ 
tact  or  brush  arranged  so  that  it  can  be  moved  over  the  resistance.  In 
the  most  common  type  of  potentiometer,  the  resistance  winding  is 
arranged  in  cylindrical  form  while  the  brush  is  mounted  on  an  arm  which 
revolves  on  a  central  shaft.1 

In  d-c  analog  computers,  potentiometers  are  most  often  used  to  multi¬ 
ply  a  machine  valuable  by  a  constant  coefficient  a  (0  >  a  >  1)  in  the 
manner  described  in  Sec.  1.3.  This  subject  will  be  discussed  in  somewhat 
more  detail  here.  The  use  of  rotating  motor-driven  potentiometers  for 
multiplication  and  function  generation  is  described  in  Sec.  1.3  and  in 
Chap.  6. 

A  potentiometer  must  be  designed  to  certain  specifications  covering  its 
total  resistance  and  power  rating.  The  resistances  of  potentiometers  used 
in  d-c  analog  computers  vary  between  10,000  and  100,000  ohms.  The 
lower  limit  of  the  potentiometer  resistance  is  determined  by  the  power  of 
the  amplifier  driving  the  potentiometer  and  by  the  required  resolution 
(see  page  117).  The  upper  limit  is  fixed  by  loading  considerations  (see 
page  117)  as  well  as  by  the  availability  of  wire-wound  resistance  elements. 
Computing  potentiometers  should  be  capable  of  having  a  steady  voltage 
of  about  100  volts  applied  across  a  resistance  of  10,000  ohms  without 
appreciable  heating;  4  watts  is  a  commonly  used  power  rating. 

For  accurate  computation,  the  following  properties  are  desirable  in 
potentiometers  used  for  setting  constant  coefficients: 

1.  Mechanical  ruggedness,  which  will  permit  a  potentiometer  setting  to 
be  maintained  in  spite  of  vibrations,  shock,  etc. 

2.  Freedom  from  microphonism,  or  noise  introduced  by  vibrations. 

3.  Accuracy  of  calibration.  It  should  be  possible  to  set  the  transfer 
function  of  the  potentiometer  to  any  desired  value  by  means  of  a 

1  Nettleton,  L.  A.,  and  F.  E.  Dole,  Potentiometers,  Rev.  Sci.  Instruments,  17 :  35G, 
1946. 
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calibrated  dial.  If  the  dial  scale  is  linear,  the  linearity  of  the 
potentiometer  will  be  important. 

4.  Resolution.  It  should  be  possible  to  set  the  potentiometer  to  any 
desired  coefficient.  Accordingly,  voltage  “steps”  due  to  movement 
of  the  sliding  contact  over  the  resistance  element  should  be  kept 
within  a  specified  small  value. 

5.  Stability.  The  resistance  of  the  potentiometer,  and  especially  the 
accuracy  of  the  calibration,  should  not  change  appreciably  with 
temperature  and  age. 


The  design  and  construction  of  potentiometers  having  such  desirable 
properties  have  practically  reached  a  state  of  perfection  and  have  been 
described  in  great  detail  by  F.  Dole.1 

Most  of  the  above  requirements  will  be  satisfied  only  by  potentiometers 
using  wire-wound  resistance  elements,  although  some  types  of  resistance 
elements  consisting  of  metallized  ceramic  materials  maj^  be  satisfactory. 

The  potentiometers  used  most  frequently  for  coefficient  settings  are 
the  helical  card  types  ( Gibbs  Micropots  and  Beckman  Helipots).  The 
entire  scale  of  such  a  potentiometer  is  covered  in  5  to  20  turns  of  the 
specially  constructed  dial.  The  latter  can  be  read  to  1  part  in  10,000, 
which  corresponds  to  the  0.1  per  cent  linearity  and  resolution  of  such 
potentiometers. 

Corrections  for  Potentiometer  Loading.  Ordinarily,  the  dial  reading  a  of 
a  computing  potentiometer  refers  to  the  fraction  ar  of  the  total  potentiom¬ 
eter  resistance  r  across  which  the  output  voltage  Xa  is  measured.  If  such 
a  potentiometer  is  connected  to  a  load  of  infinite  impedance  (see  Fig. 
4.1a),  the  potentiometer  transfer  function  will  be 


X0 

X1 


ar 

—  =  a 
r 


(4.1) 


which  corresponds  to  the  dial  reading. 

If  a  load  of  resistance  rL  is  connected  to  the  potentiometer  output 
terminals  (see  Fig.  4.16),  Eq.  (4.1)  holds  no  longer.  From  the  nodal 
equation  for  the  output  terminal, 


{X0  -  Xf)  7-  ]—^r  +  —  +  ^  =  0 

v  (1  —  a)r  ar  rL 


it  follows  that 


Xo 

X, 


a 


a2(l  —  a) 


=  a  — 


rL 


(4.2) 


(4.3) 


1  +  a(l  —  a)  — 
Tl 


1  “ |—  Dt  ( 1  —  ( l )  — 

Tl 


1  Blackburn,  J.  F.,  Components  Handbook,  MIT  Radiation  Laboratory  Series, 
Vol.  17,  McGraw-Hill,  New  York,  1949,  Chap.  8. 
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Fig.  4.1«.  Coefficient  setting  Fig.  4.16.  Coefficient  setting  potentiometer 
potentiometer.  with  load. 


Fig.  4.1c.  Potentiometer-loading  correction  chart  based  on  the  relation 


Xa  ,,,  s  r 

°  -  T,  “  0  (1  “  a)  71 


Xo 


Multiply  the  ordinates  corresponding  to  a  desired  value  of  x  =  by  the  value  of 

—  <  0.3;  this  quantity  must  be  added  to  the  desired  value  of  the  transfer  function 

X  . 

to  obtain  the  correct  potentiometer  setting  a.  The  use  of  charts  of  this  type  is  not 

X  i 

recommended  if  setting  accuracies  better  than  0.1  per  cent  are  desired,  and  tables 
based  on  the  exact  formula  (4.4)  should  be  used. 
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This  is  the  correct  relation  between  the  potentiometer  setting  a  and  the 
transfer  function  XD/Xi.  The  quantity 


a 


Xo 

Xi 


a2(l  -  a)  - 

f  L 


1  +  a(l  -  a) 


r,. 


T  T 

a)  —  for  —  «  1 
rL  r/. 


(4.4) 


is  a  measure  for  the  error  made  by  applying  the  simplified  relation  (4.1) 
instead  of  the  correct  relation  (4.3). 

Tables  or  graphs  based  on  the  relation  (4.3)  between  a  and  X0/X\  (see 
Fig.  4.1c)  make  it  relatively  easy  to  introduce  the  proper  loading  correc¬ 
tions  in  the  potentiometer  dial  settings. 

The  most  common  load  for  a  computing  potentiometer  is  an  input 
resistor  /?,•  of  a  summing  amplifier,  phase  inverter,  or  parallel-feedback 
integrator.  Since  the  grid  of  a  high-gain  operational  amplifier  is  prac¬ 
tically  at  ground  potential,  one  has,  in  all  such  cases, 

rL  =  Hi  (4.5) 

Example.  It  is  desired  to  use  a  20,000-ohm  potentiometer  to  multiply  an  input 
voltage  by  0.4.  The  only  potentiometer  load  is  the  1-megohm  input  resistor  of  an 
integrator.  Accordingly,  /'/.A  =  50;  reference  to  Fig.  4.1c  shows  that  the  correct 
dial  setting  is 

a  =  0.4  +  0.002  =  0.402 

which  may  be  verified  by  Eq.  (4.3).  If  the  loading  correction  is  neglected,  an  error  of 
0.5  per  cent  results. 

Errors  due  to  loading  may  be  serious  in  the  case  of  motor-driven  variable 
coefficient  potentiometers,  since  it  is  difficult  to  apply  loading  corrections 
in  such  cases.  Special  circuit  arrangements  for  the  reduction  of  loading 
errors  are  discussed  in  Chap.  6. 

External  Calibration.  The  cost  of  a  number  of  high-precision  linear 
potentiometers  together  with  their  associated  dials  may  account  for  an 
appreciable  part  of  the  total  computer  cost.  A  considerable  saving  can 
sometimes  be  effected  by  using  inexpensive,  rugged,  wire-wound  radio 
volume  controls  for  coefficient  settings.  Such  potentiometers  may  be  set 
accurately  to  any  desired  coefficient  by  comparison  of  their  setting  with 
that  of  a  precision-calibrated  potentiometer.  Figure  4.2  shows  the 
potentiometer  to  be  set  connected  across  the  same  test  voltage  source 
(direct  current  or  low-frequency  alternating  current)  as  the  comparison 
potentiometer.  The  latter  is  first  adjusted  to  the  desired  setting,  i  lie 
low-cost  potentiometer  is  then  adjusted  until  its  output  voltage  equals 
that  of  the  comparison  potentiometer,  as  indicated  by  a  null  on  the 
galvanometer,  oscilloscope,  etc.,  used  as  a  null  detector.  Since  this  setting 


120 


ELECTRONIC  ANALOG  COMPUTERS 


procedure  may  be  performed  with  the  potentiometer  load  (or  an  equivalent 
resistance)  connected  (see  Fig.  4.2),  no  loading  corrections  are  necessary. 
The  comparison  circuit,  which  incidentally  is  capable  of  performing  many 
other  useful  functions  (see,  for  instance,  Secs.  6.6  and  7.7),  should  be 
arranged  so  that  it  can  be  instantly  connected  in  turn  to  any  of  the 


POTENTIOMETER 
TO  BE  CALIBRATED 


o 


TEST  VOLTAGE 
SOURCE 


% 


NULL  INDICATOR 
(GALVANOMETER; 
OSCILLOSCOPE 
OR  PHONES) 


o 


u 

TO  LOAD 


CALIBRATED 

COMPARISON 

POTENTIOMETER 


Fig.  4.2.  Arrangement  for  setting  or  calibrating  potentiometers  by  means  of  a 
calibrated  comparison  potentiometer. 


potentiometers  in  the  computer  proper.  This  may  be  accomplished  con¬ 
veniently  by  means  of  jacks  or  push-button  switches  associated  with  each 
potentiometer. 

Fine  Adjustments.  If  the  resolution  of  a  potentiometer  (especially  one 
of  low  cost)  is  found  to  be  insufficient,  a  vernier  adjustment  can  be  provided 
by  means  of  a  second  potentiometer  or  variable  resistor  of  smaller  resist¬ 
ance  as  shown  in  Fig.  4.3. 


VERNIER 

ADJUSTMENT 


Fig.  4.3.  Circuits  permitting  fine  adjustment  of  potentiometer  settings. 


Other  Schemes  for  Multiplying  by  Constant  Coefficients.  In  some  cases, 
particularly  in  low-cost  computers,  it  is  desirable  to  avoid  the  use  of  the 
power  amplifiers  necessary  to  drive  low-impedance  computing  potentiom¬ 
eters.  In  these  instances,  it  is  possible  to  perform  multiplications  by 
constant  coefficients  by  varying  impedances  (usually  resistors)  in  the 
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operational  amplifiers.  Figure  1.9  shows  how  such  multiplications  can 
he  realized  through  the  use  of  combinations  of  resistors  in  a  summing 
amplifier.  In  the  Goodyear  computer  (see  Sec.  8.G),  all  summing  resis¬ 
tors  are  removable  and  may  be  chosen  in  accordance  with  the  desired 
coefficients.  Figure  4.4  shows  operational  amplifiers  permitting  con¬ 
tinuous  adjustment  of  coefficients. 

Sometimes  it  is  possible  to  replace  potentiometers  by  special  lattice 
networks  having  a  high  input  impedance  as  well  as  the  same  output 


Fig.  4.4.  Circuits  permitting  the  introduction  of  adjustable  constant  coefficients 
without  the  use  of  low-impedance  potentiometers.  No  loading  difficulties  are 
experienced  with  these  circuits,  and  the  use  of  power  amplifiers  for  driving  potentiom¬ 
eters  can  be  eliminated. 


impedance  for  all  coefficient  settings.  Because  of  the  difficulty  of  ganging 
variable  resistors  accurately,  such  arrangements  are  not  too  suitable  if 
continuously  variable  coefficients  are  desired. 

4.2.  The  Design  of  Summing  Amplifiers:  Calibration  and  Error 
Analysis.  Introduction:  Performance  Equation.  The  type  of  summing 
amplifier  commonly  employed  in  d-c  analog  computers  was  described  in 
Sec.  1.3,  where  its  performance  equation  (1.17)  was  also  derived.  The 
circuit  of  this  summing  amplifier  is  shown  in  block-diagram  form  in  Fig. 
1.7 d;  the  performance  equation  was  found  in  Sec.  1.3  to  be 


Ah 


(Xi  ,  x2 
VG  #2 


+ 


+ 


~*-z% 

l=l 


Rn 

(-A) 


AR„ 


(1  -4)  +  R„[  +  ^  + 


+  t?; 


(i  - 


.4)  +  *.  J  i 

i=  1 


(4.6) 
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where  the  forward  gain  A  of  the  d-c  amplifier  must  he  negative  in  order  to 
keep  the  amplifier  stable.  In  high-gain  amplifiers  with 

n 

|A|»1  and  \A\ »  R0  ^  A 

l—l 


the  output  voltage  is  practically  independent  of  the  gain,  and  Eq.  (4.0) 
reduces  to 


71 


l  —  l 


The  negative  sign  shows  that  the  summing  amplifier  shown  in  Fig.  1.7 d 
will  act  as  a  phase  inverter,  which  is  an  important  function  in  itself. 

Calibration  Accuracy.  With  the  high  values  (over  1,000)  of  the  forward 
gain  *4  encountered  in  most  practical  computing  amplifiers,  the  simplified 
performance  equation  (4.7)  offers  a  convenient  means  of  calibrating 
summing  amplifiers.  Instead  of  making  voltage  measurements  to  deter¬ 
mine  the  amplifier  output  voltage  X0  as  a  function  of  the  input  voltages 
Xi,  X2,  .  .  .  ,  Xn,  it  is  permissible  to  use  precision  resistors  (accurate  to 
at  least  0.1  per  cent  for  0.1  per  cent  calibration  accuracy)  for  R0,  R i, 
R2,  .  .  .  ,  Rn  and  to  substitute  their  values  into  Eq.  (4.7). 

If  the  latter  equation  is  to  be  used  intelligently  in  this  manner,  however, 
it  is  necessary  to  estimate  the  magnitude  of  the  error  due  to  substituting 
the  simplified  equation  (4.7)  for  the  performance  equation  (4.6).  The 
fractional  error  will,  in  each  case,  be  equal  to  the  difference  between  the 
values  of  Xa  given  by  Eqs.  (4.6)  and  (4.7)  divided  by  the  value  of  X0  given 
by  Eq.  (4.6).  It  follows  that  the  percentage  error  e  is  given  by 

' =  it  0  +  R°  X  i)  (48) 

i  —  1 

If,  then,  the  percentage  error  is  not  to  exceed  a  given  value  e,  one  must 
have1 

A>m(i  +  R,^£)  (4.9) 

1  =  1 

which  determines  the  minimum  gain  for  given  calibration  accuracy. 


1  The  condition  (4.9)  is  somewhat  more  accurate  than  the  similar  condition  given  in 
G.  A.  Korn,  Introduction  to  D-c  Analog  Computers,  Electronics.  April,  1948.  [Xo 
approximations  are  involved  in  (4.9).] 
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Effects  of  Gain  Changes  and  Distortion.  The  inverse  feedback  inherent 
in  the  summing  amplifier  circuit  helps  to  reduce  the  effects  of  gain 
changes  and  distortion  in  the  d-c  amplifier  on  the  summing  amplifier  out¬ 
put  voltage. 

As  a  matter  of  fact,  it  is  clear  that,  if  the  condition  (4.9)  is  satisfied 
throughout  the  range  of  possible  gain  changes,  the  effect  of  these  gain 
changes  on  the  summing  amplifier  calibration  will  not  exceed  the  specified 
error  limits. 

Amplitude  distortion  of  eD  per  cent  ma}'  be  considered  as  a  gain  change 
(e/,/100)A  applicable  to  only  certain  portions  of  the  signal.  The  effects 
of  distortion  in  summing  amplifiers  are  thus  reduced  in  the  same  manner 
as  the  effects  of  amplifier  gain  changes.  In  order  to  keep  the  value  of  ei> 
reasonably  small,  care  should  be  taken  to  keep  the  amplifier  output 
voltage  and  the  load  admittance  below  specified  design  limits  (see  also 
Sec.  5.2). 

High-frequency  Response  Requirements.  Since  the  gain  A  of  any  ampli¬ 
fier  is  really  not  constant  but  must  fall  off  at  high  signal  frequencies,  it  is 
important  to  know  how  this  loss  of  gain  will  affect  the  performance  of  a 
summing  amplifier.  For  accuracy  in  computation,  the  following  condi¬ 
tions  must  be  satisfied : 

1.  The  absolute  value  of  the  amplifier  forward  gain  A  must  remain 
above  the  limit  set  by  (4.9)  for  all  anticipated  signal  frequencies. 

2.  The  manner  in  which  the  forward  gain  A(P)  depends  on  the  fre¬ 
quency  (this  includes  the  phase  shift  involved)  must  be  such  that 
the  summing  amplifier  is  stable.  This  will  be  the  case  if  the  roots  of 
the  equation 

n 

[1  -  A(P)]  +  R.  ^  f  =  0 

i=  1 

[obtained  by  equating  the  denominator  of  (4.0)  to  zero]  all  have 
negative  real  parts.1 

Finally,  the  phase  shift  between  any  input  voltage  Ah  of  a  summing 
amplifier  and  the  output  voltage  X0  should  be  small  throughout  the  range 
of  signal  frequencies  (less  than  0.1  deg  by  rule  of  thumb)  if  no  integrating 
or  differentiating  action  is  to  take  place.  Such  phase  shifts  tend  to 
increase  with  the  ratio  R0/Ri.  Again,  cascading  of  computing  amplifiers 
tends  to  increase  both  gain  and  phase  shifts,  so  that  attempts  to  multi- 


1  Bode,  H.  W.,  Network  Analysis  and  Feedback  Amplifiers,  N  an  Nostrum!,  New  Nork, 
1945. 
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•VOLTAGE  E 


CURRENT  i  =  CPE 


ply  machine  variables  by  factors  in  excess  of  100  sometimes  result  in 
instability. 

Effect  of  Source  and  Load  Impedance.  In  order  to  assess  the  perform¬ 
ance  of  the  summing  amplifier  in  a  computing  system,  it  also  may  be 

necessary  to  determine  the  effect  of 
the  source  and  load  impedances  to 
which  the  amplifier  is  connected 
upon  the  performance  of  the  ampli¬ 
fier.  This  effect  will  be  considered 
in  the  Appendix. 

4.3.  Integrator  Performance. 

Introduction.  It  was  pointed  out  in  Sec.  1.4  that  the  design  of  the 
integrators  is  often  a  crucial  part  of  the  computer  design.  Integrators 
were  seen  to  be  a  convenient  means  for  introducing  relations  between 
changes  of  machine  variables  in  d-c  analog  computers  with  the  time  t 
usually  serving  as  the  independent  variable. 


c 

Fig.  4.5.  Relation  between  voltage 
and  current  in  a  capacitive  circuit. 


X,  o- 


L  «i 

— VWV 


Fig.  4.6.  An  integrating  network  comprising  an  inductance. 


The  physical  basis  of  most  electrical  integrators  is  the  basic  property  of 
capacitors1  illustrated  in  Fig.  4.5.  Neglecting  the  effect  of  capacitor  leak¬ 
age,  the  current  i  through  the  capacitor  is  always  proportional  to  the  time 
derivative  of  the  voltage  across  the  capacitor: 


i  =  CPE 


(4.11) 


1  It  is  at  least  theoretically  possible  to  design  integrators  using  networks  comprising 
a  resistance  and  an  inductance.  An  integrating  network  using  such  elements  is  shown 
in  Fig.  4.6.  The  transfer  function  of  this  circuit  is 


X*  R  R  1 

Xi  R  +  Ri  +  LP  R  +Ri  (  L  \  ,  i 

\R  +  Ri) 


(4.10) 


where  Ri  is  the  inherent  resistance  of  the  inductor.  At  the  present  time,  circuits  of 
this  type  are  used  less  frequently  than  RC- type  integrating  circuits  because  the 
required  inductances  may  be  as  large  as  20  to  50  henrys  and  thus  costly  and  physically 
large.  Furthermore,  such  inductances  tend  to  have  an  appreciable  inherent  resist¬ 
ance  Ri  and  usually  need  iron  cores  which  may  become  saturated  and  thus  make  the 
circuit  constants  dependent  on  the  input  voltages. 
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In  this  chapter,  the  basic  integrating  network  of  Fig.  1 ,7e  will  he  discussed 
in  more  detail.  In  addition,  other  integrating  devices,  which  constitute 
attempts  to  improve  on  the  original  circuit,  will  be  presented. 

Simple  RC  Integrating  Network.  In  the  simple  RC  integrating  network 
shown  in  Fig.  4.7,  an  input  voltage  AT  will  begin  to  charge  the  capacitor 
C  through  the  resistor  It  in  a  manner  approximating  true  integration. 
The  output  voltage  Xa  built  up  on  C  during  this  process  will,  however, 
'  tend  to  oppose  the  input  charging  voltage  and  may  thus  make  accurate 
integration  impossible.  The  situation  is  further  complicated  through  the 
existence  of  the  leakage  resistance  RL  which  is  due  to  capacitor  leakage  in 


addition  to  any  load  which  may  be  connected  to  the  integrator  output 
terminals. 

The  nodal  equation  of  this  network  leads  to  the  transfer  f  unction  X0/X \ 
of  the  integrating  network 


X0 


R  l 

R  T~  R  /, 


Rl 

R  +  Rl 


1 

RCP  +  1 


(4.12) 


If  the  leakage  resistance  RL  is  infinitely  large,  Eq.  (4.12)  reduces  to  the 
simplified  equation  (1.23)  given  in  Chap.  1. 

General  Integrator  Performance  Analysis:  Time  Constant  and  Attenua¬ 
tion.  It  should  be  mentioned  at  this  point  that  the  performance  of  most 
d-c  integrators  may  be  described  in  terms  of  transfer  functions  of  the  form 


X0  _  k 
Xx  bP  +  1 


(4.13) 


of  which  Eq.  (4.12)  is  a  special  case.  The  coefficient  b  of  P  in  the  denomi¬ 
nator  is  called  the  time  constant  of  the  integrator  and  will  be  seen  to  con¬ 
stitute  a  measure  of  the  integrator  accuracy.  The  parameter  k/b  cor¬ 
responds  to  the  gain  (or  rate  gain)  of  the  integrator.  The  practical 
meaning  of  integrator  time  constant  and  gain  will  be  made  clearer  by  the 
following  analysis. 

Output  Error  and  Rate  Error  of  an  Integrator.  I  he  output  error  of  an 
integrator  will  be  the  difference  between  the  integrator  output  voltage  A0 
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and  the  output  voltage  (k/bP) Xi  of  a  “perfect”  integrator  of  equal  gain. 
For  an  integrator  described  by  the  performance  equation  (4.13),  the  out¬ 
put  error  e(r)  will  be 


e(r)  =X0-y  X !  = 


bp  +  1 


k 

bP 
1 


Xx 


bP(bP  +  1) 


*1  =  ~wXo 


(4.14) 


for  any  value  of  the  time  r.  It  must  be  remembered  that  the  “linear” 
output  error  (4.14)  will  in  general  have  to  be  added  to  other  errors  due  to 
calibration  changes,  distortion,  and  drift. 

It  is  dear  that  the  derivative  of  the  output  voltage  of  any  d-c  integrator 
should  be  as  nearly  as  possible  proportional  to  the  input  voltage.  In  fact, 
for  a  perfect  integrator  one  would  have 


PX0 


(4.15) 


The  amount  Pe(j)  by  which  the  time  derivative  PX0  of  the  output  voltage 
X0  varies  from  the  value  given  by  Eq.  (4.15)  shall  be  called  the  rate  error 
of  the  integrator  under  consideration  and  constitutes  a  useful  measure  of 
the  integrator  accuracy.  As  a  matter  of  interest,  an  integrator  whose 
rate  error  is  always  zero  will  have  only  errors  which  can  be  compensated 
for  by  simply  changing  the  initial  conditions  of  the  problem. 

For  an  integrator  having  the  performance  equation  (4.13),  the  deriva¬ 
tive  of  the  output  voltage  Ar0  will  be 

kP 

px-  =  SFTl  x'  (410) 

Assuming  that  the  entire  error  in  the  derivative  PX0  is  due  to  the  differ¬ 
ence  between  Eqs.  (4.15)  and  (4.16),  the  rate  error  Pe  of  the  integrator  is 
then 

Pe(r)  =  PX.  -  \  X,  =  -  i  Xl  =  -  i  X.  (4.17) 

Note  again  that  the  effects  of  drift,  distortion,  and  calibration  changes 
have  not  been  considered  here.  It  is  seen  that  both  e(r)  and  Pe(r)  will 
decrease  as  the  integrator  time  constant  b  is  increased. 

Step-function  Response  of  a  D-c  Integrator:  Effect  of  Computing  Time  on 
Error.  If  an  input  voltage  step  function  cl(r)*  (e.g.,  from  a  constant- 
voltage  source  suddenly  switched  into  the  circuit)  is  applied  to  an  integra- 

*  The  definition  of  the  unit  step  function  l(r)  is  given  by 

1  (t)  =  0  for  r  <  0  1  (t)  =  1  for  r  >  0 
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tor  described  by  a  transfer  function  of  the  form  (4.13),  the  circuit  response 
will  be 


X0(r)  =  kc  (1  —  e 


)  ,  t  >  0  (4.18) 


This  is  easily  verified  by  substitution  into  the  differential  equation  (4.b; 

It  is  seen  that  the  output  voltage 
X0  begins  to  change  linearly  with 
time  at  a  rate  equal  to  (k/b)c. 

This  would  correspond  to  correct 
integration  of  the  input  step  func¬ 
tion.  With  increasing  computing 
time  r,  however,  the  output  voltage 
X0  no  longer  changes  linearly  but 
tends  to  approach  a  limiting  value1 
kc  exponentially,  as  shown  by  Eq. 

(4. 18)  and  Fig.  4.8.  (As  in  the  case 
of  the  simple  RC  integrator,  this  is  usually  due  to  a  “counter-emf  ” 
developed  as  a  result  of  the  charge  on  an  integrating  capacitor.) 

The  resulting  (linear)  output  error  e  (which  is  in  addition  to  errors  due 
to  distortion,  drift,  etc.,  in  the  amplifiers  involved)  is  given  by  the  second 
term  on  the  right  of  Eq.  (4.18).  The  integration  error  is  seen  to  increase 
with  time;  if  1  >  r/b  >  0,  the  absolute  value  of  the  error  e  will  be  less 
than,  or  equal  to,  the  first  term  of  the  error  series,  or 

M  <  ^-2  kc  (4.19) 


T=0 


Z  X 


Fig.  4.8.  Integration  of  a  step  function. 


For  the  'percentage  error  e,  it  follows  that 

e  <  50  l 
b 


(4.20) 


Hence,  if  the  resultant  output  voltage  is  to  be  within  e  per  cent  of  the  true 
integral  ( k/b)cr ,  the  computing  time  r  m  ust  be  limited  so  that 

T  -  S  (4'21) 

The  rate  error  Pe  for  step-function  input  is  obtained  by  substituting 
Eq.  (4.18)  into  (4.17): 

-Pe(r)  =  (1  -  (4.22) 

1  In  actual  practice,  this  limiting  voltage  kc  may  he  higher  than  the  overload  or 
saturation  voltage  of  the  computing  elements  in  question,  so  that  the  output  voltage 
X0  cannot  reach  the  limiting  value  kc. 
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It  is  seen  that 

\Pe(r)\<^cr  (l>g>o) 


(4.23) 


If  the  integrator  comprises  only  linear  networks  and  amplifiers,  the  rela¬ 
tions  (4.20)  and  (4.23)  are  not  restricted  to  step-function  input  voltages,  since 
the  operation  of  a  linear  network  on  any  input  voltage  may  be  considered 
in  terms  of  a  superposition  of  step-function  voltages,  with  all  steps  but  the 
first  one  being  integrated  for  time  shorter  than  r. 

It  should  be  remembered  that  the  relations  (4.19)  to  (4.23)  refer  only 
to  errors  due  to  d-c  integrators  as  such.  The  effects  of  such  errors  on  the 
over-all  accuracy  of  a  differential  analyzer  must  be  discussed  separately. 

Steady-state  Sinusoidal  Response.  It  is  often  important  to  know  the 
response  of  an  integrator  to  steady-state  sinusoidal  voltages,  in  particular 
since,  again,  any  input  voltage  may  be  represented  as  a  superposition  of 
such  voltages.  In  the  steady  state,  both  Xi  and  X0  will  be  sinusoidal 
voltages  represented  by1 

Xi  =  XVW  X0  =  X0eiaT  (4.24) 


where  w  is  the  circular  frequency, 
ential  equation  (4.13)  shows  that 


Substitution  of  (4.24)  into  the  differ- 


X*  = 


k 


bjco  +  1 


Xi  = 


kX  i 


1 


k 


bwj  bcxtj  bju  +  1 


Xi 


(4.25) 


where  the  first  term  on  the  right  corresponds  to  true  integration  and  the 
second  term  measures  the  absolute  value  and  phase  of  the  (complex)  inte¬ 
gration  error  e  for  sinusoidal  input  voltages  of  circular  frequency  «.  The 
absolute  value  of  the  error  is 


H  - 

Xi  k  1  < 

XJe 

(5 1 

ba}  Vi  +  (M2  “ 

bW 

(4.26) 


whereas  the  phase  error  [the  amount  by  which  the  angle  (X0,Xi)  differs 
from  90  deg]  5  is  given  by 


tan  5  =  y— 
bw 


(4.27) 


Equations  (4.25)  to  (4.27)  further  illustrate  the  importance  of  the  param¬ 
eters  b  and  k,  since  any  input  voltage  may  be  thought  of  as  made  up  of 
sinusoidal  components.  It  is  seen  from  Eqs.  (4.26)  and  (4.27)  that  high- 


1  Refer  to  W.  R.  Symthe,  Static  and  Dynamic  Electricity,  McGraw-Hill  New  York, 
1931),  on  the  method  of  using  complex  numbers  to  describe  the  amplitude  and  phase 
characteristics  of  alternating  currents  and  voltages. 
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frequency  components  of  any  input  voltage  will  be  integrated  more  accu¬ 
rately  than  low-frequency  components. 

Time  Constant  and  Gain  of  the  Simple  RC  Integrator.  According  to 
(4.12),  the  time  constant  b  of  the  simple  RC  integrating  network  shown  in 
Fig.  4.7  is 

b  =  R  ~+RLRC  (4'28) 


and  the  gain  k/b  is 


k  =  J_ 
b  RC 


(4.29) 


If  the  effect  of  leakage  and  loading  is  negligible  ( RL  — >  =o),  Eqs.  (4.28)  and 
(4.29)  reduce  to 

b  =  RC  \  =  L-c  (4.30) 

It  may  be  concluded  that 


1.  In  the  simple  RC  network,  large  values  of  the  time  constant  b  desir¬ 
able  for  good  integration  can  be  obtained  only  at  the  expense  of  large 
values  of  R  and  C  and  of  low  gain. 

2.  The  effect  of  connecting  a  load  to  a  simple  RC  integrator  is  to 
decrease  the  time  constant  b  and  thus  the  accuracy  of  integration. 


The  RC  network  has,  on  the  other  hand,  the  obvious  advantages  of 
being  simple,  inexpensive,  and  free  of  drift,  since  it  requires  no  vacuum 
tubes.  RC  integrators  will  often  be  satisfactory  in  cases  involving  rela¬ 
tively  short  computing  times  or  for  input  voltages  containing  only  rela¬ 
tively  high-frequency  components. 

Initial  Conditions.  It  was  mentioned  already  in  Chaps.  1  and  2  that 
each  integrator  must  be  provided  with  means  for  introducing  initial  condi¬ 
tion  voltages  into  the  computer  setup.  Practical  circuits  for  accomplish¬ 
ing  this  purpose  are  described  in  Sec.  7.1. 

4.4.  Some  Electronic  Integrators.  Introduction:  The  Perfect  Integra¬ 
tor.  The  electronic  integrators  to  be  discussed  in  this  and  the  following 
sections  constitute  attempts  to  improve  the  performance  of  the  basic  RC 
network,  essentially  by  reducing  the  effects  of  the  “  counter-emf  ”  which 
tends  to  oppose  the  charging  current  of  an  integrating  capacitor.  Such 
electronic  circuits  will,  then,  permit  higher  values  of  the  integrator  time 
constant  without  affecting  the  integrator  gain  detrimentally. 

McCool1  has  pointed  out  that  the  problem  of  integrator  design  may  be 

1  McCool,  W.  A.,  An  Improved  Analog  Computing  Circuit,  N RL  Rept.  P-3423 
(unclassified),  Feb.  23,  1949. 
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reduced  to  that  of  developing  a  perfect  current  generator  (with  zero  shunt 
admittance)  whose  current  output  is  accurately  proportional  to  the  inte¬ 
grator  input  voltage  Xx.  The  current  integrator  is  then  used  to  charge 
an  integrating  capacitor  (Fig.  4.9) ;  according  to  (4.1 1),  the  voltage  on  the 
capacitor  will  be  the  time  integral  of  the  current  and  thus  of  the  input 
voltage  X\.  The  reader  will  find  it  instructive  to  interpret  the  electronic 
integrators  in  this  chapter  as  attempts  to  realize  such  an  arrangement. 


CURRENT 

GENERATOR 


I 

CP 


i 


Fig.  4.9.  Equivalent  circuit  of  a  perfect  integrator. 


Looking  at  the  question  of  a  “perfect”  integrator1  from  the  most 
general  possible  viewpoint,  it  can  be  said  that  the  physical  realization  of  a 
true  integrator  with  a  transfer  function 


Xo  =  kl 
Xi  bP 


(4.32) 


is  theoretically  possible  and  may  be  approached  in  practice  by  increasing 
both  b  and  k  in  transfer  functions  such  as  (4.13).  Since  the  ideal  transfer 
function  (4.32)  implies  the  use  of  a  device  having  infinite  gain  at  zero  fre¬ 
quency,  a  true  integrator  must  involve  an  “active”  circuit  with  critical 
regeneration;  no  passive  network  can  satisfy  this  requirement.  Of  the 
electronic  integrators  discussed  in  this  chapter,  the  bootstrap  integrator 
(see  page  137)  and  the  regenerative  feedback  integrator  (see  Sec.  4.7)  do 
make  use  of  regenerative  amplifiers  and  are  theoretically  capable  of 
integrating  perfectly. 

In  general,  practical  electronic  integrating  devices  are  capable  of 
approximating  the  ideal  transfer  function  (4.32),  throughout  a  useful 
range  of  frequencies,  with  or  without  the  use  of  regenerative  amplifiers. 
In  each  case,  a  careful  accuracy  analysis  will  be  necessary  to  determine  the 


1  It  should  be  mentioned  in  passing  that,  unlike  the  true  integrator,  the  ‘‘perfect” 
differentiator  is  not  physically  realizable.  The  ideal  differentiator  would  have  a 
transfer  function 

^  =  ±P  (4.31) 

A  i 

This  would  imply  infinite  gain  at  infinite  frequency,  a  condition  impossible  to  attain 
in  practice.  Reasonable  approximations  to  (4.31)  may  be  obtained  for  limited  fre¬ 
quency  ranges.  A  number  of  circuits  suitable  for  electronic  differentiation  are  pre¬ 
sented  in  the  Appendix. 
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errors  involved  in  the  approximation.  Such  an  accuracy  analysis  is  pre¬ 
sented  in  Sec.  4.5  for  a  frequently  used  type  of  integrator. 

The  question  of  setting  up  initial  conditions  in  integrators  will  be  taken 
up  in  Sec.  7.1. 

RC  Integrating  Network  with  Buffer  Amplifier.  The  disadvantages 
which  result  from  loading  an  RC  integrating  network  may  be  largely 
overcome  through  the  use  of  a  buffer  amplifier,  as  indicated  in  Fig.  4.10. 
The  buffer  amplifier  (which  might  be  a  cathode  follower  or  have  a  cathode- 
follower  input  stage)  presents  a  high  impedance  to  the  integrating  net¬ 
work  and  isolates  it  from  the  load.  The  amplifier  may  also  be  used  to 
increase  the  integrator  gain,  but  high  values  of  R  and  C  may  still  be 
needed  to  obtain  a  satisfactory  time  constant  RC.  The  use  of  a  buffer 
amplifier  cannot,  of  course,  overcome  the  loading  effect  of  the  capacitor 


x,  c 


R 


AMAA 


BUFFER 

AMPLIFIER 


*0  Xo 


Fig.  4.10.  Simple  integrating  network  with  buffer  amplifier. 


leakage  resistance.  Finally,  unless  special  precautions  are  taken  (see 
Chap.  5),  the  grid  current  of  the  buffer  amplifier  may  present  a  further 
problem  by  acting  as  a  spurious  input  source  which  tends  to  charge  the 
capacitor  and  thus  to  cause  drift  in  the  integrator  output. 

RC  Integrators  Using  “ Amplified  Resistance.”  Another  class  of  elec¬ 
tronic  integrators  attempts  to  increase  the  integrating  resistance  R  ol  an 
RC  network  by  replacing  the  resistor  R  in  Fig.  4.7  with  the  '‘dynamic 
plate  resistance  ”  of  a  vacuum  tube.  Figure  4.11a  shows  a  vacuum-tube 
circuit  with  current  feedback  introduced  by  means  of  the  cathode  resistor 
Rk-  In  this  circuit,  the  tube  acts  like  a  voltage  source  tending  to  oppose 
any  current  changes  A i  in  the  cathode  resistor,  as  indicated  by  the  equiv¬ 
alent  circuit1  shown  in  Fig.  4.116,  where  n  and  rv  are  the  amplification 
factor  and  plate  resistance  of  the  tube,  respectively.  As  a  result,  the 
tube  looks  like  a  resistance  (“dynamic  plate  resistance”) 

Z  =  [rp  +  (1  +  h)Rk]  (4-33) 

to  any  reasonably  small  voltage  change  applied  at  the  terminals  shown 
(Fig.  4.11c),  while  the  steady-state  d-c  voltage  across  the  tube  and  its 

1  For  a  discussion  of  vacuum-tube  equivalent  circuits,  see  I).  (».  I  ink,  Engineering 
Electronics,  McGraw-Hill,  Xew  5  ork,  1938. 
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a  be 

Fig.  4.11.  Equivalent  circuits  illustrating  the  dynamic  plate  resistance  of  a  vacuum 
tube.  Because  of  the  current  feedback,  the  circuit  tends  to  oppose  changes  (i  —  i0) 
in  the  plate  current. 


R  -25  K 


b 

Fig.  4.12.  Electronic  integrator  based  on  resistance  amplification  and  equivalent 
circuit. 
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cathode  resistor  still  has  a  reasonable  value.  It  may  be  said  that  the  tube 
has  "amplified”  the  resistance  RK  of  the  cathode  resistor.  Such  resist¬ 
ance  amplification  is  particularly  effective  with  pentodes  because  of  the 
high  effective  value  of  y. 

The  application  of  this  principle  requires  considerable  ingenuity,  since 
the  tube  supply  voltages  must  not  be  permitted  to  interfere  with  the 
operation  of  the  integrating  circuits.  In  the  integrator  circuit  shown  in 
Fig.  4.12a,1  use  is  made  of  the  "dynamic  plate  resistance”  of  a  tube 
(triode  or  pentode)  to  obtain  an  "amplified  time  constant.”  The  equiv¬ 
alent  circuit  for  voltage  changes  is  shown  in  Fig.  4.126.  Analysis  of  this 
circuit  yields  the  transfer  function  for  voltage  changes  or  dynamic  transfer 
function 


X0  -  X, 


oO 


M 


Xx 


^+1^+(M+1)+^ 
i + , 


(4.34) 


RCP  +  1 


In  this  analysis,  Xo0  is  the  value  assumed  by  XQ  for  X\  =  0;  Xo0  may  be 
referred  to  as  the  quiescent,  zero  signal,  or  reference  output  voltage  with 
respect  to  ground.  The  time  constant  6  and  the  gain  k/b  of  this  integra¬ 
tor  are,  respectively, 


6  = 


g+(M+D+^ 
rs  +  i  ~ 

r 


RC 


k 

b 


—  M 


RC 


[  v 

R 


+  (m+  1)  +-f 


(4.35) 


In  the  circuit  of  Fig.  4.12a,  the  resistor  r  shunting  the  vacuum  tube  is 
necessary  to  provide  a  path  for  the  d-c  plate  supply  voltage.  In  order  to 
decrease  this  shunting  effect  while  still  maintaining  the  d-c  plate  voltage, 
McCool2  has  ingeniously  replaced  r  by  the  dynamic  plate  resistance  Z  of  a 
second  tube,  as  shown  in  Fig.  4.13.  The  dynamic  transfer  function  of 
the  improved  circuit  is 


X0  -  X, 


oO 


—  M 


1 


Xx 


^+l£+(M+l)+^ 


(4.36) 


r-*  +  i 


RCP  +  1 


1  This  circuit  seems  to  have  been  described  in  the  literature  first  by  G.  A.  Philbrick, 
Designing  Industrial  Controllers  by  Analog,  Electronics ,  June,  1948. 

2  McCool,  op.  cit. 
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with 


6  = 


+  (m  +  1)  +  ^ 
i 

z  ^ 


RC  and 


k 

b 


RC 


+  (m  +  1)  + 


Z 


(4.37) 


In  the  integrator  circuit  of  Fig.  4.14a,  one  tube,  V i,  is  used  to  “amplify” 
its  cathode  resistance  RK,  whereas  another  similar  tube,  V 2,  acts  as  a 


voltage  amplifier  and  increases  the  gain  of  the  circuit.  The  equivalent 
circuit  for  voltage  changes  is  shown  in  Fig.  4.146,  and  the  nodal  equation  is 

0  =  (X0  -  Xoo )  Q-  +  \  +  Cp)  +  [(X0  -  Xo0 )  +  mXx)]  \  (4.38) 

The  dynamic  transfer  function  is  given  by 


X0  -  X, 


o  0 


XX 


i.±2 

R,  \Z 
Ri 


ZC 


P  +  1 


+  2 


(4.39) 


where  Z  is  obtained  from  (4.33).  The  time  constant  6  and  the  gain  kj  b 
of  the  circuit  are,  respectively, 


6  = 


ZC 


k 

b 


ZC 


(4.40) 
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The  circuit  shown  in  Fig.  4.15a  is  a  variation  of  the  two-pentode  inte¬ 
grator  shown  in  Fig.  4.14a.  If  the  use  of  a  power  supply  “floating”  with 
respect  to  ground  is  admissible,  this  circuit  permits  one  to  obtain  the 
integrated  output  voltage  at  zero  reference  level  with  respect  to  ground. 


o  b 

Fig.  4.14.  Two-pentode  integrator  and  equivalent  circuit. 


Fig.  4.15.  Two  two-pentode  integrator  circuits  with  output  at  zero  reference  level. 

The  time  constant  and  gain  of  this  circuit  are  also  given  by  (4.40).  1  he 

circuit  of  Fig.  4.156  does  away  with  the  floating  power  supply  at  the 
expense  of  integrator  accuracy. 

In  the  above  circuits,  the  time  constant  6  depends  on  the  value  of  the 


136 


ELECTRONIC  ANALOG  COMPUTERS 


cathode  resistance,  which  is  necessarily  limited  to  about  100,000  ohms. 
In  the  integrator  shown  in  Fig.  4.16,  an  additional  integrating  resistor  R 
is  added  to  the  cathode  resistor  RK  of  the  ‘'resistance  amplifier”  tube  V 
The  second  tube  V  2  acts  again  as  a  voltage  amplifier.  The  equivalent 


GROUNDED  THROUGH 
POWER  SUPPY 


Q  ^jR i 


Rk=O.I  Megohm  R  =  4  Megohms  C  =  20  microfarads 
Fig.  4.16.  Another  integrator  circuit  based  on  resistance  amplification. 

circuit  for  voltage  changes  is  shown  in  Fig.  4.166,  and  the  time  constant  6 
and  gain  k/b  of  the  circuit  are  found  to  be,  respectively, 

6  =  )4\Z  +  (2  +  ix)R]C  ) 

k  _  — M  (4.41) 

6  [Z  +  (2  +  vl)R]C  j 

The  “amplified  resistance”  is  seen  to  have  the  value 

}^[Z  +  (2  +  fx)R] 

Whereas  the  technique  of  resistance  amplification  permits  substantial 
increases  in  the  values  of  the  time  constant  6,  all  the  integrators  shown  in 
Figs.  4.12  to  4.16  are  severely  affected  by  loading.  They  should,  accord¬ 
ingly,  be  connected  only  to  loads  of  high  impedance,  such  as  buffer  ampli¬ 
fiers,  which  can  also  be  used  to  obtain  output  at  zero  reference  level  with 
respect  to  ground  (Xo0  =  0)  where  this  is  necessary.  It  should  be  men¬ 
tioned,  finally,  that  the  circuits  shown  in  Figs.  4.14  to  4.16  possess  an 
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additional  advantage  in  that  the  “balanced”  arrangement  of  two  similar 
tubes  compensates,  in  a  measure,  for  certain  supply  voltage  variations. 
This  matter  will  be  discussed  in  more  detail  in  Chap.  5. 

The  examples  presented  do  not  exhaust  the  possibilities  of  resistance 
amplification;  many  other  circuits  and  combinations  are  possible.  These 
circuits  may  also  be  combined  with  some  of  the  other  integrating  circuits 
on  pages  137-139,  although  the  complications  of  such  a  procedure  are 
not  ordinarily  warranted.  In  general,  the  high  output  impedance  of  any 
d-c  amplifier  with  current  feedback  could  be  used  for  integration  pur¬ 
poses;  theoretically,  any  desired  value  of  resistance  can  be  obtained  in 
this  manner. 

Bootstrap  Integrator.  Another  type  of  integrator,  shown  in  Fig.  4.17,  is 
similar  in  principle  to  the  bootstrap  integrator,  originally  used  as  a  pulse 
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Fig.  4.17.  Block  diagram  of  bootstrap  integrator. 


integrator  to  provide  linear  sweep  for  fire-control  radar.  In  this  integra¬ 
tor,  a  feedback  circuit  is  used  to  neutralize  the  effects  of  the  “counter- 
emf”  which  arises  across  the  capacitor  as  the  input  voltage  attempts  to 
charge  it  through  the  resistance  R.  Specifically,  this  opposing  voltage  is 
amplified  by  a  d-c  amplifier  which  must  have  a  positive  forward  gain  A. 
The  amplifier  output  voltage  is  added  to  the  integrator  input  voltage  by 
means  of  the  summing  network  shown.  The  input  voltage  can  thus  be 
“boosted”  by  an  amount  sufficient  to  overcome  the  opposing  “emf”  of  the 
capacitor.  If  the  amplifier  gain  is  correctly  chosen,  the  resulting  voltage 
across  the  capacitor  C  and  thus  also  the  amplifier  output  voltage  will 
be  proportional  to  the  time  integral  of  the  input  voltage  AT. 

It  should  be  noted  that  this  integrator  does  not  neutralize  the  voltage 
opposing  the  charging  voltage  by  inverse  feedback  but  rather  supplies 
just  enough  extra  voltage  “boost”  to  permit  the  capacitor  to  charge  in 
the  manner  shown  in  Fig.  4.9. 
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If  the  leakage  resistance  RL  is  neglected,  the  transfer  function  of  the 
bootstrap  integrator  in  Fig.  4.17  is  found  (from  the  nodal  equation)  to  be 

X0  A  A 

Xx  RCP  +  (2  -A)  (2  _  A)  /  RC  p  +  A  (4.42) 


When  the  leakage  resistance  is  taken  into  consideration,  Eq.  (4.42)  is 
replaced  by 

X0  _  A 

Xi 


RCP  +  +  2 


~A) 


'R_ 
.  Rl 


+  2  —  A 


RC 


1  +  2~A 


PA-  1  \  (4.43) 


The  time  constant  of  this  integrator  is  seen  to  be 


and 


True  integration,  or 


RC 

(4.44) 

k  A 
b  ~  RC 

(4.45) 

X0  A 

Xi  RCP 

(4.46) 

will  be  obtained  if  the 
adjusted  so  that 


amplifier  gain  .4  and  the  resistances  R  and  r  are 


-  +  2-^=0 
n  l 


(4.47) 


Little  is  known  about  practical  applications  of  this  type  of  integrator  at 
the  present  time.  While  the  quality  of  the  integration  will  be  sensitive  to 
the  gain  and  resistance  adjustments,  the  use  of  high-quality  resistors  and 
of  a  stable  feedback  amplifier  should  result  in  good  integration.  Nega¬ 
tive  feedback  around  the  amplifier  will  permit  one  to  obtain  a  stable, 
adjustable  gain  A  and  will  also  reduce  the  voltage  appearing  on  the  input 
grid.  Integrators  of  this  type  can  be  used  to  drive  reasonable  loads 
(5,000  to  10,000  ohms)  without  affecting  the  quality  of  the  integration. 

4.5.  The  Parallel-feedback  Integrator:  Error  Analysis  of  a  D-c  Inte¬ 
grator.  Introduction.  The  feedback  integrator  shown  in  Fig.  4.18  and 
briefly  described  in  Sec.  1.4  is  the  one  most  generally  used  in  computer 


NETWORKS  AND  OPERATIONAL  A  Mi'Ll  PIERS 


J39 


applications  because  of  its  ability  to  perform  accurate  integration  with 
little  attenuation  and  with  reasonable  values  of  resistance  and  capaci¬ 
tance.  Again,  the  quality  of  integration  is  not  badly  impaired  by  match¬ 
ing  the  output  to  a  potentiometer  of  reasonably  low  impedance  (5,000 
to  100,000  ohms). 

The  integrator  shown  in  Fig.  4.18  consists  of  an  integrating  feedback 
network  comprising  the  resistance  R  and  the  capacitance  C  in  conjunc¬ 
tion  with  a  d-c  amplifier  of  gain  A  ;  since  the  leakage  resistance  RL  of  the 
capacitor  constitutes  an  additional  feedback  path,  this  must  also  be  taken 
into  consideration.  An  input  voltage  Xx  will  attempt  to  charge  the 
capacitor  plates  connected  to  the  amplifier  grid.  The  output  voltage  X0 
of  the  negative  gain  d-c  amplifier  will,  however,  tend  to  charge  the  other 
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Fig.  4.18.  Block  diagram  of  a  parallel-feedback  integrator. 


capacitor  plates  so  as  to  neutralize  the  charge  on  the  input  side.  The 
net  effect  is  to  keep  the  grid  voltage  (which  would  tend  to  oppose  the 
input  voltage  Xi)  quite  small  while  the  output  side  of  the  capacitor  is 
charged  to  a  voltage  X0  proportional  to  the  negative  time  integral  of  the 
input  voltage  Xi. 

The  purpose  of  the  following  analysis  is  to  find  integrator  designs  such 
that  the  output  voltage  X0  of  the  integrator  will  be  as  closely  as  possible 
proportional  to  the  time  integral  X\/P  of  the  input  voltage  Xx.  Because 
of  the  usefulness  of  the  parallel  inverse  feedback  integrator,  the  latter  has 
been  chosen  here  as  the  subject  of  a  rather  detailed  error  analysis.  Some 
errors  inherent  in  physical  amplifiers  (distortion,  drift,  etc.)  are  con¬ 
sidered  as  well  as  the  properties  of  the  linear  circuits  involved. 

Performance  Equation.  In  Fig.  4.18,  the  current  flowing  through  R 
must  be  equal  to  the  sum  of  the  currents  flowing  through  RL  and  C'  if  grid 
current  is  neglected  for  the  time  being.  The  “nodal  ”  equation  expressing 
Kirchhoff’s  first  law  is  thus 


CP  +  R„ 


) 


(4.48) 
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so  that 


X0  = 


R 
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The  time  constant  b  and  the  gain  lc/b  are,  in  this  case, 


(1  -  A)  RC 

(l-A)E  +  l 

lb  L 


k  _  A 
b  ~  (1  -  A)RC 


(4.49) 

(4.50) 


(4.51) 


which  makes  it  possible  to  obtain  substantially  better  results  than  with  a 
simple  RC  network.  The  expressions  (4.51)  may  be  substituted  into 
equations  like  (4.14),  (4.17),  (4.20),  and  (4.23)  to  give  further  information 
on  the  integrator  performance. 

It  may  be  seen  that  true  integration,  or 

Yx  =  (1  -  A)RCP  (~  “  RCP  f°r  A!  >:>  0  ('4'52) 

is  approximated  most  closely  for  small  values  of  the  quantity 

(1  —  -4)  p-  +  1 

IbL 


In  practice,  this  can  be  achieved,  for  instance,  by  making  the  gain  A  large 
(from  103  to  107  at  low  frequencies)  and  by  using  capacitors  with  as  high 
a  leakage  resistance  RL  as  possible.  Dielectric  absorption  acts  somewhat 
like  a  leakage  resistance  which  is  variable  with  frequency  and  should  also 
be  kept  to  a  minimum.  The  actual  choice  of  the  type  of  integrating 
capacitor  is  discussed  in  Sec.  5.5. 

Integrator  Calibration.  If  the  integrator  transfer  function  is  taken  to  be 


X0  _  A 
Xx  (1  -  A)RCP 


(4.53) 


the  value  of  A /[{l  —  A)RC]  may  be  found  by  actually  measuring  the 
output-to-input  voltage  ratio  by  means  of  a  good  potentiometer.  Equa¬ 
tion  (4.53)  may  be  replaced  by 

Xo  _  1 


RCP 


(4.54) 
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with  a  percentage  calibration  error  of  magnitude 


€<•  = 


100 

A 


(4.55) 


Careful  selection  of  components  makes  it  possible  to  determine  the  desired 
value  of  RC  in  (4.54)  within  0.5  per  cent. 

Effects  of  Finite  Gain  and  Leakage.  A  quantitative  estimate  of  the 
accuracy  of  (4.53)  and  thus  of  the  quality  of  integration  is  found  by  sub¬ 
stituting  the  values  of  b  and  k  from  (4.51)  into  Eq.  (4.20).  The  per¬ 
centage  error  e  due  to  finite  gain  and  leakage  is  found  to  satisfy  the 
relation 


€  < 
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(1  -  A)RC 


(1  —  A)  +  1 


(4.56) 


If  finite  gain  and  leakage  were  the  only  cause  of  error,  Xa  must  be  within 
€  per  cent  of  the  integral  form 


if 


X°  (1  -  A)RCP  Xl 
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e(l  -  A)RC 
(1  -  .4)  L  +  1 


(4.57) 


which  is  a  special  case  of  (4.21). 

As  in  Sec.  4.3,  this  important  criterion  is  not  restricted  to  the  case  of 
unit  step-function  input  voltages,  since  the  networks  in  question  are 
linear,  and  any  input  voltage  AT(r)  may  be  represented  as  a  sum  of  suit¬ 
able  step  functions.  The  condition  given  by  (4.57)  constitutes  a  limitation 
on  the  maximum  allowable  computing  time  if  the  integrator  errors  are  not  to 
exceed  a  given  percentage ,  e,  of  the  output  voltage. 

In  well-designed  summing  amplifiers,  errors  due  to  gain  changes  and 
distortion  may  be  made  so  small  that  their  effects  are  practically  negli¬ 
gible.  In  electronic  integrators,  however,  even  small  initial  errors  may 
increase  owing  to  the  very  nature  of  the  integration  process.  It  is,  there¬ 
fore,  necessary  to  estimate  all  errors  as  carefully  as  possible. 

Effect  of  Changes  in  Gain  and  Leakage.  Changes  of  the  amplifier  gain 
A  may  affect  the  error  estimates  given  by  Eqs.  (4.56)  and  (4.57).  The 
results  of  (4.56)  and  (4.57)  may  also  be  affected  by  changes  in  the  leakage 
resistance  RL  (due  to  changes  in  atmospheric  moisture,  etc.).  The  rela¬ 
tions  (4.51),  (4.56),  and  (4.57)  should,  therefore,  always  be  computed  for 
the  most  unfavorable  values  of  A  and  RL.  In  any  case,  errors  due  to 
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changes  in  gain  and  leakage  are  minimized  by  making  the  amplifier  gain 
.1  as  large  as  possible.  Again,  it  should  be  noted  that  the  considerations 
of  this  paragraph  are  not  restricted  to  step-function  input  voltages  as  long 
as  gain  and  leakage  do  not  change  appreciably  during  the  computation. 

The  Effect  of  Distortion.  An  amplitude  distortion  of  e/,  per  cent  maybe 
interpreted  as  due  to  a  voltage  e/,(A\,/100)  added  to  the  output  voltage 
X0  of  an  amplifier  or  as  due  to  a  gain  change  t»A/ 100  applied  only  to 
certain  portions  of  the  signal.  The  errors  due  to  distortion  may  be  con¬ 
sidered  as  due  to  gain  changes  and  thus  estimated  for  the  case  of  sinusoidal 
or  step-function  input  voltages.  For  more  complicated  input  voltages, 
the  errors  are  not  easy  to  estimate  because  of  the  nonlinear  nature  of 
circuits  with  distortion. 


Qualitatively  speaking,  the  effects  of  distortion  will,  in  general,  be 
reduced  by  the  feedback;  the  errors  will  be  minimized  by  making  the 
forward  gain  A  as  large  as  possible  and  by  reducing  t/RC. 

The  Effect  of  Stray  Input  Voltages.  In  d-c  analog  computers,  the  out¬ 
put  of  each  amplifier  is  balanced  to  zero  by  some  biasing  arrangement 
before  computation,  so  that,  in  the  ideal  case,  only  the  desired  signal 
voltages  can  act  on  the  integrator  input  terminals.  Actually,  certain 
stray  voltages,  due  to  noise  pickup  and  unbalances  in  the  d-c  amplifier 
resulting  from  grid  current  and  drift,  do  occur.  They  are  integrated  and 
may  lead  to  errors  in  the  integrator  output  voltages. 

A  noise  pulse  will  be  integrated  in  the  manner  shown  in  Fig.  4.19.  As 
long  as 


1  +  (1  “  A)  Tl 
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high-frequency  random  noise  will  tend  to  cancel  itself  during  the  integration 
process. 

D-c  integrators  are  fairly  susceptible  to  errors  resulting  from  pickup  of 
00-cycle  a-c  hum.  Hum  voltages  should  be  kept  out  of  the  equipment  by 
reasonable  shielding  and  placement  of  leads  and  power  supplies  which 
carry  alternating  currents. 

A  steady  unbalance  voltage  Ee  due  to  grid  current,  d-c  amplifier  drift,  etc., 
at  the  input  of  an  isolated  integrator  acts  like  a  step-function  input  and  leads 
to  an  absolute  output  error  drift  approximately  equal  to 


E, 


RC  (1  -  .4) 


(4.58) 


In  order  to  minimize  this  drift,  which  may  lead  to  serious  difficulties,  it 
may  be  expedient  to  balance  each  amplifier,  not  simply  for  zero  output 


R. 


voltage,  but  rather  for  zero  drift.  This  will  help  to  eliminate  the  error 
given  by  (4.58).  Above  all,  reduction  of  integrator  drift  must  be  accom¬ 
plished  by  careful  design  of  amplifiers  and  power  supplies  as  discussed  in 
Chap.  5. 

In  many  computer  applications,  the  d-c  integrators  are  not  isolated 
but  are  set  up  in  feedback  loops  to  simulate  stable,  damped  oscillations. 
In  such  circuits,  any  temporary  unbalance  will  tend  to  damp  out,  and  any 
steady  unbalance  voltage  will  only  change  the  zero  point  or  reference  level 
of  the  output  voltage  scale.  The  amplifiers  in  such  a  system  need  only 
be  balanced  for  zero  output  at  zero  input  voltage. 

Summing  Integrators.  It  was  shown  in  Sec.  1.4  that  summing  and 
multiplication  by  constants  may  be  achieved  at  the  input  of  an  integrator. 
Such  a  summing  integrator  is  shown  in  Fig.  4.20.  The  output  voltage  of 
this  circuit  is  given  by 
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Xo  = 


$1 

t  =  1 


(4.59) 


(1  - 


A)CP  +  l^A  +  ^T 


1  =  1 


or  approximately  by 


Xe  = 


~Z 

i  —  1 


Xj 

RtCP 


(4.60) 


if  the  voltages  X\,  X2,  .  .  .  ,  Xn  are  applied  to  the  input  terminals. 
Equation  (4.60)  is  commonly  used  for  the  calibration  of  summing  integrators. 
It  may  be  shown  that  the  error  analysis  expressed  in  Eqs.  (4.51),  (4.56), 
and  (4.57)  will  apply  to  the  summing  integrator  if,  in  each  equation,  R  is 


e placed  by 


which  is  the  equivalent  resistance  of  the  summing 


t  =  i 

resistors  R ,•  taken  in  parallel.  The  equivalent  time  constant  for  the  sum¬ 
ming  integrator  is  thus 


b  = 


(1  -  A)CRl 

n 

(1  —  A)  +  Rl  ^  jjr 

t  =  1 


(4.61) 


In  particular,  Eq.  (4.57)  for  the  maximum  computing  time  allowable  for  a 
given  percentage  error  e  becomes 


r 


e(l  ~  A)RlC 

n 

(i  -  a) + bl  y  i 

v  =  1 


(4.62) 


Effect  of  D-c  Amplifier  Input  Resistance.  The  effect  of  the  finite  input 
resistance  R„  of  the  integrating  amplifier  has  hitherto  been  neglected. 
This  resistance  (see  Fig.  4.21)  may  be  considered  simply  as  a  grounded 
input  terminal  in  a  summing  integrator.  The  results  of  the  last  para¬ 
graph  show  that,  as  far  as  the  quality  of  integration  is  concerned,  RQ 
decreases  the  effective  value  of  R  as  if  it  were  connected  in  parallel  with 
R.  Accordingly,  it  is  desirable  to  keep  the  value  of  R„  as  high  as  possible, 
and  if  possible,  the  use  of  cathode-follower  input  to  the  amplifier  is 
indicated. 
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Effects  of  Finite  Source  and  Load  Impedances.  As  with  the  summing 
amplifier,  the  effects  of  source  and  load  impedances  on  the  integrator 
must  be  taken  into  account  in  order  to  predict  its  performance  in  actual 
computations.  This  subject  will  be  treated  in  Sec.  4.7. 

High-frequency  Performance  Requirements.  The  high-frequency  per 
formance  requirements  for  the  d-c  amplifiers  used  in  parallel-feedback 
integrators  are  similar  to  those  for  summing  amplifiers  (Sec.  4.2),  but 


R  c 


they  are  somewhat  less  stringent  owing  to  the  low  high-frequency  response 
needed  in  integrators. 

1.  The  absolute  value  of  the  d-c  amplifier  forward  gain  A  must  satisfy 
the  condition  (4.5G)  throughout  the  anticipated  range  of  signal  fre¬ 
quencies  for  each  given  permissible  value  of  the  percentage  error  e. 

2.  The  integrator  must  be  stable;  this  will  be  the  case  if  the  roots  of  the 
equation 

[1  -  A(P)]RCP  +  [1  -  A(P)]  |-fl=0 
have  only  negative  real  parts. 

3.  The  integrator  phase  shift  should  not  deviate  from  90  deg  by  more 
than  0.1  deg  throughout  the  frequency  range  used. 

As  in  the  case  of  summing  amplifiers,  the  gains  and  phase  shifts  of 
several  cascaded  integrators  may  add  in  certain  computer  setups  and 
lead  to  instability. 

Conclusions.  Most  errors  in  the  electronic  integrators  discussed  in 
this  section  are  reduced  by  using  a  shorter  computing  time,  high  gain, 
high  leakage  resistance,  and  a  long  integrator  time  constant. 

The  errors  due  to  finite  gain,  gain  changes,  and  distortion  can  be  made 
very  small  by  using  high  values  of  the  d-c  amplifier  gain  .4  and  certain 
types  of  feedback  amplifiers.  The  most  serious  errors,  then,  arise  from 
drift  due  to  unbalances  in  d-c  amplifiers.  These  errors  must  be  mini- 
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mized  by  carefully  balancing  the  amplifiers,  by  using  well-regulated  power 
supplies,  and  by  improved  amplifier  design.  Errors  may  also  be  reduced 
by  decreasing  t/RC  within  the  limits  set  by  scale-factor  considerations. 

4.6.  General  Discussion  of  Operational  Amplifiers  and  Networks. 
Introduction.  In  many  applications  of  d-c  analog  computers,  it  is  feasible 
to  effect  considerable  reductions  in  the  number  of  integrators  and  ampli¬ 
fiers  needed  to  set  up  a  given  problem.  This  is  made  possible  by  utilizing 
special  setups  which  are  not  directly  related  to  the  differential  analyzer 
techniques  described  in  Chaps.  1  and  2  but  well  applicable  to  d-c  analog 
computers. 


R 

X  o — W\M - 1 

r 

(b) 

Fig.  4.22.  Two  possible  computer  setups  for  a  relation  of  the  form 
X  =  i  (1  +  T0P)Y  (T0  >  0) 

Special  Computing  Networks.  As  a  first  example,  consider  a  machine 
variable  (voltage)  Y  which  is  related  to  another  machine  variable  X  by 
the  differential  equation 

X  =  ^  (1  +  ToP)Y  (T0  >  0)  (4.63) 

Such  relations  are  of  importance  in  many  problems  describing  damping 
or  decay  phenomena.  Figure  4.22a  shows  how  such  a  relation  may  be 
established  through  the  use  of  conventional  differential  analyzer  tech¬ 
niques;  two  amplifiers  are  used.  In  many  cases,  it  may  be  useful  to  save 
the  amplifiers  (and  thus  to  avoid  any  drift  and  output  limitations  associ¬ 
ated  with  them)  by  using  the  simple  network  shown  in  Fig.  4.226.  The 
resistance  Rl  loading  the  network  (usually  the  input  resistor  of  an  opera¬ 
tional  amplifier)  must  be  considered  as  part  of  the  network.  According 
to  Eq.  (4.12),  the  network  will  make  the  voltage  Y  vary  with  X  in  the 
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manner  prescribed  by  the  desired  relation  (4.63),  with 
=  ( *=  RC  for  Rl  »  R) 

(«lforftL»i2)  (4.64) 


The  value  of  the  “time  constant”  T0  is  determined  by  the  values  of  R, 
Rl,  and  C.  It  might  be  interesting  to  note  that  the  transfer  function 


V  _  k 
X  ( ToP  +  1) 


(4.65) 


just  obtained  is  often  useful  as  a  first  approximation  to  the  transfer  func¬ 
tion  of  simple  servomechanisms  and  data  transmission  systems  possessing 
a  “time  delay”  T o. 


R 

X|  o - VMMr 


C+rcCP _ 

(c  +  C)+(r  +  R)cCP 


f  +  rRCP 

(R  +  r)  +  Rr(C+c)P 


_ rCP _ _ 

1  +  (RC  +  rc  +  rC)P+  rRcCP2 


!  +  (CR+cr)P  +  rRcCP2 

l+(CR  +  cr  +  cR)P  + rRcCP2 


Fig.  4.23.  Some  computing  networks  and  their  transfer  functions.  The  transfer 
functions  of  several  simpler  networks  may  be  obtained  from  those  given  by  considering 
one  or  more  resistances  and/or  capacitances  as  equal  to  zero  or  infinity. 


Figure  4.23  shows  a  number  of  other  computing  networks  and  their 
transfer  functions. 
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Parallel-feedback-type  Operational  Amplifiers.  An  entire  new  field  of 
interesting  possibilities  is  opened  by  a  generalization  of  the  operational 
amplifier  technique  already  applied  to  electronic  integration,  differentia¬ 
tion,  and  addition.  The  parallel -feedback-type  differentiators,  integra¬ 
tors,  and  summing  amplifiers  discussed  in  the  previous  sections  may  be 
considered  as  special  cases  of  the  general  operational  amplifier  circuits 
shown  in  block-diagram  form  in  Fig.  4.24.  The  forward  gain  A  of  the 
d-c  amplifiers  shown  is  real  and  negative  over  the  range  of  working  fre- 


(o) 


(b) 

Fig.  4.24.  Block  diagrams  of  general  parallel-feedback  operational  amplifiers. 


quencies.  The  transfer  function  of  the  amplifier  circuit  of  Fig.  4.24a  is 
derived  from  the  nodal  equation 


which  leads  to 


x)zW)  +  \^-X)zb) 


=  0 


Xo 

Xx 


(1  -  A)  +  1 


UP) 


This  latter  equation  reduces  to 


(4.66) 

(4.67) 


(1  -  A) 


UP) 

UP) 


Xo  _  Z0(P ) 
Xx  ZfP) 


(4.68) 


is  large  compared  with  unity  for  the  working  fre- 


if 
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quencies  in  question.1  The  transfer  function  expressed  by  Eqs.  (4.67) 
and  (4.68)  is  clearly  a  generalization  of  the  previously  derived  transfer 
functions  of  parallel-feedback  integrators  and  phase  inverters.  The 
simplified  transfer  function  (4.68)  may  hold  true  for  some  input  fre¬ 
quencies  but  not  for  others;  an  accuracy  analysis  similar  to  that  'presented 
in  Sec.  4.5  for  the  parallel-feedback  integrator  will  be  necessary  in  each  case. 

Many  interesting  applications  of  such  circuits  are  possible.2  In  par¬ 
ticular,  if  Eq.  (4.68)  holds,  this  expression  is  very  convenient  to  use  for 
approximating  many  transfer  functions  useful  especially  in  the  solution  of 
problems  in  automatic  control  engineering,  since  a  close  analogy  exists 
between  linear  servomechanisms  and  feedback  amplifiers  like  the  one 
shown  in  Fig.  4.24.  A  number  of  practically  useful  examples  are  pre¬ 
sented  in  tabular  form  in  Fig.  4.25. 

The  circuit  shown  in  Fig.  4.245  is  a  generalization  of  the  summing 
amplifiers  and  integrators  described  in  Sec.  1.3.  The  nodal  equation 
leads  to  the  performance  equation 


X0 


Xx 

Zi(P) 


+ 


x2 

Z*(P) 


Zo(P) 


(1  -  A)  +  Z0(P) 


A  _ 

-  1 —  -| - — - f 

Zi(P)  ^  Z2(P)  ^ 


(4.69) 


describing  the  amplifier  output  voltage  X0  in  terms  of  the  input  voltages 
Xi,  X2,  ....  If,  for  the  working  frequencies  used,  |A|  1  and 


Zo(P) 

|l  -A 


Zi(P)  +  Z2(P)  + 


« 1 


(4.70) 


then  Eq.  (4.69)  may  be  approximated  by 


X„ 


Xx  x2 

Zx(P)  ^  Z2(P) 


ZAP) 


(4.71) 


An  error  analysis  will  again  be  necessary  for  each  special  case.  Some 
general  properties  of  parallel-feedback  operational  amplifiers  are  dis¬ 
cussed  in  the  Appendix. 


1  For  the  purposes  of  steady-state  network  analysis,  each  impedance  operator  Z{P) 
may  be  considered  as  a  complex  impedance  function  Z(jo>)  of  the  circular  frequency 
This  follows  if  sinusoidal  voltages  of  the  form  A  cos  (ojt  +  a)  are  substituted  in  the 
circuit  equations  of  the  network  in  question. 

2  Ragazzini,  Randall,  and  Russell,  Analysis  of  Problems  in  Dynamics  by  Electric 
Circuits,  Proc.  IRE,  35:  444.  1947. 
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X,  (RCP  +  l)(rcP  +1) 

Fig.  4.25.  Table  of  simplified  transfer  functions 

lo  Zo(P) 

Xx  -  Zi(P) 

for  various  operational  amplifier  circuits. 


The  Use  of  High-gam  Amplifiers  for  Implicit  Computation.  The  use  of 
high-gain  d-c  amplifiers  for  implicit  computation  may  be  considered  as  a 
further  generalization  of  the  operational  amplifier  technique  and  is  not 
restricted  to  linear  operations. 

Figure  4.26  shows  a  computer  setup  which  is  sometimes  useful  for 
solving  a  machine  equation  of  the  type 

F(XlX2,  .  .  .  ,  Xn,X)  =  0 


(4.72) 
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for  the  machine  variable  X,  where  X\,  X?,  ■  ■  -  ,  X„  are  other  machine 
variables.  Inspection  of  Fig.  4.26  shows  that  the  relation  actually 
enforced  is 

F(X„X,t  .  .  .  ,  X.,X)  =  -  j 

but  for  large  values  of  the  d-c  amplifier  gain  .4  the  resulting  error  will  be 
negligible.  The  feedback  loop  shown  in  Fig.  4.26  will  be  degenerative  and 


F(X„X2  Xn,X) 

COMPUTING 

ELEMENTS 

FORMING 

F(X|,X2...Xn,X) 

- £ 

i 

xl< 

1 

HIGH -GAIN 
D-C  AMPLIFIER 
(GAIN  A<0) 

w  A  V 

Fig.  4.26.  Use  of  a  high-gain  amplifier  for  implicit  solution  of  the  machine  equation 
F(Xh  X 2  .  .  .  XH,  X)  =  0  with  >  0 


tend  to  be  stable  if  there  is  only  one  solution  X  =  X(Xi,Xz,  .  .  .  ,  Xn ) 
of  Eq.  (4.72)  and  if1 

A  ^  <  0  (4.73) 

If  the  sign  of  the  derivative  dF/dX  changes  as  the  machine  variables 
Xi,  X2,  .  .  .  Xn  change,  X  can  frequently  be  computed  by  solving  the 
machine  equation 

F§  =  °  <4-74> 

instead  of  Eq.  (4.72);  Eq.  (4.74)  constitutes  a  necessary  condition  that 
[F(Xi,X2,  .  .  .  ,  Arn,X)]2  be  a  minimum.  The  method  of  implicit  com¬ 
putation  by  means  of  high-gain  amplifiers  may  be  still  further  generalized 
to  permit  the  implicit  solution  of  ordinary  differential  equations  and  of 
sets  of  simultaneous  equations.  The  important  case  of  simultaneous 
linear  equations  is  discussed  in  Sec.  3.9.  A  number  of  other  applications 
are  discussed  in  Secs.  6.3  and  6.5. 


1  Greenwood,  I.  A.,  J.  V.  Holdam,  and  I).  MacRae,  Electronic  Instruments,  MIT 
Radiation  Laboratory  Series,  Vol.  21,  McGraw-Hill,  New  York,  1948. 
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The  high-frequency  stability  of  computer  setups  like  that  of  Fig.  4.26  will 
require  careful  investigation  in  each  case.  In  general,  the  loop  gain  of  the 
feedback  loop  will  vary  with  the  machine  variables  Xi,  X 2,  .  .  .  ,  X„. 
The  design  of  the  loop  must,  therefore,  necessarily  be  a  compromise;  for 
this  reason,  the  special  implicit  methods  just  described  should  never  be 
used  for  accurate  computation  without  the  most  careful  error  analysis. 

Other  T ypes  of  Operational  Amplifiers.  The  operational  amplifiers 
hitherto  discussed  in  this  section  were  all  of  the  parallel-feedback  type. 
It  is,  however,  possible  to  construct  operational  amplifiers  based  on  series 
feedback  in  the  manner  shown  in  Fig.  4.27.  The  integrator  circuit  of 


It- 


HJ/ 


-14 


■AINA - 


T 


-oX„ 


Fig.  4.27  Block  diagram  of  an  operational  amplifier  based  on  series  feedback  (G.A. 
Philbrick,  op.  cit.),  This  circuit  has  been  improved  by  McCool  (op.  cit.),  who  re¬ 
placed  the  screen  resistor  r  by  the  dynamic  plate  resistance  of  a  second  pentode 
(see  Sec.  4.4). 


Fig.  4.12  is  an  example  of  an  operational  amplifier  using  series  feedback. 
The  circuit  of  Fig.  4.271  has  the  transfer  function2 


Xo 

X: 


UP) 


-| - I — 

+  UP) 


+ 


«  1  (4.75) 


where  gm  and  rv  are  the  transconductance  and  plate  resistance,  respec¬ 
tively,  of  the  tube  used.  The  relatively  high  output  impedances  associ¬ 
ated  with  series  feedback  tend  to  make  such  circuits  less  useful  for  con¬ 
ventional  applications  than  the  corresponding  parallel-feedback-type 
operational  amplifiers. 


1  Philbrick,  op.  cit. 

2  McCool,  op.  cit. 
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Finally,  it  might  be  interesting  to  investigate  the  simultaneous  applica¬ 
tion  of  parallel  and  series  feedback  to  operational  amplifiers  and  also  the 
design  of  operational  amplifiers  for  computers  in  which  the  machine 
variables  representing  mathematical  quantities  are  currents  rather  than 
voltages. 

4.7.  Regenerative  Operational  Amplifiers.  Reduction  of  the  Effects  of 
Distortion  and  Instability  through  the  Use  of  Feedback.  One  might  think 
that  the  application  of  degenerative  feedback  might  decrease  the  effects 
of  distortion  and  gain  changes  and,  on  the  other  hand,  regeneration  could 
increase  the  effective  forward  gain  A  of  an  operational  amplifier  like  that 
of  Fig.  4.246  and  thus  make  its  performance  equation  correspond  more 
closely  to  the  desired  form 

X„  =  —  ^r-1  -(-  -j-  •  •  ^  Z0  (4.76) 


A  closer  investigation  shows  that  at  least  the  first  of  these  possibilities 
has  hardly  any  practical  value,  as  the  decrease  in  forward  gain  due  to 
degenerative  feedback  would  tend  to  offset  the  possible  advantages  of  the 
degeneration.  As  a  matter  of  fact,  it  is  shown  in  the  Appendix  that, 
whenever 


l(T~=rX) 


(4.77) 


the  percentage  errors  due  to  distortion  and  gain  changes  in  the  opera¬ 
tional  amplifier  of  Fig.  4.246  will  be  determined  by  the  quantities  e  iff  A 
and  eA/A,  respectively,  where  e/>  and  eA  are  the  respective  percentages  of 
distortion  and  gain  changes  in  the  d-c  amplifier  used.  This  implies  that 
'percentage  errors  due  to  distortion  and  gain  changes  in  linear  operational 
amplifiers  will  not  be  decreased  or  increased  through  the  application  of  over¬ 
all  feedback  ( either  degenerative  or  regenerative)  around  the  d-c  amplifier 
used  as  long  as  (4.77)  holds. 

As  a  result  of  these  considerations,  it  may  be  said  that  a  certain  amount 
of  over-all  regeneration  can  be  used  to  increase  the  forward  gain  of  an 
operational  amplifier  without  directly  increasing  the  effects  of  distortion 
and  gain  changes. 

Application  of  Feedback  around  Sections  of  the  D-c  Amplifier.  More 
interesting  results  can  be  achieved  through  the  use  of  feedback  around 
stages  or  groups  of  stages  of  multistage  d-c  amplifiers.1  The  amplifier 
shown  in  Fig.  4.28  will  serve  as  an  illustrative  example.  It  comprises  a 
voltage  amplifier  section  of  gain  «i  with  a  feedback  loop  of  feedback  ratio 

1  Korn,  G.  A.,  D-c  Integrator  Design,  Electronics ,  May,  1948. 
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Pi  and  a  power  amplifier  section  of  gain  a2  with  a  feedback  loop  of  feed¬ 
back  ratio  Pi.  The  over-all  gain  A  is 


A  -  cr^cf  <4'78> 

This  will  be  the  forward  gain  of  an  operational  amplifier  utilizing  the  d-c 
amplifier  in  question.  If  tai  and  ea2  are  percentage  gain  changes  in  the 
two  sections  of  the  d-c  amplifier,  respectively,  before  the  application  of 


Fig.  4.28.  Block  diagram  of  a  d-c  amplifier  with  feedback  around  sections  of  the 
amplifier. 


feedback,  the  corresponding  percentage  gain  change  e.*  of  the  entire  d-c 
amplifier  is 


so  that 


1 


tal 

-  aipi 


+ 


Cq2 

1  —  02jS2 


— 

A 


did  2 


[€<u(l  —  P2)  +  eu2(l  —  Oi/3i)] 


(4.79) 

(4.80) 


Similarly,  if  tdi  and  ed2  are  the  distortion  percentages  of  the  two  ampli¬ 
fier  sections,  without  feedback,  the  corresponding  distortion  percentage 
of  the  entire  d-c  amplifier  is 


_  €,il _ ,  _  €d2 

1  <X\Pi  1  —  £ li/32 

and  thus 

~j  =  ~r~r  [edi(l  —  (I2P2 )  +  e(;2(l  —  aiPi )] 

Al  did  2 

The  expressions  (4.80)  and  (4.82)  may  be  introduced  into  the  analysis 
of  the  effects  of  gain  changes  and  distortion  in  high-gain  operational 
amplifiers  derived  in  the  Appendix.  This  analysis  leads  to  the  conclusion 
that  with  many  operational  amplifier  circuits  the  effects  of  gain  changes  and 
distortion  in  the  power  amplifier  section  can  be  made  very  small  through  the 
use  of  near-critical  regeneration  in  the  voltage  amplifier  section,  as  well  as  by 
high  stage  gains  in  all  stages.  More  generally,  the  effects  of  gain  changes 
and  distortion  in  any  stage  can  be  reduced  through  the  application  of 


(4.81) 

(4.82) 
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regenerative  feedback  to  other  stages  or  groups  of  stages  of  the  d-c 
amplifier. 

The  results  just  derived  indicate  the  use  of  regenerative  feedback  around 
sections  of  multistage  d-c  amplifiers  as  a  very  useful  method  for  increasing  the 
accuracy  of  operational  amplifiers.  Such  feedback  will  tend  to  make  the 
performance  equation  correspond  more  closely  to  the  desired  form  (4.76), 
will  reduce  the  output  impedance  of  parallel-feedback  operational  ampli¬ 
fiers,  and  will  help  to  minimize  the  effects  of  distortion  and  gain  changes 
in  the  d-c  amplifier. 

Before  deciding  on  the  application  of  regenerative  feedback,  one  must 
ascertain  (1)  whether  the  circuits  will  be  stable  (see  Sec.  5.1)  and  (2)  by 
how  much  the  “ return  differences”  (1  —  aifif),  (1  —  a^fif),  etc.,  can 
change  from  the  desired  small  values  as  the  result  of  changes  in  the  stage 
gains  and  feedback  network  parameters.  It  is  highly  desirable  to  design 
the  amplifier  so  that  frequent  readjustments  of  stage  gains  or  feedback 
ratios  are  not  necessary. 

A  good  example  of  a  d-c  amplifier  incorporating  internal  regenerative 
feedback  is  shown  in  Fig.  5.32.  Other  examples  have  been  discussed  by 
Valley  and  Wallman.1 

Feedback  around  one  or  more  stages  of  the  d-c  amplifier  is  also  used  at 
times  for  purposes  of  stabilizing  the  high-frequency  response  of  an  opera¬ 
tional  amplifier  (see  Sec.  5.4).  An  example  of  such  an  application  is 
shown  in  Fig.  5.39. 

Regenerative  Integrators.  If  the  absolute  value  of  the  negative  forward 
gain  A  of  a  parallel-feedback  integrator  of  the  type  shown  in  Fig.  4. 18 2  is 
made  very  large  through  regeneration  or  other  means,  the  transfer 
function 


X. 


_ ___  A _ 

(1  -  A)RCP  +  (1  —  A)-§-  +  1 

lb  L 


(4.83) 


derived  in  Sec.  4.5  becomes 


XQ  _  R  l  1 

X,~  ~~R  RlCP  +  1 


(4.84) 


The  “leakage  time  constant”  RLC  seems  to  constitute  an  upper  limit  for 


1  Valley,  G.  E.,  and  H.  Wallman,  Vacuum  Tube  Amplifiers ,  MIT  Radiation  Labora¬ 
tory  Series,  Vol.  18,  McGraw-Hill.  New  York,  1948. 

2  The  analysis  of  this  section  applies  to  summing  integrators  of  the  type  shown  in 
Fig.  4.20  if  the  quantity  R  in  (4.83)  and  the  following  equations  is  replaced  by 
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the  time  constant  (see  Sec.  4.5)  of  the  parallel-feedback  integrator.  This 
limitation  is  due  to  degenerative  feedback  through  the  leakage  resistance. 

An  infinitely  large  integrator  time  constant  or  perfect  integration  could 
be  realized  if  it  were  possible  to  make  the  quantity 

(1  -.4)^  +  1  (4.85) 

equal  to  zero  throughout  the  range  of  working  frequencies  of  the  integra¬ 
tor.  It  is  seen  that  the  expression  (4.85)  can  be  equal  to  zero  only  for 
positive  values  of  the  forward  gain  *4. 

Unfortunately,  this  condition  for  perfect  integration  cannot  be  satisfied 
by  simply  using  any  d-c  amplifier  whose  forward  gain  *4  is  positive  instead 
of  the  usual  negative-gain  amplifiers.  Since  the  phase  shift  of  the  inte¬ 
grator  feedback  network  is  practically  equal  to  90-deg  lead  at  high  fre¬ 
quencies,  any  high-frequency  phase  lag  in  an  ordinary  d-c  amplifier  of 
positive  gain  would  result  in  regeneration  and  tend  to  produce  instability  at 
high  frequencies;  the  resulting  circuit  would  act  essentially  like  a  multi¬ 
vibrator1  unless  special  precautions  were  taken  to  equalize  the  high- 
frequency  response. 

It  can  be  shown2  that  the  use  of  regeneration  either  around  the  entire  d-c 
amplifier  or  ( preferably )  around  a  section  of  the  d-c  amplifier  makes  it  possi¬ 
ble  to  obtain  a  positive  d-c  amplifier  gain  and  thus  to  make  the  quantity  (4.85) 
equal  to  zero  for  perfect  integration  without  making  the  integrator  unstable  at 
high  frequencies.  The  technique  just  described  can  be  a  striking  means 
for  improving  the  performance  of  d-c  integrators  by  overcoming  the 
effects  of  finite  amplifier  gain  and  capacitor  leakage. 

The  adjustment  of  a  regenerative  integrator  will  be  sensitive  not  only 
to  changes  of  the  forward  gain  A  of  the  amplifier  but  to  variations  in  the 
leakage  resistance  RL  as  well.  Changes  in  leakage  resistance  due  to 
changes  in  atmospheric  moisture  may  be  hard  to  avoid  if  the  values  of  RL 
are  very  large.  It  is  clear  that,  due  to  unavoidable  changes  in  gain  and 
leakage,  it  will  not  be  possible  to  achieve  perfect  integration  for  an  indefi¬ 
nite  time.  Nevertheless,  considerable  improvements  in  integrator  per¬ 
formance  can  be  obtained.  The  error  estimates  for  parallel-feedback 
integrators  derived  in  Sec.  4.5  hold  for  regenerative  integrators  provided 
that  the  quantity  (4.85)  is  less  than  or  equal  to  zero.  In  order  to  obtain 
realistic  error  estimates  for  regenerative  integrators,  it  is  necessary  to 
know  only  between  what  limits  the  gain  .4  and  the  leakage  resistance  RL 

1  Greenwood,  Holdam,  and  MacRae,  op.  cit. 

2  See  Bode,  op.  cit.  The  method  of  analysis  is  essentially  similar  to  that  employed 
in  See.  5.4. 
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may  vary  during  computation.  The  error  estimates  derived  in  Sec.  4.5 
can  then  be  applied  to  the  most  unfavorable  combination  of  A  and  RL. 

Figure  4.19  shows  how  a  pulse  is  integrated  by  a  parallel-feedback  inte¬ 
grator  when  the  quantity  (4.85)  is  positive,  negative,  and  equal  to  zero. 

It  is  clear  that  a  perfect  d-c  integrator  can  be  realized  only  through  the 
use  of  regeneration,  since  the  perfect  integrator  must  necessarily  have 
infinite  gain  at  zero  frequency. 

It  is  possible  to  apply  similar  feedback  techniques  to  electronic  integra¬ 
tors  other  than  the  parallel-feedback  integrators  discussed  here;  the 
bootstrap  integrator  described  in  Sec.  4.4  is  an  example  of  such  a  circuit. 


» 


CHAPTER  5 


D-C  AMPLIFIERS  FOR  COMPUTER  APPLICATIONS 

5.1.  Principles  of  D-c  Amplifier  Operation.  Introduction.  In  direct- 
coupled  or  d-c  amplifiers,  finite  gain  at  zero  frequency  is  obtained  through 
conductive  coupling  between  stages.  Such  conductive  coupling  may 
involve  direct  connections  or  resistive  interstage  networks;  no  coupling 
transformers  or  “blocking”  capacitors  are  used.1  The  output  voltage  of 
a  d-c  amplifier  or  of  any  individual  stage  will,  thus,  be  sensitive  to  changes 
in  the  input  d-c  reference  level  or  input  voltage  for  zero  input  signal. 
Connections  to  the  amplifier  input  and  output  terminals  are  usually  made 


Fig.  5.1.  D-c  amplifier  stages  cascaded  along  a  common  bleeder. 

also  through  conductive  coupling  except  in  a  few  instances  such  as  in 
certain  differentiating  circuits. 

Cascading  of  D-c  Amplifier  Stages.  The  special  nature  of  d-c  amplifiers 
gives  rise  to  a  number  of  special  design  problems.  The  first  among  these  is 
based  on  the  fact  that  the  voltage  at  the  plate  of  each  amplifier  tube  is 
necessarily  higher  than  that  at  the  grid.  This  makes  the  cascading  of 
amplifier  stages  more  difficult  than  in  a-c  amplifiers.  It  is  possible  to 
raise  the  cathode  of  the  succeeding  amplifier  stage  to  a  potential  suffi¬ 
ciently  high  to  obtain  a  correct  grid  bias  from  the  plate  voltage  of  the  first1 
stage.  Such  a  procedure  requires  high  power-supply  voltages  if  several 
stages  are  to  be  cascaded;  Fig.  5.1  shows  how  the  correct  supply  voltages 
for  several  stages  may  be  obtained  from  a  common  bleeder  resistor. 

1  Valley,  G.  E.,  and  H.  Wallman,  Vacuum  Tube  Amplifiers,  Chap.  11,  Direct- 
coupled  Amplifiers  by  J.  Gray,  MIT  Radiation  Laboratory  Series,  Vol.  18,  McGraw- 
Hill,  New  York,  1948. 
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A  number  of  alternative  designs,  all  essentially  based  on  the  circuit 
shown  in  Fig.  5.2,  permit  operation  of  several  d-c  amplifier  stages  from  the 
same  power-supply  terminals.  By  means  of  a  resistive  summing  network 
comprising  the  resistances  Rx  and  R2  (either  of  which  may  be  replaced  by 
vacuum  or  gas  tubes  in  certain  designs)  a  negative  bias  voltage  Ec  is 
added  to  the  voltage  appearing  at  the  plate  of  the  amplifier  tube.  In 
this  manner  any  desired  d-c  reference  level  may  be  obtained  at  the  output 
of  the  stage  at  the  price  of  some  signal  attenuation  due  to  the  summing 
network. 

Balancing  of  Computer  Amplifiers.  The  output  d-c  reference  level  of 
practically  all  d-c  amplifiers  used  in  d-c  analog  computing  elements  must  be 
equal  to  the  input  d-c  reference  level  ( usually  zero  with  respect  to  ground )  in 


TO 

OTHER 

STAGES 


Fig.  5.2.  Operation  of  d-c  amplifier  stages  from  common  power  supplies. 


order  to  make  it  possible  to  apply  feedback  from  amplifier  output 
terminals  and  to  interconnect  the  various  computing  elements.  The 
desired  output  reference  level  must  be  obtained  by  means  of  circuit 
arrangements  similar  to  that  shown  in  Fig.  5.2  (see  page  181).  Accord¬ 
ingly,  the  d-c  amplifiers  used  in  d-c  analog  computers  will  in  general 
require  at  least  two  supplies.  In  each  case,  it  will  be  necessary  to  adjust 
one  or  more  of  the  resistors  determining  the  voltage  levels  (see  Figs.  5.29 
to  5.35)  carefully  so  as  to  obtain  zero  output  voltage  when  the  input 
voltage  is  zero.  This  process  is  called  balancing  or  zero  adjustment. 

Drift  in  D-c  Amplifiers.  The  output  voltage  of  an  a-c  amplifier  is  zero 
for  zero  input  voltage  (except  for  the  effects  of  various  noise  sources). 
The  output  level  of  a  d-c  amplifier,  on  the  other  hand,  is  sensitive  to 
voltage-level  changes  throughout  the  amplifier  and  tends  to  change  or 
drift  with  time.  Drift  will  result  in  an  unbalance  voltage  appearing  at 
the  amplifier  output  terminals  in  addition  to  the  correct  output  voltage. 
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In  computer  applications,  this  unbalance  leads  to  errors  in  the  computa¬ 
tion.  Such  errors  may  be  especially  serious  if  the  unbalance  voltage  is 
integrated  by  an  integrator. 

The  amount  of  unbalance  due  to  drift  is  conveniently  measured  and 
described  by  the  value  E  of  the  input  d-c  voltage  needed  to  cancel  the 
unbalance  or  to  bring  the  output  voltage  back  to  the  desired  reference 
level.  Figure  5.3  shows  a  d-c  amplifier  with  three  stages  of  gains  oq,  a2, 


ADD  ADD  ADD  e4 

ei  e2  e3 

Fig.  o.'A.  Effects  of  drift  in  a  multistage  d-c  amplifier  with  feedback. 

and  ax  and  a  feedback  ratio  (3.  In  the  presence  of  an  input  voltage  E  and 
drift  voltages  eh  e2,  e s,  e4,  the  output  voltage 


aya2azE  +  axa2a2ei  +  a2a2e2  +  a  363  +  e4 
1  —  «i  a2a3/3 


will  be  brought  back  to  zero  if 


E  =  - 


1 

ay 


e2  + 


1 

ai«2 


03  + 


1 

aia2a.3  / 


(5.1) 


(5.2) 


The  value  of  E  is  seen  to  be  independent  of  the  feedback  networks  used. 
Equation  (5.2)  also  shows  that  the  effects  of  drift  are  most  serious  in  the 
earlier  stages  of  a  d-c  amplifier,  since  the  resulting  unbalances  will  be 
amplified  by  succeeding  stages. 

The  reduction  of  d-c  amplifier  drift  is  one  of  the  most  difficult  design  prob¬ 
lems  in  the  development  of  d-c  analog  computers  and  will  be  discussed  in 
detail  later  in  this  chapter.  The  following  outline  describes  the  principal 
sources  of  drift  together  with  some  possible  means  of  minimizing  their 
effects.  A  diagram  like  Fig.  5.3  is  usually  helpful  for  analyzing  the  rela¬ 
tive  effects  of  various  sources  of  drift  in  a  d-c  amplifier. 


1.  Drift  due  to  changes  in  plate  and  bias  supply  voltages.  Drift  due  to 
these  causes  may  be  reduced  by  employing  well-regulated  power 
supplies  and  possibly  some  of  the  compensating  circuits  described  in 
Sec.  5.3. 
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2.  Drift  due  to  changes  in  filament  voltages.  This  effect  is  particularly 
serious  in  the  input  stage  of  an  amplifier.  [One  may  effectively 
say  that  filament  voltage  changes  contribute  to  the  value  of  e\  in 
Eq.  (5.2)!]  For  most  tubes  (diodes,  triodes,  or  pentodes)  with 
oxide-coated  unipotential  cathodes,1  a  20  per  cent  change  in  filament 
voltage  is  equivalent  to  a  grid  voltage  change  of  0.2  volt.  The 
effects  of  filament  voltage  changes  should  be  counteracted  at  least  in 
the  amplifier  input  stage  by  means  of  special  compensating  circuits 
(see  Sec.  5.3)  as  well  as  through  the  use  of  regulated  filament 
supplies. 

3.  Drift  due  to  changes  in  resistance  values.  This  drift  can  be  minimized 
by  using  metalized  or  special  wire-wound  resistors  of  known  quality. 
All  critical  resistors  should  be  operated  well  below  their  power  rating 
in  oi’der  to  reduce  resistance  changes  due  to  heating.  For  best 
accuracy,  the  ambient  temperature  of  the  entire  computer  may  be 
kept  constant  by  means  of  a  suitable  air-conditioning  system. 

4.  Drift  due  to  changes  in  vacuum-tube  characteristics.  These  changes 
are  mostly  due  to  changes  in  the  cathode  emission.  The  use  of 
compensating  circuits  (Sec.  5.3)  as  well  as  aging  of  the  vacuum  tubes 
to  be  used  will  be  helpful  in  this  respect. 

The  actual  amount  of  the  unbalance  voltages  due  to  the  various  drift 
sources  will  depend  on  the  actual  circuits  used  in  each  case. 

The  Effects  of  Grid  Current  in  D-c  Amplifiers.  Grid  currents,  or  cur¬ 
rents  flowing  from  or  into  the  grid,  will  cause  voltage  drops  across  the 
input  resistors  of  computing  amplifiers  and  thus  lead  to  errors  (distor¬ 
tion)  in  the  machine  variables.  Even  when  the  input  signal  is  zero,  grid 
current  may  cause  an  unbalance  voltage  which  can  often  be  balanced  out 
by  means  of  the  balancing  control.  Changes  in  this  zero-signal  grid  cur¬ 
rent  constitute  an  additional  source  of  drift.  Since,  for  instance,  a  grid 
current  of  only  0.01  jua  flowing  in  an  input  resistor  of  1  megohm  will  give 
rise  to  an  error  voltage  of  0.01  volt,  it  is  seen  that  grid  currents  may  lead  to 
serious  computing  errors  when  their  effects  are  amplified  and  integrated. 

Figure  5.4  shows  the  variation  of  grid  current  ia  with  grid  voltage  eg  for 
a  typical  triode  operated  so  that  the  plate  current  iv  is  constant.1 

The  current  flowing  from  the  cathode  to  the  grid  of  the  vacuum  tube 
will  be  negative  for  sufficiently  large  negative  values  of  the  grid  voltage  eg 
because  positive  ions  of  the  residual  gas  in  the  tube  are  attracted  to  the 
negative  grid.  In  some  tubes,  the  latter  may  even  emit  electrons  if  some 
of  the  oxide  coating  from  the  cathode  should  be  deposited  on  the  grid. 
The  amount  of  the  negative  grid  current  depends  chiefly  on  the  amount 


1  Ibid. 
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of  residual  gas  in  the  tube  and  varies  from  tube  to  tube.  The  maximum 
allowable  negative  grid  current  of  one  section  of  a  6SL7  triode  is  given  in 
the  JAN  specifications  as  1  n&,  but  selected  tubes  may  have  negative  grid 
currents  as  low  as  0.02  n a.  The  JAN  specifications  for  the  6AK5  are 
0.1  jua  and  for  the  6SU7,  0.02  jua.  It  may  be  helpful  to  operate  the  tubes 
at  low  plate,  screen,  and  filament  voltages  in  order  to  minimize  ionization; 
the  grid  currents  of  specially  evacuated  and  insulated  electrometer  tubes 
may  be  kept  as  low  as  10-lu  yua  throughout  their  operating  range  in  this 
manner. 

As  the  value  of  the  negative  grid  voltage  is  decreased,  the  grid  current 
becomes  'positive  owing  to  electrons  flowing  to  the  grid  from  the  cathode. 


Fig.  5.4. 


Grid  current  vs.  grid  voltage  for  constant  plate  current  in  a  triode. 


This  positive  grid  current  tends  to  increase  sharply  as  the  grid  voltage 
approaches  zero  (see  Fig.  5.4)  and  will  be  larger  for  lower  plate  voltages. 
The  rise  in  positive  grid  current  determines  the  limits  of  the  operating 
range  with  respect  to  bias  and  plate  voltage  or  screen  voltage  in  the  case 
of  pentodes. 

Practical  Balancing  Circuits.  In  order  to  minimize  computing  errors 
arising  from  imbalances  due  to  drift,  computer  amplifiers  should  be  bal¬ 
anced  at  least  every  half  hour  between  computer  runs  and  preferably  before 
each  run. 

Figure  5.5  shows  a  circuit  suitable  for  switching  a  summing  amplifier 
into  the  balance  condition  which  permits  convenient  balancing  without 
any  necessity  for  disconnecting  the  amplifier  input  and  output  terminals 
from  the  computer  setup.  The  upper  section  of  the  balancing  switch  or 
push  button  serves  to  disconnect  the  amplifier  input  grid  from  the  com- 
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puting  networks  for  balancing  and  to  ground  this  grid  through  a  resist¬ 
ance  Rb  equal  to  the  resistance  of  the  input  resistors  in  parallel.  The 
resistance  between  the  input  grid  and  ground  is  then  approximately 
the  same  in  the  compute  and  balance  conditions;  for  during  computa¬ 
tion,  either  each  input  terminal  is  connected  to  a  low-impedance  voltage 
source  (a  preceding  potentiometer  or  amplifier)  or  it  is  grounded  directly 
through  a  closed-circuit  jack  as  shown.  Such  an  arrangement  ensures 
that  the  zero-signal  grid  currents  of  the  input  stage  are  approximately 
equal  during  balancing  and  computing.  The  degenerative  feedback 

Ri 


Fig.  5.5.  Switching  arrangement  for  balancing  a  summing  amplifier. 

through  R0  also  remains  operative;  while  the  feedback  decreases  the 
sensitivity  of  the  balance  indication,  it  is  necessary  to  keep  high-gain 
amplifiers  and  especially  regenerative  amplifiers  stable  during  the  balanc¬ 
ing  procedure. 

The  lower  section  of  the  balancing  switch  shorts  a  resistor  in  series  with 
a  microammeter  which  can  then  be  used  to  read  the  unbalance  voltage  of 
the  amplifier  output.  In  the  reset  and  compute  conditions,  the  same 
meter  serves  as  a  voltmeter  which  permits  one  to  read  the  amplifier  out¬ 
put  voltage  continuously. 

The  balancing  circuit  for  a  summing  integrator  shown  in  Fig.  5.6  is 
essentially  identical  with  that  for  the  summing  amplifier.  During  the 
balancing  procedure,  the  integrating  feedback  network  comprising  the 
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capacitance  C  and  the  resistance  Rb  is  operative,  and  the  integrator  will 
tend  to  integrate  the  unbalance  voltage.  This  results  in  a  very  sensitive 
balance  indication  if  a  sufficient  time  interval  is  allowed  after  each  balanc¬ 
ing  adjustment.  The  relay  switching  the  integrator  into  the  compute 
and  reset  conditions  is  indicated  in  Fig.  5.6  (no  hold  circuits  are  shown). 
For  balancing,  the  computer  is  placed  in  the  reset  condition,  and  each 
amplifier  is  balanced  in  turn.  The  computer  is  then  still  in  the  reset 
condition,  ready  for  computation. 

Many  variations  of  the  balancing  circuits  shown  in  Figs.  5.5  and  5.0 
are  possible.  The  sensitivity  of  the  balancing  meter  may  be  adjustable 
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Fig.  5.6.  Switching  arrangement  for  balancing  a  summing  integrator. 


by  means  of  a  range  switch.  The  balancing  switches  may  be  replaced 
by  a  relay  system  tvhich  permits  one  to  place  all  d-c  amplifiers  in  the  com¬ 
puter  into  the  balance  condition  by  means  of  a  single  switch.  It  is  even 
possible  to  adjust  each  amplifier  balance  control  by  means  of  a  special 
servomechanism  actuated  by  the  respective  unbalance  voltage.  Gen¬ 
erally  speaking,  such  expensive  refinements  have  been  rendered  unneces¬ 
sary  by  the  development  of  the  automatic  balancing  circuits  described  in 
Sec.  5.6. 

5.2.  D-c  Amplifier  Design.  Design  Procedure.  Ordinarily,  the  d-c 
amplifier  designer  will  begin  with  a  rough  idea  of  the  types  of  circuits  and 
the  number  of  stages  needed  to  achieve  a  specific  purpose.  The  actual 
design  of  the  amplifier  then  proceeds  stage  by  stage,  usually  beginning 
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with  the  output  stage;  the  values  of  the  output  voltage  and  current  will, 
in  general,  have  been  previously  specified.  After  the  operating  potentials 
for  each  tube  have  been  chosen,  the  resistive  networks  needed  to  obtain 
the  correct  operating  potentials  from  the  given  voltage  sources  must  be 
designed.  Finally,  the  entire  design  is  gone  over  so  as  to  effect  necessary 
compromises  between  the  characteristics  of  different  stages  and  also  to 


Eb 


(a)  (6) 

Fio.  5.7.  Basic  vacuum-tube  amplifier  (a)  and  linear  equivalent  circuit  (6). 


(a)  (5) 

Fig.  5.8.  Plate  current  and  plate  voltage  characteristics  of  a  triode  (a)  and  of  a 
pentode  ( b ). 

ensure  the  high-frequency  stability  of  the  amplifier.  The  amplifier  may 
then  be  built  and  tested. 

The  operation  of  a  voltage  amplifier  circuit  of  the  type  shown  in  Fig. 
5.7 a  may  be  conveniently  studied  by  means  of  the  published  plate  voltage- 
current  characteristics  of  the  particular  tube  used.  Figure  5.8  shows  sets 
of  such  characteristics  for  a  typical  triode  and  a  typical  pentode.  The 
load  lines  drawn  in  Fig.  5.8a  and  b  for  a  particular  value  of  the  plate  load 
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resistor  Rp  serve  to  show  the  variation  of  the  plate  voltage  ep  as  a  result  of 
the  voltage  drop  ipRp  in  the  plate  load  resistor. 

From  such  a  set  of  characteristics,  one  can  read  the  plate  voltage  ev 
and  the  plate  current  ip  for  all  values  of  the  grid  voltage  eg  for  a  given  tube 
and  load  resistor  combination.  The  technique  of  designing  amplifiers 
from  published  characteristics  is  described  in  detail  in  the  standard  text¬ 
books  on  electronics.1 

In  the  vicinity  of  any  operating  point  given  by  the  values 


Cp  CpQ  ^ p  IpO  Cg  CgQ 


corresponding  to  zero  input  signal,  the  characteristics  may  be  considered 
as  straight  lines,  in  which  case  it  follows  that 


Ip  IpO  M 

Cg  CgQ  p  H  Rp 


Cp  Cp  o  vRp 

Cg  Cg()  Tp  |  Rp 


 Qn 


1  -4-  ^ p 
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~9» 


Rpr  p 
R  p  I  r  p 


where  the  three  derivatives 
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Ip 


are  known  as  the  plate  resistance,  transconductance,  and  amplification 
factor  of  the  tube,  respectively.  The  linear  equivalent  circuit  shown  in 
Fig.  5.7 b  is  a  very  convenient  aid  for  deriving  approximate  linear  rela¬ 
tions  like  (5.3)  between  voltage  and  current  changes  in  the  corresponding 
vacuum-tube  circuit  of  Fig.  5.7 a.  If  the  voltage  and  current  changes 
take  place  sufficiently  rapidly,  the  effects  of  tube  and  circuit  capacitances 
must  be  taken  into  consideration  in  the  manner  shown  in  Sec.  5.4. 

The  choice  of  the  operating  point  cannot  be  made  from  a  consideration 
of  the  linear  equations  (5.3)  alone,  since  the  values  of  rp,  p,  and  gm  change 
with  the  operating  point.  Instead,  the  characteristics  shown  in  Fig.  5.8a 
and  h  must  be  consulted.  The  operating  point  for  a  voltage  amplifier 
will  be  selected  so  that  the  gain  is  as  high  as  possible  for  the  particular 

1  The  Radiotron  Designer’s  Handbook,  3d  ed.,  edited  by  F.  Langford  Smith,  Radio 
Printing  Press  Pty.  Ltd.,  Sydney,  Australia.  Reproduced  and  distributed  in  the 
United  States  by  RCA  Manufacturing  Company,  Inc.,  1941;  F.  E.  Terman,  Radio 
Engineers’  Handbook,  McGraw-Hill,  New  York,  1943;  MIT  Electrical  Engineering 
Staff,  Applied  Electronics,  The  Technology  Press,  1943;  D.  G.  Fink,  Engineering 
Electronics,  McGraw-Hill,  New  York,  1938;  G.  E.  Valley  and  H.  Wall  man,  Vacuum 
Tube  Amplifiers,  MIT  Radiation  Laboratory  Series,  Vol.  18,  McGraw-Hill,  New  York, 
1948. 


D-C  AMPLIFIERS  FOR  COMPUTER  APPLICATIONS 


167 


circuit  used,  while  the  gain  changes  due  to  distortion  still  remain  below  a 
certain  tolerable  value,  usually  about  1  to  2  per  cent.  For  an  output 
stage,  both  the  voltage  and  current  gain  must  be  sufficiently  high,  while 
the  distortion  is  kept  within  tolerable  limits. 

Particularly  in  the  case  of  pentodes  a  wide  variety  of  operating  condi¬ 
tions  is  possible,  since  the  various  grid  voltages  can  all  be  varied.  The 
references  given  in  the  preceding  footnote  should  be  consulted  for  more 
detailed  discussions  of  these  questions;  an  exhaustive  treatment  of  ampli¬ 
fier  design  is  entirely  beyond  the  scope  of  this  book. 


Fig.  5.9.  Development  of  a  d-c  amplifier  stage  from  a  resistance-coupled  a-c  amplifier. 
(In  the  case  of  triodes,  disregard  the  screen-  and  suppressor-grid  circuits.) 

The  Use  of  Resistance-coupled  Amplifier  Tables.  In  view  of  the  labor 
involved  in  designing  d-c  amplifiers  directly  from  the  tube  characteristics, 
it  may  be  expedient  to  adopt  vacuum-tube  operating  conditions  similar 
to  those  given  in  standard  resistance-coupled  amplifier  tables.  Such  resist¬ 
ance-coupled  amplifier  data  are  given  in  most  tube  handbooks  and  usually 
refer  to  an  a-c  voltage  amplifier  stage  of  the  type  shown  in  Fig.  5. 9a, 
having  a  by-passed  cathode  resistor  Rk.  The  tabulated  data  may  be  used 
to  design  an  “equivalent”  d-c  amplifier  shown  in  Fig.  5.96.  This  d-c 
amplifier  will  have  approximately  the  same  operating  point  as  the  original 
a-c  amplifier  if  the  resistance  of  the  load  connected  to  it  is  high;  this  is 
usually  the  case  for  voltage  amplifier  stages.  The  equivalent  amplifier 
has  fixed  bias  and,  in  the  case  of  pentodes,  a  fixed  screen  voltage.  The 
gain  will,  in  general,  be  slightly  higher  than  that  given  in  the  tables,  since 
the  plate  load  resistance  is  higher  and  also  because  the  resistance  of  the 
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load  connected  to  the  d-c  amplifier  stage  often  will  be  higher  than  the 
resistance  Ru  specified  in  the  tables. 

In  a-c  amplifiers,  the  value  of  the  plate  load  resistance  Rv  is  often 
limited  by  the  high-frequency  response  required  of  the  stage.  In  d-c 
amplifiers,  it  is  often  permissible  to  use  rather  large  values  of  Rp  and  cor¬ 
respondingly  small  plate  currents  in  order  to  obtain  a  large  voltage  gain. 
In  the  case  of  pentodes,  maximum  stage  gain  can  be  obtained  by  using 
lo\v  screen  voltages  as  w’ell  as  low'  plate  voltages.1  The  lowest  permissible 


Fig.  5.10.  Amplifier  stage  with  cathode  bias  and  equivalent  circuit. 

values  of  plate  and  screen  voltages  will  be  determined  by  the  amount  of 
positive  grid  current  w'hich  can  be  tolerated. 

The  Effects  of  Cathode  Bias  Resistors  and  Screen  Series  Resistors.  If  the 
grid  bias  for  the  operation  of  an  amplifier  tube  is  obtained  by  means  of  a 
cathode  resistor  in  the  manner  shown  in  Fig.  5.10a,  the  net  voltage 
between  grid  and  cathode  becomes 


Cg  C{  IpRk 


The  current  and  voltage  changes  may  again  be  derived  from  the  equiv¬ 
alent  linear  circuit  as  showm  in  Fig.  5. 106. 2  The  grid-to-plate  gain  of  the 
stage  is 


Co  CgQ  _  nRp 

Ci  —  ei0  Rp  +  [cP  +  ~(p  +  l)Rk] 


(5.5) 


where  c,-  and  e,0  are  the  input  and  reference  input  voltages,  respectively, 

1  Gray,  op.  cit.;  Volkers,  W.  K.,  Ultra-high  Gaia  Direct-coupled  Amplifier  Circuits, 
lecture  presented  at  the  IRE  National  Convention,  New  York,  1950. 

2  This  circuit  was  used  in  Chap.  4  to  describe  integrator  performance. 
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and  eQ  anti  e<)0  are  the  output  and  reference  output  voltages,  respectively. 
The  grid-to-cathode  gain  is  found  to  be 

Fk  ~  6k0  _  pRk _  px 

F  —  Go  Rp  +  [rP  +  (1  +  m)-Ra-] 

where  e *•  and  ca.o  are  the  cathode  voltage  and  its  reference  voltage,  respec¬ 
tively.  All  voltages  are  measured  with  respect  to  the  point  shown 
grounded  in  Fig.  5.10. 

The  values  of  rp,  gm,  and  p  to  be  used  in  Eqs.  (5.5)  and  (5.6)  are  again 
determined  by  the  effective  operating  point.  The  latter  may  be  found 
from  the  tube  characteristics  through  successive  approximations  of  the 
plate  current  ip.1 

A  comparison  of  Eqs.  (5.3)  and  (5.6)  shows  that  a  tube  in  the  circuit  of 
Fig.  5.10a  acts  like  a  tube  of  “equivalent  dynamic  plate  resistance” 

Z  =  rp  -{-  ( 1  +  fi)Rk  (5.7) 

connected  in  the  simpler  circuit  of  Fig.  5.7 a.  It  is  also  seen  that  the 
inverse  feedback  due  to  the  cathode  resistor  has  decreased  the  gain  of 
the  stage.  A  similar  effect  is  produced  by  a  screen  dropping  resistor 
used  with  a  pentode;  the  corresponding  analysis  is  quite  complicated.2 
Because  of  the  loss  in  gain,  the  use  of  cathode  and  screen  dropping  resis¬ 
tors  to  obtain  correct  electrode  voltages  is  often  avoided  in  favor  of  fixed 
voltage  sources.  On  the  other  hand,  the  degenerative  effect,  especially 
of  the  cathode  dropping  resistor,  tends  to  reduce  the  effects  of  amplifier 
gain  changes  and  distortion. 

It  should  be  noted  that  in  push-pull  amplifier  circuits  like  the  one 
shown  in  Fig.  5.11,  the  degenerative  effect  of  the  cathode  and  screen 
resistors  is  canceled  or  at  least  reduced  because  the  plate  current  changes 
in  the  two  tubes  oppose  each  other.  In  such  circuits,  the  full  stage  gain 
given  by  Eq.  (5.3)  can  be  realized  in  spite  of  the  cathode  and  screen 
dropping  resistors. 

The  Effect  of  Load  Resistance.  Each  computer  amplifier  stage  will,  in 
general,  be  connected  to  a  resistive  load  of  resistance  RL,  say;  the  load 
may  be  returned  to  ground  or  to  some  fixed  voltage  source  of  voltage  Ec 
with  respect  to  ground  as  shown  in  Fig.  5.12. 

The  effect  of  the  load  on  the  amplifier  performance  is  best  analyzed  by 
drawing  a  new  load  line  across  the  characteristics  of  the  amplifier  tube. 
Such  a  load  line  is  shown  in  Fig.  5.125  for  a  triode  amplifier  and  expresses 
the  relation  between  the  plate  voltage  ep  and  the  plate  current  ip  as 

1  Gray,  op.  cit. 

2  Ibid. 
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Fig.  5.12.  Illustrating  the  analysis  of  a  simple  amplifier  stage  with  a  load  of  resistance 
Rl. 

determined  by  the  values  of  Rp,  Rl,  Eb,  and  Ec.  The  value  of  Rl  for 
many  voltage  amplifier  stages  is  so  large  that  the  effect  of  the  load  is 
negligible,  so  that  the  load  lines  of  Fig.  5.8  can  still  be  used.  This  is  not 
usually  true  in  the  case  of  output  stages.  When  the  operating  point  on 
some  desirable  load  line  has  been  chosen,  it  is  possible  again  to  use  the 
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linear  equivalent  circuit  for  the  vacuum  tube  to  derive  the  voltage  and 
current  changes.  Figure  5.12  shows  the  linear  equivalent  circuit  for  Fig. 
5.12.  The  stage  gain  is  now  easily  derived  by  substituting  the  total  load 
resistance 


RPR  l 
Rp  Rl 


(5.8) 


for  the  plate  load  resistance  in  Eqs.  (5.3).  Similar  equivalent  circuits 
may  be  used  to  derive  the  gain  of  other  loaded  amplifier  stages. 

Interstage  Coupling.  The  design  equations  for  the  coupling  resistors 
used  to  establish  the  correct  d-c  reference  level  at  the  grid  of  the  succeed¬ 
ing  stage  may  be  derived  directly  from  the  circuit  of  Fig.  5.13.  Suppose 


Fig.  5.13.  Design  of  interstage  networks. 


that  the  positive  and  negative  power-supply  voltages  Eb  and  Ec  as  well  as 
the  reference  voltage  eao  at  the  plate  have  been  chosen  and  that  it  is 
desired  to  establish  a  reference  voltage  level  Eao  at  the  grid  of  the  succeed¬ 
ing  tube.  Then  the  required  values  of  the  resistors  R i  and  7?2  making  up 
the  interstage  coupling  network  may  be  derived  from  the  relations 

e0o  E0q  jj 

Eb  -  eo0  -  ipRp  Kp 

Ego  —  Ej^ 

Eb  —  eo0  —  ipRp  v 

The  stage  gain  (ea  —  eo0)/(et-  —  e,0)  may  be  derived  as  shown  in  the 
preceding  paragraphs.  The  combined  gain  of  the  amplifier  stage  and 
coupling  network  is 

E0  E oo  e0  e0o  R  2 


Ri  = 
R  2  = 


€j  Gjo 


c,-  —  e,n  R  i  T-  R 2 


(5.10) 
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It  may  be  seen  that  the  loss  of  gain  due  to  the  interstage  resistive  network 
can  be  reduced  by  increasing  Ec  and,  therefore,  R 2. 

5.3.  Special  D-c  Amplifier  Circuits.  Some  Special  Applications  of 
Gas-filled  and  Vacuum  Tubes.  It  is  often  desirable  in  d-c  amplifier  circuit 
design  to  have  circuit  elements  whose  incremental  resistance  (i.e.,  the  ratio 
between  corresponding  voltage  and  current  changes)  is  different  from 

their  d-c  resistance  (corresponding  to  the 
ratio  of  the  total  voltage  and  current). 

Figure  5.14  shows  the  use  of  a  voltage 
regulator  tube  or  simply  a  neon  bulb  as 
a  circuit  element  of  low  incremental 
resistance  in  an  interstage  network.  The 
gas  discharge  tube  will  tend  to  maintain 
a  constant  voltage  across  its  electrodes. 
Accordingly,  in  the  circuit1  shown,  the 
gas  tube  permits  one  to  bring  the  volt¬ 
age  at  the  grid  of  the  second  stage  to 
the  desired  level  without  any  loss  in  gain 
due  to  the  interstage  networks.  The 
gas  discharge  tube  acts  like  an  infinitely 
small  resistance  with  respect  to  voltage 
changes,  while  still  maintaining  a  finite  d-c  voltage  across  itself.  The 
capacitor  shown  in  Fig.  5.14  serves  to  by-pass  any  noise  which  might  be 
generated  by  the  gas  discharge  tube. 

Some  examples  of  the  use  of  the  dynamic  plate  resistance 

Z  =  rp  +  (n  +  1  )Rk 

of  a  vacuum  tube  to  obtain  a  high  incremental  resistance  have  already  been 
shown  in  Sec.  4.4.  Figure  5.15  shows  four  examples  of  the  use  of  vacuum 
tubes  as  circuit  elements  of  high  incremental  resistance  in  d-c  amplifier 
circuits.  Figure  5.15a  and  b  illustrates  the  use  of  a  vacuum  tube  for 
simulating  a  large  plate  load  resistance  in  an  amplifier  and  a  large  cathode 
resistance  in  a  cathode  follower,  respectively.  In  either  case,  a  large 
load  resistance  is  simulated  whereas  the  d-c  operating  voltages  on  the 
electrodes  of  the  amplifying  tube  can  still  be  reasonably  high.  Arrange¬ 
ments  of  this  type  often  result  in  better  linearity  than  is  possible  with 
circuits  using  resistors.  Figure  5.15c  shows  the  use  of  a  tube  as  the 
common  cathode  resistor  in  a  differential  amplifier.  In  this  circuit,  the 
high  effective  cathode  resistance  helps  to  make  the  output  voltages  of  the 
two  halves  of  the  amplifier  more  nearly  equal  and  opposite  (see  page  178). 

1  Miller,  S.  E.,  Sensitive  D-c  Amplifier  with  A-c  Operation,  Electronics ,  November, 
1941. 


Fig.  5.14.  Use  of  a  gas-discharge 
tube  in  an  interstage  coupling 
network. 
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Figure  5.15 d  shows  how  the  dynamic  plate  resistance  of  a  triode  may 
be  used  to  decrease  the  attenuation  of  an  interstage  coupling  network. 
In  this  circuit  the  tube  acts  like  a  large  incremental  resistance  while  still 
maintaining  the  correct  operating  voltage  at  the  grid  of  the  succeeding 
stage. 


Fig.  5.15.  Examples  of  the  use  of  the  dynamic  plate  resistance  of  a  vacuum  tube  to 
obtain  high  incremental  resistance. 

Compensation  for  Supply  Voltage  Changes:  Bridge-balanced  D-c  Ampli¬ 
fiers.  The  two  vacuum  tubes  used  in  the  series-compensated  amplifier1 
shown  in  Fig.  5.16a  form  two  arms  of  a  bridge.  If  the  output  voltage  is 
taken  off  at  the  terminals  indicated  in  the  diagram,  the  zero-signal  output 
voltage  can  be  balanced  to  zero  by  adjusting  one  of  the  cathode  resistors 
as  shown  and  will  then  be,  to  a  first  approximation  at  least,  independent 


1  Artzt,  Maurice,  Survey  of  D-c  Amplifiers,  Electronics,  August,  1045. 
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of  plate  and  filament  supply  voltage  variations.  If  a  load  of  resistance 
Rl  is  connected  between  the  output  terminals,  the  voltage  gain  is  given  by 

Go  Co0  _  fj.RL  /»  <  i  \ 

<3,o  (m  +  1  )Rk  +  vp  +  2  Rl  +  R 

assuming  that  two  identical  tubes  of  amplification  factor  n  and  plate 
resistance  rp  are  used. 

The  compensation  for  cathode  emission  changes  in  such  arrangements 
will  be  best  if  the  two  tubes  are  as  closely  identical  as  possible.  Two 
tubes  in  one  envelope  may  be  used  if  the  cathode-to-filament  voltage 


Fig.  5.16.  Bridge-balanced  (series-compensated)  d-c  amplifier  stages. 


rating  of  the  tube  is  not  exceeded.  It  may  still  be  difficult  to  match  the 
operating  conditions  for  the  two  halves  of  the  tube  accurately,  since  the 
two  cathode-to-filament  voltages  cannot  be  made  equal. 

The  gain  given  by  Eq.  (5.1 1)  will  assume  the  value  n/2  if  RL  is  infinitely 
large.  The  value  of  /x/2  may  be  as  high  as  4,000  for  pentodes.  This  high 
gain  is  predicated  on  the  high  effective  load  resistance  afforded  by  the 
dynamic  plate  resistance  of  the  tube  V  2.  Equation  (5.11)  shows  that 
the  gain  will  decrease  substantially  if  V2  must  be  by-passed  by  a  finite 
load  resistance  RL.  In  such  cases,  the  gain  of  the  circuit  shown  in  Fig. 
5.106  is,  if  Rp  =  2 Rk, 


Go  Go0  _  V-Rl 

g,  —  e,o  i'p  T  2 Ri  -f-  2R  /  T  R 


(5.12) 


which  is  somewhat  higher  than  that  of  the  circuit  of  Fig.  5.16afor  the 
same  circuit  constants. 
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A  new  type  of  bridge-balanced  d-c  amplifier  circuit,1  shown  in  Fig. 
5.17a,  has  all  the  advantages  of  series  compensation,  and,  at  the  same 
time,  its  output  voltage  has  the  same  d-c  reference  level  as  the  input 
voltage.  In  Fig.  5.17a,  this  has  been  made  possible  through  the  use  of  a 
single  floating  power  supply.  This  circuit  is  particularly  suitable  for 


(b) 

Fig.  5.17.  A  new  type  of  bridge-balanced  d-c  amplifier  circuit. 

small,  portable  feedback  amplifiers  for  battery  operation,  in  which  case 
the  floating  power  supply  may  not  be  objectionable.  The  gain  of  the 
circuit  of  Fig.  5.17a  is  the  same  as  that  given  by  Eq.  (5.11)  for  the  circuit 
of  Fig.  5.16a. 

If  it  is  desirable  to  cascade  several  stages  using  common  power  sup¬ 
plies,  the  circuit  of  Fig.  5.176  may  be  used. 

1  Korn,  G.  A.,  and  T.  M.  Korn,  Bridge-balanced  D-c  Amplifier,  Radio  and  Television 
News,  Engineering  Edition,  January,  1950. 
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Figure  5.18  shows  two  low-impedance  driver  circuits  (current  ampli¬ 
fiers)  using  series  compensation.  The  gain  of  each  circuit  is 

e°  ~  eoQ  _  _ ipRi. _ /r  iq\ 

e,  -  el0  rp  +  (p  +  1  )Rk  +  (m  +  2 )RL  +  R  K°‘ l6) 

where  the  positive  sign  applies  to  the  circuit  of  Fig.  5. 18a  and  the  negative 
sign  to  the  circuit  of  Fig.  5.186. 


Fig.  5.18.  Bridge-balanced  low-impedance  driver  circuits. 

The  output  reference  level  of  series-compensated  amplifier  stages  is 
particularly  insensitive  to  changes  in  the  plate  supply  voltage.  It  is 
possible  to  turn  the  plate  supply  on  and  off  without  changing  the  output 
reference  level.  As  a  matter  of  fact,  in  certain  applications,  bridge- 
balanced  amplifiers  have  been  operated  with  alternating  current  on  the 
plate  without  adverse  effects.1 

Special  Circuits  for  the  Compensation  of  Filament  Voltage  Changes.  It 
has  been  mentioned  in  Sec.  5.1  that  the  d-c  amplifier  drift  due  to  filament 
voltage  changes  is  particularly  serious,  since  filament  voltage  changes 

1  Artzt,  op.  cit. 
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affect  each  amplifier  stage  exactly  like  input  voltage  changes.  It  is, 
therefore,  customary  to  use  some  type  of  compensating  circuit  at  least  in 
the  input  stage  of  good-quality  d-c  amplifiers.  The  technique  of  series 
compensation  has  been  described  above ;  a  number  of  other  compensating 
circuits  will  be  described  in  the  following  paragraphs. 

Figure  5.19a  shows  how  the  effects  of  filament  voltage  variations  in  an 
amplifier  tube  V\  may  be  at  least  partially  compensated  by  means  of  a 
diode  Vi  having  the  same  filament  voltage  as  V When  the  filament 
voltage  changes,  the  diode  plate  current  flowing  through  the  cathode 


Fig.  5.19.  Circuits  for  the  compensation  of  the  effects  of  filament  voltage  changes. 

resistor  Rk  changes  accordingly.  The  resulting  bias  change  tends  to 
compensate  for  the  effects  of  the  original  filament  voltage  variation. 
Tubes  with  diodes  using  the  same  cathode  as  the  triode  or  pentode  ampli¬ 
fier  tube  Vi  are  especially  useful  in  this  circuit,  since  the  characteristics 
of  the  cathode  circuits  of  the  two  tubes  are  more  nearly  identical  in  this 
case.1  It  is  also  possible  to  use  the  control  grid  of  certain  beam  tetrodes, 
particularly  of  the  type  6V6,  instead  of  the  diode  plate;  in  this  case,  the 
screen  grid  functions  as  the  control  grid  (see  Fig.  5.196).  If  the  circuit 
constants  are  chosen  correctly,  quite  effective  compensation  may  be 
obtained,  since  the  cathode  of  the  diode  and  the  cathode  of  the  amplifier 
tube  are  actually  identical  in  this  circuit. 

Probably  the  most  commonly  used  circuits  for  compensation  of  the 
effects  of  filament  voltage  changes  and  cathode  emission  are  the  differ¬ 
ential  amplifiers  treated  below. 

1  Gray,  op.  cit. 
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The  Use  of  Differential  Amplifiers.  In  the  two  circuits  shown  in  Fig. 
5.20a  and  b,  each  of  the  two  tubes  acts  as  a  cathode  follower  driving  the 
cathode  of  the  other  tube.  The  changes  in  the  output  voltages  of  these 
circuits  may  be  obtained  as  functions  of  the  corresponding  changes  in 
the  input  voltages  through  the  use  of  linear  equivalent  circuits  in  the 


(o)  (b) 

Fig.  5.20.  Differential  amplifier  circuits. 

manner  outlined  in  Sec.  5.2.  Assuming  that  the  two  tubes  are  identical 
types  in  each  case,  the  analysis  shows  that  for  the  circuit  of  Fig.  5.20a, 


(ep  e0o) 


2  c^ffv  _|_  tv{tv  T  Rp) 


(c2  —  C20) 


Rp  RpRkfn  +1) 


n  + 


M  r. 


pt  -j—  1  Rk 


1  _i_  '^ffp  1  rp(fp  T  Rp) 
RP  RpRkin  +  l) 


(ei  —  Cio)  (5. 11) 


and  for  the  circuit  shown  in  Fig.  5.20 b, 
t  \  pRp 

(.Col  CoO)  — 


{Rp  -j-  rp) 


2  + 


Rp  T  rT 
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In  each  case,  Ci0  and  e20  are  the  reference  levels  of  the  input  voltages 
ci  and  e2,  respectively.  From  Eqs.  (5.14)  and  (5.15),  it  may  be  seen  that 
the  output  voltages  of  these  circuits  are,  for  sufficiently  high  values  of  p 
and  Rk,  approximately  proportional  to  the  differences  of  the  two  input 
voltage  changes.  For  this  reason,  such  circuits  are  referred  to  as  differ¬ 
ential  amplifiers.  The  circuit  of  Fig.  5.206  permits  output  voltages  of 
Either  sign  to  be  taken  off.  The  flexible  properties  of  differential  ampli¬ 
fiers  of  this  type  make  them  extremely  useful  in  many  circuit  applica¬ 
tions.  Some  of  their  many  interesting  properties  are  listed  below: 

1.  Compensation  of  the  effects  of  power-supply  voltage  changes  in  the  input 
circuits.  Since  the  output  voltages  of  differential  amplifiers  are  approxi¬ 
mately  proportional  to  the  differences  between  the  two  input  voltages, 
changes  in  the  input  voltages  due  to  power-supply  voltage  variations 
common  to  both  input  circuits  will  tend  to  cancel  out.  In  order  to  make 
the  output  of  a  differential  amplifier  as  closely  proportional  to  the  differ¬ 
ence  between  the  two  input  voltages,  it  is  advisable  to  use  tubes  having  a 
high  amplification  factor  p  and  to  use  a  high  value  of  the  cathode  resistor 
Rk.  The  latter  is  made  possible 
through  the  use  of  a  large  negative 
voltage  for  the  cathode  return. 

Otherwise,  the  plate  currents  may 
become  too  small,  and  the  amplifi¬ 
cation  factors  of  the  tubes  may  de¬ 
crease  ;  it  is  also  possible  to  replace 
Rk  by  the  dynamic  resistance  of  a 
tube  in  the  manner  shown  in  Fig. 

5.15c.  One  might  think  that  pen¬ 
todes  would  be  particularly  useful 
as  differential  amplifier  tubes  be¬ 
cause  of  the  high  value  of  p.  The 
value  of  rp  for  pentodes  is,  however, 
so  high  that  Eqs.  (5.14)  and  (5.15) 
show  that  pentodes  are  not  preferable  to  high-/x  triodes  in  this  applica¬ 
tion.  Specially  matched  double  triodes,  like  the  6SU7  or  5691,  are  most 
suitable  and  also  have  a  low  negative  grid  current  rating. 

2.  Compensation  of  the  effects  of  cathode  emission  changes.  Changes  in 
the  cathode  emission  due  to  filament  voltage  changes  and  other  causes 
are  equivalent  to  voltage  changes  common  to  both  input  circuits  of  differ¬ 
ential  amplifiers.  They  are,  therefore,  at  least  partially  canceled.  Fig¬ 
ure  5.21  shows  a  special  circuit  for  canceling  the  effects  of  filament  voltage 
changes  more  accurately  (the  so-called  Miller  compensator  circuit).1  It 

1  Miller,  op.  cit. 


Fig.  5.21.  Miller  compensator. 
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may  be  shown  that  the  resistance  below  the  cathode  resistor  tap  in  Fig. 
5.21  should  be  equal  to  rp/p.  In  order  to  make  the  compensation  reason¬ 
ably  permanent,  the  tubes  should  be  aged  for  a  while  and  cycled  several 
times  through  the  extremes  of  heater  voltage  before  the  adjustment  is 
made. 1 

The  value  of  Rk  is  not  critical  but  should  be  between  two  and  eight 
times  the  value  of  rv/ \i.  The  adjustment  is  best  made  by  observing  the 
output  voltage  while  changing  the  heater  voltage. 

3.  Compensation  for  the  effects  of  changes  in  plate  and  bias  supply 
voltages.  Figure  5.22  shows  a  differential  amplifier  arranged  for  com¬ 
pensation  of  the  effects  of  changes  in  plate  and  bias  voltages.  If  the  same 


Fig.  5.22.  Compensation  for  the  effects  of  plate  and  bias  supply  voltage  changes. 

power  supplies  are  used  for  all  stages  of  an  amplifier,  the  circuit  of  Fig. 
5.22  may  be  arranged  so  as  to  serve  as  a  compensating  circuit  for  the 
entire  amplifier.  At  the  same  time,  the  circuit  still  provides  a  measure 
of  compensation  for  the  effects  of  changes  in  its  owm  cathode  emission. 

Generally  speaking,  the  plate  and  bias  supplies  in  d-c  analog  computers 
are  well  regulated  for  reasons  other  than  the  prevention  of  amplifier  drift 
(see  Sec.  7.4).  Accordingly,  circuits  permitting  compensation  for  plate 
voltage  variations  are  not  too  frequently  used  in  computer  amplifiers. 

4.  Another  significant  advantage  of  differential  amplifiers  is  that  they 
permit  the  output  voltage  to  be  taken  off  either  with  or  without  a  sign  reversal 
referred  to  the  input  voltage.  This  allows  great  flexibility  in  various 
applications,  particularly  in  circuits  involving  feedback  around  one  or 
more  amplifier  stages. 

5.  A  differential  amplifier  makes  it  possible  to  mix  two  voltages  by  taking 
their  difference.  In  this  manner,  one  may,  for  instance,  introduce  an 
adjustable  balance  voltage  for  setting  the  output  reference  level  of  a  d-c 


1  Gray,  op.  cit. 
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amplifier.  Again,  feedback  voltages  may  be  conveniently  introduced  at 
one  of  the  two  grids  in  the  sense  desired  for  either  degeneration  or 
regeneration. 

6.  In  differential  amplifiers,  the  plate  currents  of  the  two  tubes  are 
approximately  equal  and  opposite,  and  for  this  reason,  cathode  bias  can 
be  used  in  a  differential  stage  without  any  corresponding  loss  in  gain  through 
degeneration. 


(c)  (d) 

Fig.  5.23.  Output  circuits  with  zero  d-c  reference  voltage  with  respect  to  ground. 

7.  Push-pull  computer  amplifiers  may  be  arranged  by  cascading  sym¬ 
metrical  differential  amplifiers.  Push-pull  amplifiers  permit  one  to  obtain 
output  voltages  of  either  sign;  they  may  thus  be  used  to  eliminate  phase- 
inverting  amplifiers  in  computer  setups  (see  also  Sec.  5.5). 

Several  examples  of  d-c  amplifier  designs  utilizing  these  properties  of 
differential  amplifiers  are  presented  in  Sec.  5.5. 

Output  Circuits.  As  mentioned  in  Sec.  5.1,  the  output  reference  level 
of  d-c  amplifiers  used  in  computer  applications  must  be  the  same  as  the 
input  reference  level,  usually  zero  with  respect  to  ground.  Figure  5.23 
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i  numr^r  of  output  oruits  suitable  for  computer  amplifiers.  Fig-  at..-  «  L 

5  represent-  the  alrudy  familiar  arrangement  using  a  bias  voltage 
ring  the  reference  v4age  of  the  output  terminal  to  ground  level. 


>uble  with  thl«  arrar.fment  is  that,  in  an  output  stage,  a  reasonable  -  /  S»  « 

:  of  current  may  :.n .  to  flow  through  the  load,  so  that  a  consider-  \ 

toont  of  power  mighbe  wasted  in  the  coupling  network.  In  such  -*  .•>  , 

the  circuit  of  Fig  23A>  is  preferred.  In  this  frequently  used  ‘  is 


^  **  ir^f  U  fa 


merit,  the  reiV-ren'evoltage  of  the  output  tube  plate  itself 
i  to  ground  level  by  he  bias  voltage  E,z.  In  this  circuit,  a  sepa- 
ks  supply  must  lie  pnrided  to  supply  grid  bias  for  the  output  tube 
cathode  resistor  bia.is  used.  This,  in  turn,  would  result  in  a 
e  in  gain  together  wh  an  improvement  in  the  linearity  of  the  out- 

Jegcneration  due  to  cathode  resistor  may  lie  avoided  through  the 
a  differential  ampfer  output  stage,  as  shown  in  Pig.  5.23 c. 
.  cathode-follower  *put.  as  shown  in  Pig.  5.23d,  may  be  used 
>od  results:  such  an  stput  stage  will,  however,  not  contribute  to 

rage  gain  of  the  ampfier. 

Stabilization  of  Feeoack  Amplifiers.  Introduction.  The  oper- 
amplifiers  used  in  d- analog  computers  are  special  types  of  feed- 


brk  amplifiers.  Thus,  the  parallel-feedback 
rpe*  of  operational  amplifiers  constitute  feed 
;rk  loops  like  that  shown  in  Fig.  5.24. 


*  1 

I — - .  — J 


ftp  transfer  function  A3  deriats*  from  180  dt 
5  than  1  HI)  dsg  trhil t  %c  aljsolute  rains  of  A3  is  equal  to  or  great*  U+ 


••nfjfc.- 


ibj} 


ely  speaking,  the  fc*4>ack  will  then  Is*  sufficiently  regenerative  V, 
be  amplifier  un-tahlej  In  order  to  design  amplifier  circuits  whi« 


may  (Wir'd  from  rl  g*-T»'-ral  wrman  and  mjffirirat  coodition  'give o  ‘^Phd-^ 
W  AmJijmim  mi  F***i>Mirk  Ampltjbn,  Van  Noat  rand.  New  \  c  * 

,  lor  all  of  the  rhararterintar  equation  miwt  hare  poml  tj*^a ® 

-  A*-i immi  th^r  iJI  r-j  git  romt  ant*  inrludiof  the  loai  and  «r/urre  irot  }  f( 

f*  afiveti  #h**  r\  :r*/  ter^t,  reflation  of  the  loop  *hown  in  v 


-  A(P)0P)  -  0 


eliminate  tfc,  .  "  ‘  "*  COMfl  T£6 

<o  "  «y  o i  ur„ 

**  of  T  i  — ” 

Srst^ 

«  i...  ,C' 

4 vp"'  — £r 


yUCATtOXs 

z<t:,u  *  ■** 

*'>T*'*1  <U:  arr 

?£Zz*  * 

'  •••.' 

T  h,^r  <>«„  „ 


- - —  L _ 


■ 


*i  f 


(- 


■  J  I'  ' 


-J~^3 


DnT 


T«; 


184 


ELECTRONIC  ANALOG  COMPUTERS 


familiar  circuit  of  Fig.  5.7 6  with  the  addition  of  the  capacitances  C'0  and 
C\.  C'0  is  the  output  capacitance  of  the  tube  V\  given  in  the  tube  manual 

plus  an  allowance  of  about  5  to  10  p/if  for  distributed  circuit  capacitance. 
C\  is  the  input  capacitance  of  the  succeeding  stage  also  plus  an  allowance 
of  5  to  10  if  for  circuit  capacitances.  If  F2  is  a  triode,  a  portion  of  the 
input  capacitance  will  be  due  to  the  Miller  effect.1  In  this  case 

C\  =  grid-cathode  capacitance  +  (1-stage  gain)  grid-plate  capacitance  + 

circuit  capacitance 


The  effects  of  capacitances  in  the  cathode  and  screen  circuits  have  been 
considered  as  negligible. 

The  circuit  of  Fig.  5.256  will  act  somewhat  like  two  cascaded  integrat¬ 
ing  networks  (Sec.  4.3);  the  effect  of  the  tube  and  circuit  capacitances  ivill  be 


Fig.  5.26.  More  general  equivalent  circuit  for  an  amplifier  stage  having  no  subsidiary 
feedback  loop. 


to  introduce  gain  changes  and  phase  shift  at  the  higher  frequencies.  The 
circuit  of  Fig.  5.256  consists  essentially  of  four  admittances2 


-  r,  +  (1X+  m  f’  =  c;p  +  fJ 

=  F  Y‘~c'<p  +  l) 


(5.17) 


arranged  in  the  general  circuit  of  Fig.  5.26.  Since  the  currents  flowing  to 
any  point  of  the  circuit  must  add  up  to  zero,  one  obtains  the  nodal 
equations 

[{eo  —  £oo)  +  —  £fo)]b  i  +  (e0  —  c0o)F2  +  [{e0  -  e0o )  —  {E0  —  E0o)]Yz 

=  0  (5.18) 

[{Eo  —  E oo)  —  {eQ  —  £oo)]Y z  “h  {Eo  —  Eoo)Y,  =  0 


1  Miller  effect  is  a  common  term  for  the  amplification  of  the  grid-plate  capacitance 
in  certain  amplifier  stages.  The  effect  is  analogous  to  the  operation  of  the  parallel- 
feedback  integrator  discussed  in  Sec.  4.5. 

2  The  admittance  Y  of  any  two-terminal  circuit  is  the  ratio  of  corresponding  current 
changes  through  the  circuit  to  voltage  changes  across  the  circuit.  The  admittance  is 
thus  the  reciprocal  of  the  impedance  of  the  circuit. 
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and  hence  the  transfer  function 

E0  —  Eo0  _  _  1  i  Yz  . 

M  Y1Y3  +  Y1Yi  +  F2F3+  F2F4  +  F3F4  ^  ' 

Computation  of  the  Amplifier  Output  Voltage  and  of  the  Feedback  Transfer 
Function.  In  the  computation  of  the  amplifier  output  voltage  and  of  the 
feedback  transfer  function  /3(P),  the  effects  of  tube  and  circuit  capacitances 


Ro 


c 


Fig.  5.27.  Equivalent  circuits  for  a  summing  amplifier  (a)  and  a  summing  integrator 
(6),  illustrating  the  effects  of  the  effective  output  capacitance  C” ,  the  effective  input 
capacitance  Ci ,  and  the  amplifier  output  impedance  r0. 


must  also  be  taken  into  consideration.  Figure  5.27 a  and  b  shows  linear 
equivalent  feedback  circuits  for  a  summing  amplifier  and  a  summing 
integrator,  respectively;  it  is  seen  that,  in  the  computation  of  the  loop 
transfer  function  A(3,  the  output  stage  and  the  feedback  networks  of  a 
parallel  feedback  amplifier  may  be  treated  together  just  like  the  amplifier 
stages  discussed  above. 

Properties  of  the  Loop  Transfer  Function.  The  loop  transfer  function 
.4/3  will  be  the  product  of  the  transfer  functions  (5.19)  for  each  stage;  the 
amplifier  output  stage  and  the  feedback  networks  will  be  considered 
together  as  one  stage.  .4/3,  as  a  function  of  P,  will  be  of  the  general  form 


At 3  = 


fi(P) 

UP) 


(5.201 
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where /i(P)  and/2(P)  are  polynomials  in  P.  It  is  possible  to  show  that 

1.  The  degree  of  the  polynomial  /2(P)  is  always  greater  than  the  degree 
of  the  polynomial /i(P). 

2.  If  the  interstage  networks  contain  only  resistances  and  capacitances, 
and  if  no  subsidiary  feedback  loops  are  used,  then  the  roots  s,-  of 

hiP)  =  0 

as  well  as  the  roots  s[  of 

MP)  =  o 

will  be  real  and  negative.  The  s,  are  the  zeros  and  the  s'k  are  the 
poles  of  the  loop  transfer  function  .4/3. 


The  first  theorem  simply  expresses  the  fact  that  the  loop  gain  must 
eventually  decrease  as  the  frequency  of  the  input  voltage  is  increased. 
The  second  theorem  makes  it  possible  to  rewrite  Eq.  (5.20)  in  the  form 


-HP  -  si )(P  -«*)••• 
(P  -  s[)(P  -  S0  •  •  • 


(5.21) 


where  k  is  a  positive  real  constant.  For  steady  sinusoidal  voltages  repre¬ 
sented  by 

X  =  XeiuT 


the  complex  loop  gain  A/3  is  obtained  by  replacing  each  P  in  Eq.  (5.21) 
by  jco: 


75  _  -k(ju>  ~  Si)  Q’co  ~  8s) 

p  0«  -  «i)0«  -  4)  • 


The  absolute  value  of  A/3 


M  - k  Vw 


)(co2  +  sl) 


)(o>2  +  42) 


(5.22) 


(5.23) 


is  the  rms  or  peak  loop  gain  for  sinusoidal  voltages  of  circular  frequency 
w.  The  phase  shift  <£  corresponding  to  Eq.  (5.22)  is 


F  =  7T  -f- 


arc  tan 


(if)  + arc  tan  (if) 

trc  tan  (  — ^  ) 

\  *  i  / 


+ 


-}-  arc  tan  (  — —  1  -f- 


(5.24) 


The  equations  (5.23)  and  (5.24)  permit  one  to  plot  the  loop  gain  and  the 


1  Bode,  op.  cit. 
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corresponding  phase  shift1  against  the  circular  f requeue}'  w  or  against  each 
other  in  order  to  determine  whether  the  feedback  amplifier  is  stable. 
This  will  be  the  case  if  <f>  does  not  differ  from  180  deg  by  more  than  180  deg 
while  Aj3  is  greater  than  one. 

High-frequency  Stabilization  Networks.  Equation  (5.24)  shows  that  the 
phase  shift  associated  with  the  loop  transfer  function  (5.21)  is  intimately 
associated  with  the  poles  sk  and  zeros  s,  of  that  function.  Each  pole  sl: 
contributes  a  phase  lag  of  45  deg  at  u  =  —•$(..  As  co  increases  further, 
this  phase  lag  increases  to  90  deg  as  given  by 


4>(.  =  arc  tan 

Whereas  each  of  the  terms  (,/co  —  s'k)  in  the  denominator  of  Eq.  (5.22)  also 
acts  to  decrease  the  loop  gain  with  increasing  frequency,  this  effect  may 
not  be  sufficient  to  keep  the  amplifier  stable  if  the  d-c  gain  (gain  for 
co  —  0)  is  high.  Each  zero  s,  of  the  function  (5.21),  on  the  other  hand, 
contributes  a  negative  phase  lag  which  can  partially  cancel  the  phase 
lag  due  to  the  poles  sk ;  each  zero  s,  contributes  a  (negative)  phase  lag 


y 


E  = 


—  arc  tan 


equal  to  —45  deg  for  co  =  —  Si  and  tending  to  —90  deg  with  increasing  co. 

The  values  of  the  zeros  s,-  and  the  poles  s',,  are  relatively  easily  computed 
from  the  transfer  functions  of  each  stage.  An  inspection  of  the  expres¬ 
sion  (5.19)  for  a  stage  transfer  function  shows  that  each  stage  of  the  type 
shown  in  solid  lines  in  Fig.  5.25a  can  contribute  two  poles  s'k;  zeros  can  be 
contributed  only  by  feedback  networks  such  as  those  of  the  integrator 
shown  in  Fig.  5.27 b. 

A  practical  method  for  canceling  some  of  the  phase  lag  due  to  the  poles  sk  of 
the  loop  transfer  function  is  to  introduce  suitable  zeros  artificially.  The 
dotted  lines  in  the  d-c  amplifier  circuit  of  Fig.  5.25a  and  b  show  two  high- 
frequency  stabilization  networks  (lead  networks)  used  for  this  purpose. 
The  by-pass  capacitor  Cc  modifies  the  admittance  Y3  in  Eqs.  (5.17),  which 
becomes 

Y>=i  +  C‘P  <525> 


1  The  loop  gain  and  the  phase  shift  are  not  independent  of  eac*h  other;  the  relations 
existing  between  these  two  quantities  have  been  made  the  basis  of  a  very  elegant 
graphical  analysis  method.  See  H.  M.  James,  X.  B.  Xichols,  and  R.  S.  Phillips, 
Theory  of  Servomechanisms ,  MIT  Radiation  Laboratory  Series,  Yol.  25,  McGraw-Hill, 
Xew  York,  1947. 
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whereas  the  network  made  up  of  Rs  and  C,  changes  the  original  value  of 
the  admittance  Y 2  to 


F2  = 


R, 


+  C'0P  + 


C\P _ 

RfiPP  +  1 


(5.2G) 


These  two  networks  may  be  used  independently. 

On  substituting  Eq.  (5.25)  into  Eq.  (5.19)  it  will  be  seen  that  Cc  intro¬ 
duces  a  zero  into  the  stage  transfer  function  and  thus  also  into  the  loop 
transfer  function.  The  RSCS  network  will  introduce  a  zero  but  also  a  new 
pole;  in  general,  the  latter  may,  however,  be  made  to  correspond  to  so  high 
a  circular  frequency  cc  that  it  will  do  no  harm. 

It  will  be  desirable  to  modify  the  circuits  so  that  the  values  of  the  zeros 
and  the  first  poles  of  the  loop  transfer  function  A/3  alternate  as  shown  by 
the  sequence 

<  Si  <  s',  <  s2  <  4  •  •  • 


If  this  is  true,  and  if  there  are  less  than  three  more  poles  than  there  are 
zeros,  the  phase  shift  will  differ  by  less  than  180  deg  from  180  deg  for  all 
finite  values  of  the  circular  frequency  cc,  and  the  amplifier  will  be  stable  for 
all  negative  values  of  the  d  c  gain.  This  goal  cannot  always  be  achieved 
in  practice,  but  stabilization  networks  may  be  employed  in  the  majority 
of  cases  to  stabilize  d-c  amplifiers  for  all  practical  values  of  the  d-c  gain. 
A  practical  design  method  will  be  presented  below. 

Practical  Design  Method.  The  computation  of  the  poles  and  zeros  of 
each  stage  transfer  function  from  the  expression  (5.19)  is  straightforward 
but  somewhat  tedious.  The  following  is  a  simplified  method  for  the 
design  of  high-frequency  stabilization  networks. 

In  single-stage  amplifiers,  no  stabilization  will  be  needed.  In  d-c 
amplifiers  having  two  or  more  stages,  the  first  step  is  to  eliminate  the  phase 
lag  due  to  the  interstage  coupling  networks  (R\,  7?2,  and  C\  in  Fig.  5.28a)  by 
means  of  a  by-pass  capacitor  Cr ■  The  modified  interstage  coupling  net¬ 
work,  shown  in  Fig.  5.28a,  has  the  transfer  function 


Eo  -  Eon 

ea  &o0 


R  2  1  ~h  RiCcP 


R\  “f”  R*i  i  _|_ 


R  \R  2 
Ri  +  R  2 


(Cr  +  Ct)P 


If  the  value  of  Cc  is  chosen  so  that 

W  —  w  ^ 


(5.27) 


(5.28) 


R2 


Eq.  (5.27)  reduces  to 


E0  -  E0  0 
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The  only  effect  of  Cc  and  C\  is  now  to  add  to  the  capacitance  C'0  loading 
the  first  tube.  The  new  simplified  equivalent  circuit  for  the  stage  is 
shown  in  Fig.  5.28 6.  In  practice,  the  value  of  the  capacitance  Cc  should 
be  chosen  slightly  in  excess  of  that  given  by  Eq.  (5.28),  so  that  all  phase 
lag  due  to  the  interstage  network  will  be  eliminated  with  certainty. 

Cc 


If 


(b) 


Tp+fyj-H  )R|^ 

- WM - 

6(o)  (f\j)  m  *  CcCj 

Wc°=Co+5^ci' 

NETWORK 

Fig.  5.28.  Design  of  high-frequency  stabilizing  networks. 

After  this  simplification  it  will  be  much  easier  to  compute  each  stage 
gain.  For  a  two-stage  amplifier,  no  further  stabilization  will  be  neces¬ 
sary.  For  amplifiers  having  more  than  two  stages,  further  stabilization 
may  be  needed.  Figure  5.28c  shows  the  simplified  equivalent  circuit  of 
Fig.  5.286  with  the  addition  of  a  stabilization  network  comprising  the 
resistance  Rs  and  the  capacitance  Cs.  If  Eq.  (5.28)  is  assumed  to  hold, 
the  stage  transfer  function  is 

Eo-Eo0  ~K(P  +  CJt 

e,  -  e,„  P2(r'pRsC'0'C,)  +  P(RSC,  +  r'pC'0'  +  r'pCs)  +  1 


€qo 


STABILISATION 


(5.30) 
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where 


C  C 

/~irt  if  _j_  _ w  cK-  i 

°  ~  0  C\  +  Cc 


r  = 
v 


K  = 


Rp[rp  +  (1  +  fJ.)Rk](Rl  +  Rf) 


RP  (R 1  +  R-i)  +  [iTp  +  (1  +  v)Rk](Rp  +  Ri  +  R 2) 

nr1  R^RsCs 


(R 1  +  R2)[tp  +  (l  + 
This  is  of  the  form 


Ep  -  Eg 0  =  -kjP  -  Sl) 
ec  ~  e0(t  ( P  —  s[)(P  -  4) 


with  si 


1 

R.C. 


(5.31) 


It  is  seen  that  one  zero  and  two  poles  will  be  associated  with  each  stage 
incorporating  stabilization  networks  of  the  type  described  if  (5.28)  holds 
exactly  (in  general,  there  will  be  two  zeros  and  three  poles). 

If  it  is  permissible  to  assume  that 


Rs  «  r' 


and 


c: «  c. 


the  poles  .${  and  sr2  are  given  by 


Si  =  — 


RsC' 


S2  = 


r'pCs 


(5.32) 


(5.33) 


With  the  location  of  the  poles  and  zeros  given  by  such  relatively  simple 
formulas,  it  is  not  too  difficult  to  choose  the  correct  values  of  the  circuit 
constants  for  each  stage. 

Numerical  examples  showing  the  design  of  high-frequency  stabilizing 
networks  are  found  in  several  textbooks  on  amplifier  design.1  As  an 
interesting  exercise,  the  reader  might  compute  the  zeros  and  poles  of  the 
loop  transfer  function  for  a  summing  amplifier  using  the  circuit  of  Fig. 
5.33. 

All  stabilization  networks  for  feedback  amplifiers  must  be  designed  with 
large  safety  factors  ( perhaps  10 -db  amplitude  margin )  in  order  to  allow  for 
tolerances  in  the  amplifier  components  as  well  as  for  the  usually  rather  rough 
estimates  of  the  distributed  capacitances.  Each  circuit  must  be  tested  for 
stability;  if  the  initial  design  was  sound,  any  remaining  oscillations  can 
usually  be  eliminated  experimentally  by  shunting  one  or  more  of  the  inter¬ 
stage  coupling  resistors  ( Ri  and  R2  in  Fig.  5.25a)  with  small  capacitors. 


1  Greenwood,  I.  A.,  J.  V.  Holdam,  and  D.  MacRae,  Electronic  Instruments,  MIT 
Radiation  Laboratory  Series,  Yol.  21,  McGraw-Hill,  New  York,  194S;  James,  Nichols, 
and  Phillips,  op.  cit. 
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Whenever  stabilizing  networks  are  introduced  in  operational  amplifiers, 
care  should  be  taken  that  they  do  not  alter  the  transfer  function  of  the  opera¬ 
tional  amplifier  within  the  range  of  expected  signal  frequencies. 

Stability  Analysis  of  More  Complicated  Circuits.  In  principle,  all  linear 
feedback  circuits  may  be  analyzed  by  means  of  equivalent  circuits  in  the1 2 
manner  outlined  above.  A  number  of  elegant  graphical  methods  have 
been  developed  to  facilitate  such  analyses;  the  reader  is  referred  to  the 
textbooks1  on  this  subject.  A  detailed  discussion,  e.g.,  of  the  stability  of 
regenerative  amplifiers,  is  beyond  the  scope  of  this  book.-  A  tendency  to 
high-frequency  instability  in  regenerative  d-c  amplifiers  may  often  be 
combated  by  decreasing  the  amount  of  regeneration  at  the  higher 
frequencies. 

Over-all  Stability  of  Computer  Setups.  The  stability  of  individual  com¬ 
puting  elements  is  no  guarantee  for  the  high-frequency  stability  of  com¬ 
puter  setups  consisting  of  cascaded  computing  elements.  Quite  fre¬ 
quently,  loops  of  computing  elements  with  loop  gains  in  excess  of  20  will 
break  out  into  uncontrolled  high-frequency  oscillations.  This  is  due  to 
the  addition  of  small  phase  shifts  associated  with  each  computing  element 
and  possibly  also  to  stray  coupling  between  computing  elements.  These 
considerations  establish  limitations  of  the  computer  setups  possible, 
especially  when  fast  time  scales  are  used. 

5.5.  Practical  Examples  of  Computer  Amplifier  Design  and  Construc¬ 
tion.  Introduction.  The  following  examples  of  practical  d-c  amplifier 
circuits  used  in  computer  applications  will  serve  to  illustrate  the  design 
principles  presented  in  the  preceding  sections.  A  brief  discussion  of  the 
physical  construction  of  computer  amplifiers  is  also  given  at  the  end  of 
this  section.  Examples  of  computer  amplifiers  using  automatic  balancing 
are  shown  in  Sec.  5.6. 

One-tube  Amplifiers  and  Integrators.  Figure  5.29  shows  a  simple  pen¬ 
tode  amplifier  suitable  for  use  in  applications  which  do  not  require  great 
accuracy,  e.g.,  in  simple  repetitive  computers.  The  gain  of  this  circuit  is 
about  150.  Xo  special  circuits  for  drift  reduction  are  employed. 

The  regenerative  integrator  circuit  shown  in  Fig.  5.30  was  developed  at 
the  Massachusetts  Institute  of  Technology3  and  is  capable  of  good  inte¬ 
gration.  The  circuit  may  be  quite  susceptible  to  drift  and  distortion;  in 
the  version  shown,  moreover,  the  output  voltage  reference  level  is  not  the 
same  as  the  input  reference  level.  But  with  a  suitable  clamping  device 

1  Ibid. 

2  In  amplifiers  containing  subsidiary  feedback  loops,  the  poles  and  zeros  of  the  loop 
transfer  function  need  no  longer  be  real  but  may  occur  in  complex  conjugate  pairs. 
Each  pair  can  give  rise  to  phase  shifts  in  excess  of  00  deg. 

3  Greenwood,  Holdam,  and  MacRae,  op.  cit. 
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(see  Sec.  8.5),  this  circuit  might  make  a  satisfactory  integrator  for  a  low- 
cost  repetitive  computer;  in  this  application,  only  one  poAver  supply  is 
needed. 

Multistage  Amplifier  Circuits  Requiring  Only  Two  Power  Supplies.  The 
simple  tAvo-tube  d-c  amplifier  circuit  shoAvn  in  Fig.  5.31,  developed  at  the 
University  of  Michigan,1  incorporates  a  differential  amplifier  input  stage 


+350V  +350V 


6AC7 

Fig.  5.29.  Simple  one-tube  d-c  amplifier. 
6SL7 


Fig.  5.30.  Simple  regenerative  integrator  with  cathode-follower  output.  (Output 
is  not  at  the  same  reference  level  as  input.) 

for  drift  reduction,  a  triode  voltage  amplifier  stage,  and  a  cathode-folloAArer 
output  stage.  Only  one  tube  type  is  used,  and  only  ttvo  poAver  supplies 
are  needed.  The  gain  of  this  amplifier  is  about  700,  and  the  output 
impedance  is  700  ohms  Avithout  the  over-all  feedback  circuits.  The 
amplifier  will  deli\rer  plus  or  minus  40  Amlts  to  a  load  of  not  less  than 
25,000  ohms  resistance.  The  long-time  drift  is  of  the  order  of  1  mv  in 
5  hr. 

1  McDonald,  D.,  Analog  Computer  for  Servo  Problems,  Rev.  Sri.  Instruments,  21: 
154,  1950. 
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The  new  low-cost  analog  computer  of  the  Boeing  Aircraft  Company 
uses  the  d-c  amplifier  circuit  shown  in  Fig.  5.32.  This  is  a  particularly 
interesting  design  comprising  two  differential  amplifier  stages  which  per¬ 
mit  drift  reduction,  cathode  bias  without  any  loss  in  gain,  and  regenera¬ 
tive  feedback  around  the  second  stage.  Cathode-follower  output  employ¬ 
ing  only  one  section  of  the  output  6SX7  is  used  ordinarily;  by  using  both 
sections  of  the  6SN7  in  parallel,  it  is  possible  to  drive  as  many  as  twelve 
50,000-ohm  potentiometers  through  the  output  voltage  range  of  plus  or 
minus  50  volts.  The  amplifier  is  said  to  be  capable  of  driving  a  Brush 
recording  oscillograph  directly  (without  a  recorder  driver)  with  fair 
accuracy.  The  designers  have  made  provisions  for  connecting  an 
optional  automatic  balancing  unit  (see  Sec.  5.6)  to  the  amplifier.  Espe¬ 
cially  with  the  addition  of  such  a  device,  this  d-c  amplifier  should  be 


6SL7 

+250V 


-300V 


+250V 


6SL7 

2M 
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5M  > 

-300V 
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University  of  Michigan  d-c  amplifier. 


capable  of  excellent  performance  in  computer  applications.  Note  that 
the  interstage  by-pass  capacitors  (see  Sec.  5.4)  are  the  only  stabilization 
networks  needed  in  this  circuit.  The  frequency  response  of  this  all-triode 
amplifier  is  said  to  make  it  suitable  for  use  in  repetitive  computers  (at  a 
repetition  rate  just  sufficient  for  eye  persistence)  as  well  as  in  “slow”  d-c 
analog  computers. 

Examples  of  High-gain  D-c  Amplifiers  Using  Three  Power  Supplies.  In 
the  amplifier  circuit  of  Fig.  5.33,  high  voltage  gain  is  achieved  without  the 
use  of  regeneration  through  the  use  of  a  pentode  in  the  second  stage  and  a 
beam  power  tube  output  stage  which  also  has  some  voltage  gain.  The 
output  voltage  range  is  plus  or  minus  100  volts  with  a  load  of  about 
15,000  ohms.  A  differential  amplifier  stage  arranged  as  a  Miller  com¬ 
pensator  (see  Sec.  5.3)  is  used  as  the  input  stage  and  serves  to  minimize 
the  effects  of  cathode  emission  changes.  The  plate  voltages  for  the  input 
stage  are  kept  low  in  order  to  minimize  grid  current. 

Three  high-voltage  power  supplies  are  required  for  the  operation  of  this 
amplifier;  the  plus  75  volts  indicated  in  the  diagram  are  obtained  from 
the  plus  350-volt  supply  by  means  of  a  voltage  divider  using  a  YR75 


+  300V 
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Fig.  5.32.  Boeing  Aircraft  Company  d-c  amplifier  circuit.  The  output  switch  connects  either  one  or 
both  of  the  6SN7  triode  sections  with  the  output  circuit,  depending  on  the  power  required. 
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voltage-regulator  tube.  This  amplifier  was  designed  by  the  Bell  Tele¬ 
phone  Laboratories  for  the  M-9  fire-control  computer;  this  design  has 
served  as  a  model  for  many  other  computer  amplifier  circuits.  The  gain 
obtainable  with  such  arrangements  varies  from  10,000  to  75,000  without 
the  use  of  regeneration. 

The  two  Goodyear  Aircraft  Corporation  computer  amplifier  circuits 
(Figs.  5.34  and  5.35)  are  both  fine  examples  of  elegant  d-c  amplifier  design. 
In  the  circuit  of  Fig.  5.34,  three  cascaded  differential  amplifier  stages  per¬ 
mit  high  voltage  gain  with  low  drift.  The  second  stage  is  arranged  to 


6SL7  6SJ  7  6L6 


Fig.  5.33.  Computer  amplifier  designed  by  the  Bell  Telephone  Laboratories  for  the 
M-9  fire-control  computer. 


compensate  for  the  effects  of  voltage  changes  in  the  plate  supply.  A  pen¬ 
tode  output  stage  is  used  and  permits  an  output  voltage  range  of  plus  or 
minus  100  volts  with  a  20,000-ohm  load. 

The  second  Goodyear  amplifier,  shown  in  Fig.  5.35,  has  a  series-com¬ 
pensated  input  stage.  Two  cascaded  differential  amplifier  stages  are 
used  to  amplify  the  difference  between  the  output  voltage  of  the  series- 
compensated  stage  and  the  corresponding  reference  level.  The  output 
tube  is,  again,  a  pentode.  The  input  stage  is  operated  at  reduced  fila¬ 
ment  voltage  for  improved  stability  and  tube  life1  without  any  sacrifice  in 
gain.  The  grid  current  in  the  input  stage  is  minimized  through  reduced 

1  Maintenance  of  the  Electronic  Analog  Computer,  Goodyear  Aircraft  Corporation, 
Rept.  GER  3046,  July  15,  1949. 
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Fig.  5.34.  Goodyear  Aircraft  Corporation  computer  amplifier. 
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Fig.  5.35.  Goodyear  Aircraft  Corporation  computer  amplifier. 
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plate  voltage  and  through  the  use  of  a  medium-^  tube;  the  grid  current  in 
this  stage  will  be  less  than  5  X  10-n  amp. 

The  effect  of  the  high-frequency  stabilization  networks  used  in  the 
amplifier  circuits  of  Figs.  5.34  and  5.35  is  essentially  like  that  of  the  net¬ 
works  discussed  in  Sec.  5.4,  although  the  arrangement  is  not  exactly  the 
same.  The  gain  A  of  each  Goodyear  amplifier  drops  from  a  value 
between  50,000  and  70,000  at  zero  frequency  to  unity  at  about  1 00,000  cps. 
When  such  an  amplifier  is  used  in  a  summing  amplifier  circuit  with 
(3  =  0.9,  the  over-all  phase  shift  is  less  than  1  deg  at  30  cps. 

Automatic  balancing  (see  Sec*.  5.6)  could  be  used  with  either  Goodyear 
amplifier;  it  could  be  applied  particularly  easily  to  the  circuit  of  Fig.  5.34. 
The  d-c  amplifier  circuit  of  Fig.  5.35  has  replaced  the  circuit  of  Fig.  5.34 
in  the  Goodyear  electronic  analog  computer  (see  Sec.  8.6).  In  spite  of 
the  fact  that  no  automatic  balancing  is  used,  the  average  long-time  drift 
of  the  amplifier  shown  in  Fig.  5.35,  used  with  the  proper  power  supplies, 
is  said  to  be  less  than  200  pv/hr,  while  the  short-time  drift  is  of  the  order 
of  50  mv  in  5  min. 

Hints  for  the  Construction  of  D-c  Amplifiers:  Choice  of  Components.  In 
most  respects,  the  physical  construction  of  d-c  amplifiers  need  not  be 
essentially  different  from  that  of  other  electronic  devices.  The  construc¬ 
tion  of  all  computer  components  should  emphasize  ruggedness ;  the  chassis 
wiring  can  be  done  either  with  uninsulated  solid  wire  and/or  with  insu¬ 
lated  stranded  wire.  All  a-c  filament  leads  should  be  tightly  twisted 
pairs.  It  is  advisable,  although  not  absolutely  necessary,  to  keep  all 
leads  short  and  to  shield  the  amplifier  input  leads.  In  order  to  avoid 
microphonism,  particularly  in  the  input  stages  of  high-gain  amplifiers,  it 
will  be  wise  to  shock-mount  the  tube  assemblies  in  these  stages  by  means 
of  small  rubber  grommets  placed  in  the  screw  holes.  Relays  associated 
with  d-c  amplifiers  for  control  purposes  often  tend  to  shake  the  entire 
chassis  and  must,  therefore,  also  be  shock-mounted. 

The  vacuum-tube  operating  voltages  in  each  stage  of  a  d-c  amplifier  are 
affected  by  resistors  in  preceding  stages  as  well  as  in  the  stage  in  question. 
For  this  reason,  the  resistances  of  all  resistors  carrying  direct  current 
should  be  specified  to  within  plus  or  minus  1  per  cent. 

In  order  to  minimize  d-c  amplifier  drift,  all  resistors  carrying  direct 
current  must  be  stable:  i.e.,  they  must  maintain  their  resistance  values 
within  specified  tolerances  over  reasonable  ranges  of  current,  humidity, 
and  ambient  temperature.  In  order  to  avoid  excessive  temperature 
changes,  all  resistors  used  in  computer  amplifiers  should  have  about  twice 
the  power  rating  actually  required;  resistors  which  must  dissipate  more 
than  1  or  2  watts  may  be  mounted  on  top  of  the  amplifier  chassis  for 
better  heat  dissipation. 
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High-quality  metalized-type  resistors  are  recommended  for  low-cost 
computer  amplifiers.  In  high-precision  computers,  all  critical  resistors  (in 
the  power-supply  regulators  and  servomechanisms  as  well  as  in  the  d-c  ampli¬ 
fiers)  should  be  special  precision  types  of  metalized,  carbon,  or  wire-wound 
resistors.1  Wire-wound  resistors  will  not  exhibit  the  required  tempera¬ 
ture  stability  unless  special  alloys  are  used  for  the  windings. 

Generally  speaking,  it  is  usually  less  expensive  to  use  high-quality 
resistors  in  all  doubtful  positions  than  to  try  to  compute  the  drift  due  to 
the  resistance  variations  of  cheaper  resistors. 

Adjustable  resistors  and  balancing  potentiometers  must  also  be  chosen 
with  a  view  to  stability  and  freedom  from  microphonism. 

Integrating  Capacitors:  Absorption  and  Leakage.  It  has  been  shown  in 
Chap.  4  that  high  leakage  resistance  is  a  desirable  property  in  integrating 
capacitors.  Whereas  the  effects  of  capacitor  leakage  could  be  com¬ 
pensated  by  means  of  regenerative  circuits,  the  leakage  resistance  of  poor 
capacitors  tends  to  change  with  humidity,  so  that  accurate  compensation 
may  be  difficult.  The  effects  of  dielectric  absorption  (soak-in)  are  some¬ 
what  like  those  of  leakage  but  change  with  frequency. 

Both  capacitor  leakage  and  absorption  are  minimized  through  the  use  of 
the  proper  types  of  capacitors.  Integrating  capacitors  in  high-accuracv 
computers  should  use  either  polystyrene  or  similar  plastics  as  the  dielec¬ 
tric2  and  have  leakage  resistances  in  excess  of  5  X  105  megohms/, uf. 
Mica  capacitors  may  be  used  as  integrating  capacitors  in  low-cost  com¬ 
puters  and  particularly  in  repetitive  computers;  they  are,  incidentally, 
also  recommended  for  use  in  the  high-frequency  stabilization  networks  of 
d-c  amplifiers. 

In  all  parallel-feedback-type  integrators,  care  should  be  taken  to  confine  the 
leakage  path  between  the  plates  of  each  integrating  capacitor  to  the  dielectric 
proper.  All  circuit  points,  such  as  jacks,  switch  and  relay  contacts,  con¬ 
nected  to  the  d-c  amplifier  input  and  output  terminals,  respectively,  must 
always  be  separated  by  grounded  metal  parts.  Such  construction  prac¬ 
tice  will  eliminate  leakage  paths  over  the  surface  of  insulating  materials. 
The  analysis  of  Sec.  4.5  shows  that  leakage  to  ground  is  essentially  harm¬ 
less;  “insulation  with  metal”  is,  therefore,  the  best  possible  insulation. 

Amplifier  Loading  and  the  Use  of  Booster  Resistors.  For  a  given  d-c 
amplifier,  the  range  of  output  voltages  not  to  be  exceeded  for  proper  linear 
operation  will  be  specified  for  a  given  minimum  load  resistance.  If  the 

1  “Xoblellov”  resistors  (Continental  Carbon  Company),  Shallcross  types  BX1S1E 
and  BX190E,  Carbofilm  type  CP-1,  and  IRE  type  DCH  have  been  used  successfully 
in  d-c  analog  computers,  but  other  types  may  also  be  useful. 

-  Western  Electric  type  polystyrene  capacitors  and  Condenser  Products  Company 
types  LA  (polyethylene)  and  PA  (polystyrene)  have  been  found  useful. 


200 


ELECTRONIC  ANALOG  COMPUTERS 


use  of  smaller  load  resistances  is  necessary  (e.g.,  if  several  potentiometers 
in  parallel  are  to  be  connected  to  an  amplifier  output),  the  need  for  addi¬ 
tional  operational  amplifiers  in  parallel  with  the  first  can  sometimes  be 
avoided  through  the  use  of  booster  resistors.  A  booster  resistor  is  simply  a 
resistor  connected  in  parallel  with  the  output  plate  load  resistor  of  the 
amplifier  output  stage  in  circuits  like  those  shown  in  Figs.  5.33  to  5.35. 
Such  a  resistor  can  be  introduced  into  the  circuit  by  means  of  a  simple 
switch  or  plug-in  arrangement.  A  booster  resistor  will  decrease  the 
amplifier  output  impedance  at  a  slight  expense  in  terms  of  amplifier  for¬ 
ward  gain  and  d-c  power  drain. 

5.6.  Improved  D-c  Amplifier  Design :  Automatic  Balancing  Circuits. 

Introduction.  The  development  of  improved  d-c  amplifiers  and  d-c 
analog  computers  has  received  a  tremendous  impetus  through  the  inven¬ 
tion  of  automatic  balancing  circuits 1  which  make  it  possible  to  obtain 

1.  A  reduction  of  d-c  amplifier  drift  (see  Sec.  5.1)  by  a  factor  of  3  to  20. 

2.  An  increase  of  the  d-c  amplifier  gain  at  low  frequencies  by  a  factor  of 
1,000  to  5,000,  resulting  in  decreased  distortion  and  improved 
accuracy  of  integration. 

3.  The  elimination  of  the  necessity  for  frequent  manual  balancing. 
Balancing  controls  may  be  eliminated  entirely  at  the  price  of  a  very 
slight  reduction  in  accuracy. 

Such  possibilities  permit  striking  improvements  in  the  design  of  d-c 
analog  computers.  This  section  will  present  a  discussion  of  the  principles 
of  automatic  balancing  circuits  as  well  as  a  number  of  practical  examples. 

M odulated-carrier-type  Circuits  for  D-c  Amplification.  Amplifier  cir¬ 
cuits  of  the  modulated  carrier  type  are  frequently  used  instead  of  con¬ 
ventional  d-c  amplifiers  in  connection  with  various  instrumentation 
applications. 

Figure  5.36a  shows  the  block  diagram  of  such  a  circuit.  The  d-c  input 
is  used  to  modulate  an  a-c  “ carrier”  voltage,  so  that  the  a-c  amplitude  is 
proportional  to  the  d-c  input  voltage.  The  modulated  carrier  is  amplified 
by  means  of  a  conventional  a-c  amplifier.  The  amplified  alternating 
current  is  then  demodulated  to  yield  an  amplified  d-c  output  voltage 
proportional  to  the  original  d-c  input  voltage. 

Figure  5.365  illustrates  the  use  of  a  single  synchronous  vibrator  or 
chopper  for  both  modulation  and  demodulation.  The  d-c  input  voltage 

1  Williams,  A.  J.,  R.  E.  Tarpley,  and  W.  R.  Clark,  Trans.  AIEE,  67:  47,  1948; 
Goldberg,  E.  A.,  Stabilization  of  D-c  Amplifiers,  RCA  Rev.,  11:  296,  1950.  To  the 
best  of  the  authors’  knowledge,  automatic  balancing  circuits  were  first  used  in  the 
RCA  “TYPHOON”  computer. 
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is  interrupted  periodically  by  the  chopper  relay,  so  that  a  modulated  a-c 
voltage  is  obtained  at  the  amplifier  input.  The  amplifier  output  voltage 
is  rectified  synchronously  by  the  same  vibrator;  the  d-c  output  voltage  is 
then  smoothed  by  a  smoothing  network.  It  should  be  noted  that  such  a 
modulated-carrier-type  amplifier  is  phase-sensitive:  if  the  sign  of  the  input 
d-c  voltage  is  reversed,  the  phase  of  the  modulated  a-c  voltage  changes  by 
1 80  deg  and  the  sign  of  the  d-c  output  voltage  will  also  reverse  in  the  cor¬ 
rect  manner. 

Modulated-carrier-type  amplifiers  permit  d-c  amplification  with  very 
substantial  gain,  without  the  use  of  carefully  regulated  power  supplies. 


d-c  d-c 


FILTER  ‘ 

(«) 


Fig.  5.36.  Principle  of  the  modulated-carrier-type  d-c  amplifier.  In  the  circuit  of 
(6),  a  single  synchronous  vibrator  serves  as  both  a  phase-sensitive  modulator  and 
demodulator. 

The  use  of  synchronous  vibrators  in  the  manner  shown  in  Fig.  5.366  per¬ 
mits  one,  moreover,  to  obtain  d-c  amplification  with  very  low  drift. 

A  synchronous  vibrator  is  essentially  an  a-c-driven  relay  which  can  per¬ 
form  switching  operations  at  carrier  frequencies  between  0  and  600  cps. 
Aside  from  possible  contact  and  thermoelectric  potentials,  the  main 
source  of  error  voltages  in  synchronous  vibrators  is  stray  coupling  of  the 
driving  a-c  voltage  into  the  signal  circuit.  This  effect  must  be  minimized 
by  careful  shielding  and  also  by  appropriate  phasing  of  the  driving  volt¬ 
age;  it  can  also  be  reduced  by  grounding  the  adjustable  center  tap  of  a 
potentiometer  connected  across  the  relay  coil.  It  may  be  useful  to  bring 
the  coil  terminals  out  through  the  top  of  the  converter  case,  well  away 
from  the  signal-carrying  leads.  Finally,  it  is  possible  to  make  the  con¬ 
tact  reed  of  a  synchronous  vibrator  vibrate  at  twice  the  excitation  fre- 
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quency  applied  to  the  relay  coil;  such  an  arrangement  will  further  reduce 
the  effects  of  a-c  pickup  at  the  excitation  frequency. 

The  value  of  possible  noise  and  offset  voltage  output  of  a  synchronous 
vibrator  depends  on  the  impedance  level  at  which  the  device  is  operated 
and  may  be  less  than  2  nv  for  a  synchronous  vibrator  operated  into  the 
low-impedance  primary  of  an  input  transformer  and  2  to  5  nv  for  a  syn¬ 
chronous  vibrator  operated  into  a  vacuum-tube  grid  at  an  impedance 
level  of  the  order  of  1  megohm.  Good  results  should  also  be  possible  if 
the  synchronous  vibrator  is  replaced  by  a  cam-operated  or  rotating  switch 
actuated  periodically  through  a  high-speed  motor.  Offset  and  noise 
voltages  lower  than  0.005  fiv  have  been  obtained  with  an  input  resistance 
of  5  ohms.1  Conceivably,  a  single  motor  could  be  made  to  drive  all  the 
modulating  switches  in  installations  comprising  many  such  devices. 

The  range  of  signal  frequencies  usable  with  modulated-carrier-type 
amplifiers  is  restricted  to  frequencies  lower  than  the  carrier  frequency  by 
about  a  factor  of  10.  If  modulated-carrier-type  amplifiers  are  to  be 
employed  in  feedback  circuits,  the  high-frequency  components  must  be 
eliminated  through  the  use  of  low-pass  filters  (indicated  in  Fig.  5.36). 
Otherwise,  the  high-frequency  components  of  the  signal  and  noise  would 
not  modulate  the  carrier  properly  but  might  be  amplified  in  the  a-c  ampli¬ 
fier  and  give  rise  to  spurious  high-frequency  feedback.  Since  synchro¬ 
nous  vibrators  cannot  be  operated  consistently  at  carrier  frequencies 
much  higher  than  400  eps,  it  has  not  been  possible  to  employ  modulated- 
carrier-type  amplifiers  using  synchronous  vibrators  directly  in  high-gain 
operational  amplifiers  for  computer  applications.  Higher  carrier  fre¬ 
quencies  can  be  utilized  by  replacing  the  synchronous  vibrators  with 
diode-type  switching  circuits.2  Since  the  drift  in  the  best  diode-switch- 
type  demodulators  is  not  very  much  better  than  that  observed  with  high- 
quality  d-c  amplifiers,  no  one  has  hitherto  considered  it  worth  while  to 
use  modulated-carrier-type  amplifiers  in  d-c  analog  computers.  This 
may  be  due  to  circuit  complications  and  shielding  difficulties  involved  in 
using  high  carrier  frequencies. 

It  is  conceivably  possible  to  utilize  a  modulated-carrier-type  amplifier 
channel  employing  a  synchronous  vibrator  to  amplify  the  d-c  and  low- 
frequency  components  of  the  signal  and  to  amplify  the  higher  frequency 
components  in  a  parallel  a-c  amplifier  channel.  Such  developments  have 
been  rendered  obsolete  by  the  invention  of  the  automatic  balancing  cir¬ 
cuits  described  below. 

1  Liston  et  al.,  Rev.  Sci.  Instruments  17 :  194,  1946. 

2  See  B.  Chance,  F.  C.  Williams,  V.  Hughes,  D.  Sayre,  and  E.  F.  MacNichol,  Wave¬ 
forms,  Chap.  12,  MIT  Radiation  Laboratory  Series,  Vol.  19,  McGraw-Hill,  New  York, 
1949,  for  a  discussion  of  switch  type  modulators. 
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Automatic  Balancing  Circuits.  Figure  5.37  shows  the  block  diagram  of 
the  basic  automatic  balancing  circuit.  A  modulated-carrier-type  ampli¬ 
fier  using  a  synchronous  vibrator  is  ingeniously  combined  with  a  con¬ 
ventional  d-c  amplifier  in  such  a  manner  that  the  freedom  from  drift  of 
the  former  and  the  superior  high-frequency  response  of  the  latter  are  both 
realized.  In  addition,  the  circuit  has  a  vastly  increased  forward  gain  at 
low  frequencies;  this  feature  is  particularly  useful  for  accurate  integration 
(see  Sec.  4.5). 


COMPUTING  IMPEDANCES 


Fig.  5.37.  Block  diagram  of  an  operational  amplifier  with  automatic  balancing 
circuit.  The  grid-blocking  capacitor  indicated  by  dash  lines  is  an  optional  feature. 

The  time  constant  RiCi  of  the  low-pass  filter  or  integrating  network 
comprising  the  resistance  R,  and  the  capacitance  C7  in  Fig.  5.37  is  usually 
chosen  so  that 

R,CI  >  ~  (5.34) 

J  c 

where  fc  is  the  carrier  frequency  to  be  used  in  the  a-c  amplifier  (fc  will  be 
between  60  and  500  cps). 

As  a  result,  the  high-frequency  components  of  the  error  voltage  E  are 
not  affected  by  the  automatic  balancing  circuit  but  are  amplified  by  the 
d-c  amplifier  as  in  any  operational  amplifier  circuit.  The  high-frequency 
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forward  gain  of  the  operational  amplifier  shown  is  thus  simply 

■A-hf  =  A.  i  (5.35) 

where  Ax  is  the  gain  of  the  d-c  amplifier  channel. 

If  the  circuit  shown  in  the  solid  lines  in  Fig.  5.37  is  used,  the  low-fre¬ 
quency  components  of  the  error  voltage  E  are  also  amplified  by  the  d-c 
amplifier.  Much  more  significantly,  however,  components  of  the  error 
voltage  E  of  sufficiently  low  frequencies  to  pass  easily  through  the  low- 
pass  filter  will  be  amplified  by  the  modulated  carrier  channel  and  the  d-c 
amplifier  in  cascade.  The  low-frequency  forward  gain  is  thus  seen  to  be 

Alf  =  A1  +  A1A2  (5.36) 

where  A  2  is  the  gain  of  the  modulated  carrier  channel. 

The  modulated  carrier  channel  precedes  the  d-c  amplifier  as  far  as  the 
d-c  and  low-frequency  components  of  the  signal  are  concerned.  Since 
this  channel  is  not  affected  by  voltage  changes  in  the  high-voltage  and 
filament  power  supplies,  it  acts  essentially  as  an  input  stage  having  a 
relatively  high  gain  A2  and  very  low  drift.  Reference  to  Eq.  (5.2)  shows 
that  such  an  arrangement  reduces  the  effects  of  drift  in  the  d-c  amplifier 
channel  effectively  by  a  factor  equal  to  the  gain  A2  of  the  modulated  carrier 
channel.  Although  it  will  still  pay  to  keep  the  drift  in  the  d-c  amplifier 
channel  to  a  minimum  by  the  techniques  discussed  in  the  previous  sec¬ 
tion,  the  most  significant  sources  of  drift  will  now  be  only  those  acting  at  the 
input  to  the  modulated  carrier  amplifier  channel.  These  sources  of  drift  are 
essentially  twofold,  viz., 

1.  Noise  and  drift  due  to  the  synchronous  vibrator,  of  the  order  of  2  to 
20  yv. 

2.  Grid  current  of  the  input  tube  of  the  d-c  amplifier;  e.g.,  a  typical  grid 
current  of  10-4  ya  through  a  resistance  of  1  megohm  will  give  rise  to 
an  error  voltage  of  100  yv.  A  portion  of  this  error  voltage  will 
appear  at  the  input  of  the  modulated  carrier  channel  and  will  act 
just  like  an  input  voltage. 

Integral  Control.  The  action  of  the  automatic  balancing  circuit  may 
be  described  in  yet  another  manner.  Any  offset  voltage  due  to  drift  in 
the  d-c  amplifiers,  say,  appearing  at  the  output  terminals  of  the  opera¬ 
tional  amplifier  will  be  fed  back  through  the  feedback  networks  and  will 
tend  to  charge  the  capacitor  Ci  of  the  low-pass  filter  network  at  the  input 
of  the  modulated  carrier  channel.  This  “low-frequency  error  voltage” 
will  be  amplified  by  the  modulated  carrier  channel  and  fed  back  in  such 
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a  manner  as  to  anul  the  effects  of  the  original  offset  voltage.  It  may  be 
said,  as  a  matter  of  fact,  that  the  low-pass  filter  comprising  the  resistor  It, 
and  the  capacitor  Ci  “remembers”  the  effects  of  past  disturbances  for  a 
short  time  and  seeks  to  anul  their  effects.  This  type  of  action  is  referred 
to  as  integral  control.1 2 

Two  Practical  Circuits.  Figure  5.38  shows  the  circuit  diagrams  of  two 
practical  computer  amplifiers  incorporating  automatic  balancing  circuits. 
Both  circuits  were  developed  by  the  RCA  Research  Laboratories’  under 
a  contract  with  the  United  States  Navy.  The  circuit  of  Fig.  5.38a 
employs  a  GO-cps  carrier  in  the  modulated  carrier  channel,  whereas  a 
400-cps  carrier  is  used  in  the  circuit  of  Fig.  5.38 6.  The  remarkable 
properties  of  amplifiers  employing  automatic  balancing  circuits  are  best 
illustrated  by  the  following  specifications  of  the  circuit  of  Fig.  5.386: 

Gain  A  \  of  the  d-c  amplifier  channel,  about  50,000 

Gain  A  2  of  the  modulated  carrier  channel,  about  2,000 

Net  gain  at  zero  frequency,  about  100  million  (!) 

Net  gain  at  5  cps,  about  300,000 

Grid  current,  less  than  10~4  jua 

Average  offset  voltage,  referred  to  input,  consistently  less  than  50  p.v 

The  offset  voltage  can  be  further  reduced  by  careful  adjustment  of  the 
auxiliary  balance  control  indicated  in  Fig.  5.386,  through  the  use  of 
an  electrometer-type  tube  in  the  input  stage  of  the  d-c  amplifier  or 
through  the  use  of  a  grid-blocking  capacitor,  as  described  in  the  following 
paragraph. 

Use  of  a  Grid-blocking  Capacitor .3  It  is  possible  to  eliminate  the  d-c  offset 
voltage  due  to  the  constant  component  of  the  grid  current  in  the  d-c  amplifier 
input  tube  through  the  use  of  a  grid-blocking  capacitor  and  separate  grid 
return  resistor.  Such  an  arrangement  is  shown  in  dotted  lines  in  the  block 
diagram  of  Fig.  5.37.  With  circuits  of  this  type,  the  d-c  component  of 
the  input  signal  cannot  pass  directly  through  the  d-c  amplifier  channel 
but  must  pass  first  through  the  modulated  carrier  channel;  the  d-c  gain 
will  be  equal  to  A\A2.  Higher  frequency  components  of  the  input  signal 
can  still  pass  directly  through  the  d-c  amplifier  channel  by  way  of  the 
grid-blocking  capacitor. 

1  Refer  to  James,  Nichols,  and  Phillips,  op.  cit.,  for  a  detailed  discussion  of  integral 
control. 

2  Princeton,  N.J. 

3  Gunning,  W.  F.  and  A.  S.  Mengel,  unpublished  communication,  RAND  Corpora¬ 

tion,  Santa  Monica,  Calif. 
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The  grid-blocking  capacitor  should  be  a  high-quality- type  capacitor 
having  a  minimum  of  leakage  or  absorption,  such  as  a  polyethylene  or 
polystyrene  capacitor. 

The  use  of  a  grid-blocking  capacitor  permits  a  further  reduction  of  d-c 
amplifier  drift  and  is  recommended  for  practical  computer  applications  if 
the  precautions  outlined  below  are  observed. 

Recovery  of  Automatic  Balancing  Circuits  after  Overloads.  Whenever 
the  absolute  value  of  the  output  voltage  of  an  operational  amplifier 
exceeds  a  certain  permissible  level,  the  amplifier  will  “ saturate”  and  can 
then  no  longer  function  as  a  linear  device.  In  this  condition,  the  feed¬ 
back  cannot  act  to  reduce  the  “error  voltage”  at  the  amplifier  input 
terminals. 

With  conventional  d-c  amplifier  circuits,  normal  operating  conditions 
can  be  reestablished  quickly  after  an  overload  by  simply  returning  the 


Fig.  5.38.  Two  high-quality  d-c  amplifiers  incorporating  automatic  balancing  cir¬ 
cuits.  Both  circuits  were  developed  at  the  RCA  Research  Laboratories,  Princeton, 
N.J.  The  circuit  of  Fig.  5.38a  uses  a  60-cps  carrier,  and  the  circuit  of  Fig.  5.385  uses 
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computer  to  the  reset  condition  (see  Sec.  7.1).  In  amplifiers  employing 
automatic  balancing  circuits,  however,  the  filter  and  grid-blocking  capaci¬ 
tors  used  in  these  circuits  will  tend  to  charge  up  while  the  amplifier  is 
overloaded.  When  the  computer  is  returned  to  the  reset  condition 
following  an  overload,  some  time  may  pass  until  these  capacitors  are  dis¬ 
charged  and  permit  the  amplifier  output  voltage  to  return  to  its  normal 
operating  range.  Consequently,  provision  should  be  made  for  discharg¬ 
ing  the  capacitors  in  question  after  an  overload. 

A  device  for  this  purpose  might  be  in  the  form  of  a  relay  which  shorts 
the  guilty  capacitors  for  a  short  time  whenever  the  computer  is  placed  in 
the  reset  condition  (see  Sec.  7.1). 

The  recovery  time  will,  in  any  case,  be  shorter  with  automatic  balancing 
circuits  employing  a  400-cps  carrier  than  with  60-cps  carrier  systems, 
since  the  integrating  and  grid-blocking  capacitors  can  have  smaller  values 
in  this  case. 

Error-indicating  Lights.  Xeon  bulbs  connected  across  the  output  ter¬ 
minals  of  each  operational  amplifier  have  long  been  found  useful  for 
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a  400-cps  carrier.  The  output  voltage  range  may  he  as  large  as  from  plus  200  volts 
to  minus  200  volts  with  a  load  of  100,000  ohms. 
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indicating  excessive  output  voltages  and  thus  for  eliminating  computer 
runs  during  which  one  or  more  operational  amplifiers  were  overloaded 
(see  Sec.  7.2). 

In  the  case  of  d-c  amplifiers  employing  automatic  balancing  circuits,  it 
is  possible  to  use  neon  bulbs  for  indicating  excessive  signal  voltages  in  the 
modulated  carrier  channel.1  Such  a  neon  bulb  is  shown  connected  to  the 
output  of  the  synchronous  rectifier  in  the  circuit  diagram  of  Fig.  5.39. 
The  circuit  is  arranged  so  that  the  neon  “error-indicator  light”  will  begin 
to  glow  whenever  the  absolute  value  of  the  voltage  across  the  capacitor 
Ci  exceeds  1  mv. 

Assuming  that  the  modulated  carrier  channel  is  working  'properly,  the 
error-indicator  light  will  glow  whenever  the  feedback  circuit  constituting  the 
operational  amplifier  is  not  acting  to  reduce  the  low-frequency  error  voltage  on 
the  capacitor  Ci. 

The  error-indicator  light  will,  thus,  not  simply  indicate  excessive  out¬ 
put  voltages  in  the  operational  amplifier  in  question.  Output  voltages 
substantially  in  excess  of  the  threshold  level  of  ordinary  overload  lights 
will,  for  instance,  be  tolerated  if  the  amplifier  is  lightly  loaded;  this  per¬ 
mits  greater  flexibility  in  the  choice  of  scale  factors  and  increased  accu¬ 
racy.  Again,  the  new  error-indicating  system  will  indicate  improper 
amplifier  operation  if  an  amplifier  is  loaded  by  too  many  potentiometers 
even  though  the  output  voltage  may  be  relatively  small.  Errors  hitherto 
unnoticed  can  be  eliminated  in  this  manner,  and  more  efficient  utilization  of 
the  operational  amplifiers  is  made  possible. 

Finally,  the  error-indicating  lights  will  tend  to  glow  in  certain  cases  of 
tube  or  component  failures  in  the  d-c  amplifier  channel.  The  new  error 
indicators  are  seen  to  be  more  useful  than  ordinary  overload  lights;  it 
may  even  be  helpful  to  use  both  systems  in  conjunction  so  as  to  identify 
error  sources  more  easily. 

The  RAND  Automatic  Balancing  Circuit.1  Figure  5.39  shows  the  auto¬ 
matic  balancing  and  error-indicating  circuits  used  by  the  RAND  Corpora¬ 
tion'2  in  connection  with  a  modified  Reeves3  d-c  amplifier.  The  d-c  ampli¬ 
fier  is  somewhat  similar  to  that  of  the  RCA  circuit  shown  in  Fig.  5.38a. 
An  earlier  version  of  the  RAND  automatic  balancing  circuit  included  a 
polystyrene  grid-blocking  capacitor  of  1  /xf  with  a  grid  leak  resistor  of 
10  megohms.  In  order  to  avoid  the  necessity  of  discharging  the  grid¬ 
blocking  capacitor  after  overloads,  it  was  decided  to  use  the  cathode- 
follower  input  stage  shown  in  Fig.  5.39;  the  low  grid  current  (10-6  jua) 

1  Ibid. 

2  Santa  Monica,  Calif. 

3  See  Frost,  S.,  Compact  Analog  Computer,  Electronics,  July,  1948,  for  the  Reeves 
d-c  amplifier  circuit. 
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of  this  circuit  makes  the  use  of  a  grid-blocking  capacitor  practically 
unnecessary. 

The  circuit  employs  a  60-cps  modulated  carrier  channel  and  the  new 
error-indicating  circuit.  The  vibrator  contact  arrangement  results  in  a 
phase-sensitive  peak  detection  scheme  which  is  said  to  reduce  the  demodu- 
latot  ripple  filtering  problem.  An  auxiliary  balancing  control  is  provided. 

The  synchronous  vibrators  used  with  automatic  balancing  circuits  may 
present  somewhat  of  a  maintenance  problem.  Although  many  vibrators 
are  capable  of  a  useful  life  of  more  than  2,000  hr,1  the  life  period  decreases 
very  sharply  if  the  contacts  are  operated  at  open-circuit  voltages  in  excess 
of  the  rated  maximum  voltage.  In  the  RAND  circuit,  the  second  stage 
of  the  a-c  amplifier  has  a  purposely  low  plate  voltage,  so  that  excessive 
error  voltages  during  overloads  will  tend  to  be  limited  and  cannot  damage 
the  demodulator  contacts  of  the  vibrator.  The  error-indicating  light 
appears  at  the  output  of  a  d-c  amplifier  stage  following  the  synchronous 
rectifier.  All  error-indicating  lights  in  the  RAND  computer  are  returned 
to  a  common  bus;  a  warning  buzzer  or  relay  system  can  thus  be  actuated 
by  an  error  indication  in  any  amplifier. 

The  gain  A2  of  the  RAND  modulated  carrier  channel  is  about  2,000, 
and  the  equivalent  input  d-c  noise  voltage  is  between  50  and  100  pv.  A 
switch  (not  shown  in  Fig.  5.39)  is  provided  to  disconnect  the  automatic 
balancing  circuit  from  the  d-c  amplifier  after  severe  overloads. 

1  Chance,  Williams,  Hughes,  Sayre,  and  MacNichol,  op.  tit. 
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6.1.  Miscellaneous  Devices  for  the  Multiplication  of  Two  or  More 
Variables.  Introduction.  Devices  capable  of  multiplying  two  machine 
variables  will  generally  be  represented  by  a  block  diagram  like  the  one 
shown  in  Fig.  6.1.  The  device  will  have  two  input  voltages,  Xi  and  X2, 
corresponding  to  the  two  machine  variables  to  be  multiplied.  The  out¬ 
put  voltage  X0  will  be  proportional  to  the  product  of  the  two  input  volt¬ 
ages  Xi  and  X2  so  that 

X0  =  cXxX2  (6.1) 


Fig.  6.1.  General  block  dia¬ 
gram  of  a  multiplier  for  multi¬ 
plying  two  d-c  voltages. 


where  c  is  a  positive  or  negative  constant. 

The  designer  of  operational  amplifiers  or  computing  networks  (Chap.  4) 
can  draw  freely  on  the  well-established 
theory  of  linear  circuits.  Such  knowledge 
is,  however,  not  sufficient  for  successful 
multiplier  design.  From  the  nonlinear 
nature  of  Eq.  (6.1),  it  follows  that  multi¬ 
plication  cannot  be  achieved  by  means  of 
linear  circuits  alone.  In  fact,  all  multipliers 
must  involve  devices  whose  gain  is  dependent  upon  one  or  more  of  the 
applied  voltages. 

At  the  very  outset  it  must  be  said  that  the  field  here  is  still  an  open 
one.  The  design  of  the  servomultipliers  mentioned  in  Sec.  1.3  is  fairly 
simple  and  well  known  to  the  art  (see  also  Secs.  6.2  and  6.4).  But  the  use 
of  such  electromechanical  devices  necessarily  imposes  limitations  on  the 
frequency  ranges  of  some  machine  variables  and  thus  on  the  computer 
time  scale  and  the  speed  of  computation.  It  would  be  very  desirable  to 
have  purely  electronic  multiplying  devices  of  fair  accuracy  (0.1  to  0.5 
per  cent  of  full  output  scale,  or  0.001  to  0.005  machine  unit)  and  as  simple 
in  design  as  a  good  d-c  integrator  (six  or  less  vacuum  tubes).  Circuits 
satisfying  both  these  requirements  have  not  been  developed  as  yet  (1951). 
The  portions  of  this  chapter  dealing  with  electronic  multipliers  are 
intended  to  show  the  directions  in  which  the  development  of  such  circuits 
is  proceeding  rather  than  to  instruct  the  reader  in  the  construction  of 
specific  devices. 
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Multiplication  of  Positive  and  Negative  Quantities.  The  ideal  multiplier 
would  accept  voltages  of  both  signs  for  either  Xi  or  X2,  and  its  output 
voltage  X0  would  have  the  correct  sign  associated  with  the  product  XjX2. 
Such  a  multiplier  is  said  to  be  capable  of  four-quadrant  operation.  Other 
types  are  capable  of  two-quadrant  operation.  Here  the  input  voltage  Xi 
may  be  either  positive  or  negative,  and  the  output  voltage  X0  will  change 
sign  with  the  input  voltage  Xu  The  input  voltage  X2,  however,  can  be 
only  either  positive  or  negative  throughout  the  computation.  Such 


(b) 

Fig.  6.2.  Adaptation  of  two-quadrant  multipliers  to  four-quadrant  multiplication. 

multipliers  are  called  two-quadrant  multipliers.  A  third  class  of  multi¬ 
pliers  is  capable  of  accepting  only  voltages  of  one  sign  for  either  Xi  or  X2. 
Such  multipliers  might  be  called  one-quadrant  mxdtipliers. 

Generally  speaking,  it  is  usually  possible  to  build  four-quadrant  multi¬ 
pliers  by  combining  simpler  multiplying  devices  which  are  not  capable  of 
four-quadrant  operation.  Figure  6.2a  shows  how  a  two-quadrant  multi¬ 
plier  can  be  made  to  serve  for  four-quadrant  multiplication.  The  multi¬ 
plier  is  of  a  type  which  will  accept  positive  and  negative  voltages  Xi  but 
only  values  of  the  second  input  voltage,  V,  say,  which  are  positive  and 
greater  than  some  value  V0.  Xi  is  to  be  multiplied  by  a  machine  variable 
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X2  which  can  assume  both  positive  and  negative  values.  A  constant 
positive  voltage  E,  sufficiently  large  to  make  the  sum  of  A^2  and  E  greater 
than  V0  for  all  values  of  X2,  is  added  to  the  voltage  X2.  The  voltage 

V  =  X2  +  E 

is  used  as  in  input  to  the  multiplier,  which  will  compute  the  product 

XiV  =  XiX2  +  XiE 

Figure  6.2a  shows  how  the  product  X\E  may  be  subtracted  from  the 
multiplier  output  voltage  in  order  to  obtain  the  correct  product  ATiX2. 
The  arrangement  of  Fig.  6.26  utilizes  two  two-quadrant  multipliers. 
This  circuit  may  be  more  complex  than  that  of  Fig.  6.2a,  but  some  errors 
may  cancel  because  of  the  symmetrical  push-pull  arrangement. 

Multiplying  Circuits  Using  Special  Function  Generators.  The  nonlinear 
devices  needed  for  multiplication  may  take  the  form  of  function  gen- 


Fig.  6.3.  Logarithmic  multiplier. 


erators  whose  output  voltages  are  proportional  to  the  square,  logarithm, 
etc.,  of  the  respective  input  voltages.  Thus 

XiX2  =  a  (log“  v,+iogu  xt)  —  antiloga  (log„  Xi  +  loga  X2)  (6.2) 

Figure  6.3  shows  the  block  diagram  of  a  multiplier  based  on  this  well- 
known  relation.  It  is  easy  to  see  that  circuits  based  on  the  properties  of 
the  logarithmic  function  may  be  used  to  obtain  division,  powers,  and 
roots  as  well  as  multiplication.  Since  the  logarithmic  function  is  not 
defined  for  negative  values  of  the  argument,  the  direct  application  of  the 
circuit  of  Fig.  6.3  is  restricted  to  positive  values  of  X\  and  X2  (one- 
quadrant  operation). 

The  quarter-square  multiplier  shown  in  Fig.  6.4a  is  based  on  the  relation 

XiXt  =  Hl(x i  +  x2y  -  (Xr  -  x2y-]  (6,3) 

If  squaring  devices  permitting  negative  as  well  as  positive  input  voltages 
are  available  (e.g.,  the  photoformers  described  in  Sec.  6.5),  a  quarter- 
square  multiplier  will  permit  direct  multiplication  of  both  positive  and 
negative  variables  (four-quadrant  operation).  The  percentage  error  in 
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the  output  voltage  of  a  quarter-square  multiplier  may  be  excessive  for 
small  values  of  the  difference  (6.3). 

Many  multiplying  circuits  based  on  similar  principles  can  be  devised;  a 
number  of  function  generators  suitable  for  such  applications  are  described 
in  Secs.  6.5  and  6.7. 

All  electronic  multipliers  based  on  function  generators  may  suffer  from 
the  difficulty  of  obtaining  accurate  all-electric  function  generators  (see 
Sec.  6.5).  It  is  clear  that  the  more  accurate  servo-driven  function  gen¬ 
erators  will  rarely  be  used  in  this  connection,  since  servomechanisms  are 
capable  of  direct  multiplication. 


Fig.  6.4.  Quarter-square  multipliers. 


Voltage- sensitive  Variable  Gain  Devices  Used  for  Multi-plication.  The 
majority  of  devices  used  for  the  multiplication  of  two  variables  may  be 
described  by  a  block  diagram  such  as  the  one  shown  in  Fig.  6.5a.  The 
gain  or  transfer  function  K  =  X0/AT  of  the  device  in  question  with 
respect  to  an  input  voltage  AT  is  variable  and  will  increase  or  decrease 
with  the  value  of  a  second  input  voltage  AT.  Figure  6.56  and  c  shows  two 
different  specific  examples  of  devices  which  can  be  described  by  the  block 
diagram  of  Fig.  6.5a.  Figure  6.56  shows  the  servo-positioned  potentiom¬ 
eter  already  discussed  in  Sec.  1.3.  The  potentiometer  gain  or  transfer 
function  X0/X\  depends  on  the  “gain-determining”  voltage  AT  which 
determines  the  position  of  the  potentiometer  wiper.  The  output  voltage 
X0  is,  accordingly,  a  function  of  both  input  voltages  AT  and  AT  and  may 
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X,  o- 


k(x2) 


x2  o- 


x,  o- 


-^xr 


(a) 


be  made  equal  to  the  product  XiX2  of  the  two  input  voltages.  Figure 
6.5c  shows  a  variable-gain  amplifier  consisting  of  a  multigrid  vacuum 
tube  with  an  input  voltage  AT  applied 
to  one  control  grid  and  a  second  input 
voltage  AT  applied  to  the  second  con¬ 
trol  grid.  The  output  voltage  Xa  may 
be  made  roughly  proportional  to  the 
product  of  these  two  input  voltages. 

There  are  several  fundamental  differ¬ 
ences  between  the  circuits  shown  in  Fig. 

6.5 b  and  6.5c,  although  the  principle  of 
operation  as  shown  by  the  block  dia¬ 
gram  is  the  same  in  either  case.  The 
servo-driven  potentiometer  is  an  elec¬ 
tromechanical  device,  whereas  the  vari¬ 
able-gain  amplifier  is  a  purely  electronic 
device.  Again,  the  output  voltage  of 
the  potentiometer  multiplier  will  be 
quite  accurately  proportional  to  the 
first  input  voltage  AT  unless  there  is 
excessive  heating  of  the  potentiometer 
winding.  In  the  variable-gain  ampli¬ 
fier,  the  output  voltage  will  depend  on 
a  function  of  the  input  voltage  X\ 
which  is  only  roughly  linear;  the  out¬ 
put  voltage  is  dependent  on  the  tube 
characteristics. 


(b) 


Fig.  6.5.  Voltage-sensitive  vari¬ 
able-gain  devices  used  for  multi¬ 
plication  of  two  d-c  voltages. 


Another  difference  between  the  two  multiplying  devices  is  in  their 
respective  abilities  to  multiply  both  positive  and  negative  machine 
variables.  The  simple  potentiometer  of  Fig.  6.55  is  a  two-quadrant 
multiplier.  The  variable-gain  amplifier  shown  in  Fig.  6.5c  is  a  two- 
quadrant  multiplier,  since  the  input  voltage  X\  may  be  either  positive  or 
negative  if  the  bias  levels  are  chosen  correctly.  It  is  seen,  however,  that 
a  constant  voltage  depending  on  the  plate  supply  voltage  is  added  to  the 
desired  output  voltage  cXxX2.  This  zero-offset  voltage  may  be  sub¬ 
tracted  out  by  one  of  the  methods  shown  in  Fig.  6.2.  The  variable-gain 
amplifier  shown  will,  however,  multiply  with  reasonable  accuracy  only 
for  a  very  small  range  of  operating  conditions,  and  these  operating  condi¬ 
tions  will  be  difficult  to  reproduce. 

Multiplying  Devices  Based  on  the  Use  of  Amplitude  Modidation.  A 
linear  amplitude  modidator  is  an  electronic  or  electromechanical  device 
capable  of  producing  an  output  a-c  voltage  (modulated  carrier)  whose 
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amplitude  is  proportional  to  a  d-e  input  voltage.  The  modulator  is  said 
to  be  phase-sensitive  if  a  change  in  the  sign  of  the  input  voltage  causes  a 
180-deg  phase  reversal  of  the  a-c  output  voltage. 

Carrier-controlled  switch-type  modulators  utilize  electronic  or  electro¬ 
mechanical  switching  devices  which  periodically  interrupt  the  d-c  input 
voltage  to  produce  an  a-c  output  voltage  whose  amplitude  is  accurately 
proportional  to  the  d-c  input  voltage.  Vacuum-tube  switch  modulators 
as  well  as  the  synchronous  vibrators  discussed  in  Sec.  5.6  are  good 
examples.  Switch-type  modulators  cannot  be  used  directly  for  multi¬ 
plication,  since  their  output  amplitude  depends  on  the  d-c  input  voltage 
alone. 

Curvature  modulators  depend  on  the  characteristics  of  nonlinear  circuit 
elements,  such  as  vacuum  tubes  or  rectifiers,  to  “mix”  the  input  d-c 
voltage  with  an  input  a-c  “carrier”  voltage.  Suppose  the  sum  of  a 
d-c  voltage 

Vr  =  X x  (6.4) 

and  an  a-c  voltage 

V2  =  X2  sin  (6.5) 

is  applied  to  a  nonlinear  device;  wc  is  the  carrier  circular  frequency.  For 
the  sake  of  simplicity,  consider  a  square-law  detector  with  the  output 
voltage 

k(V i  +  72)2  =  k(X\  +  X\  sin2  ucr  +  2XxX2  sin  u>,r) 

Xlj  -  |  X\  cos  2o>,x  +  2 kX1X2  sin  co.r  (6.6) 

where  k  is  a  constant.  The  last  term  on  the  right  is  seen  to  be  propor¬ 
tional  to  the  product  of  the  two  input  voltages  (6.4)  and  (6.5)  and  consti¬ 
tutes  the  desired  modulated  a-c  output  voltage.  The  d-c  and  second 
harmonic  terms  in  Eq.  (6.6)  can  be  eliminated  from  the  output  voltage  by 
means  of  blocking  capacitors  and  push-pull  circuits1  (so-called  balanced 
modulators). 

Figure  6.6  shows  the  block  diagram  of  a  multiplier  based  on  the  use  of 
amplitude  modulation.  A  switch-type  multiplier  is  used  to  produce  a 
modulated  carrier  whose  amplitude  is  proportional  to  X2.  The  amplitude 
of  this  modulated  carrier  is  then  multiplied  by  the  d-c  voltage  Xi  through 
the  use  of  a  curvature  multiplier.  The  latter  produces  an  a-c  voltage 
whose  amplitude  is  proportional  to  the  product  XiX2.  This  modulating 

1  Detailed  discussions  of  many  practical  modidator  circuits  are  presented  in  B. 
Chance,  F.  C.  Williams,  V.  Hughes,  D.  Sayre,  and  E.  F.  MacNichol,  Waveforms, 
Chap.  11,  MIT  Radiation  Laboratory  Series,  Vol.  19,  McGraw-IIill,  New  York,  1949. 
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signal  is  then  “  detected”  by  a  phase -sensitive  demodulator1  whose  out¬ 
put  voltage  is  a  d-c  voltage  proportional  to  XiX2.  The  possible  utiliza¬ 
tion  of  saturable  transformer  modulators 2  ( magnetic  amplifiers )  in  the  block 
diagram  of  Fig.  6.6  might  deserve  further  investigation. 

Multipliers  based  on  amplitude  modulation  are  capable  of  good  fre¬ 
quency  response  if  a  sufficiently  high  carrier  frequency  is  chosen.  The 
accuracy  of  such  devices  must  depend  essentially  on  the  specific  nonlinear 
characteristics  of  the  curvature  modulator  circuit  used  and  may  be 
between  1  and  8  per  cent.  A  possible  method  for  improving  the  accuracy 
by  means  of  feedback  is  discussed  in  Sec.  6.2. 

Dynamometer-type  M ultipliers.  An  electrodynamometer  consists  essen¬ 
tially  of  a  moving  coil,  somewhat  like  those  used  in  meter  movements, 


Fig.  6.6.  Block  diagram  of  a  multiplier  based  on  amplitude  modulation. 


which  can  rotate  in  the  field  of  an  electromagnet  as  shown  in  Fig.  6.7.  If 
the  direct  current  in  the  coil  is  i\  and  the  direct  current  in  the  electro¬ 
magnet  is  f2,  the  resulting  torque  on  the  moving  coil  will  be  proportional 
to  the  product  i\i->  of  the  two  currents  i\  and  f2. 

If  two  electrodynamometers  are  arranged  with  their  moving  coils 
rigidly  connected  to  a  common  shaft  as  in  Fig.  6.7,  the  resulting  torque 
will  be  zero  if  and  only  if 

iii  2  =  —  id*  (6.7) 

where  i\,  f2  and  i%,  i\  are  the  currents  in  the  first  and  second  electrodyna¬ 
mometers,  respectively.  This  balance  condition  may  be  maintained  by 
using  an  electromechanical  or  photoelectric  pickoff  to  convert  any 
angular  displacement  of  the  dynamometer  shaft  into  an  error  voltage;  the 
latter  is  then  used  to  drive  a  high-gain  current  amplifier  whose  output  is 
equal  to  (see  Fig.  6.7).  If  the  polarity  of  the  error  voltage  is  chosen 
correctly,  such  a  feedback  arrangement  will  tend  to  minimize  the  shaft 
displacement  and  thus  the  shaft  torque  at  least  for  slow  variations  of  the 
currents  i\  and  i2.  As  a  result,  one  has  very  nearly 


i  if  2 


*  Practical  demodulator  circuits  are  discussed  in  detail  in  ibid.,  Chap.  14. 

*  Ibid. 


(6.8) 


218 


ELECTRONIC  ANALOG  COMPUTERS 


for  a  certain  range  of  working  frequencies  for  i\  and  i2.  The  relation 
(6.8)  can  be  made  the  basis  of  a  compact  d-c  voltage  multiplier  if  cur¬ 
rent  amplifiers,  which  produce  currents  proportional  to  d-c  input  volt¬ 
ages,  are  available.  If  the  current  u  is  made  proportional  to  a  third  input 
voltage,  simultaneous  division  and  multiplication  is  possible.  Accuracies 
better  than  2  per  cent  should  be  possible.  The  frequency  response  of  the 
electrodynamometer  multiplier  is  limited  to  perhaps  100  cps  by  the  effects 
of  the  inertia  of  the  moving  coils  and  of  coil  inductance ;  a  detailed  analy¬ 
sis  of  these  effects  must  be  made  in  each  case. 


SPLIT  PHOTOCELL 
(PICKOFF  FOR  DETECTING 


•  Fig.  6.7.  Principle  of  the  electrodynamometer  multiplier. 


At  least  one  multiplying  device  operating  on  a  somewhat  similar 
principle  has  been  built  commercially.1  The  accuracy  of  this  com¬ 
mercial  multiplier  is  between  1  and  2  per  cent  at  signal  frequencies  up  to 
5  cps. 

The  Crossed- fields  Electron-beam  Multiplier.2  The  principle  of  the 
crossed-fields  electron-beam  multiplier  is  somewhat  similar  to  that  of  the 
electrodynamometer  multiplier.  Unlike  the  latter,  the  new  multiplier 
does  not  contain  any  moving  parts,  so  that  its  high-frequency  response  is 
excellent. 

Figure  6.8  illustrates  the  principle  of  the  crossed-fields  multiplier.  An 
ordinary  cathode-ray  tube  having  electrostatic  deflection  plates  and  a 

1  Specialties,  Inc.,  Skunk’s  Misery  Road,  Syosset,  Long  Island,  New  York. 

2  MacNee,  A.  B.,  An  Electronic  Differential  Analyzer,  Proc.  IRE,  37 :  1315,  1949. 
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short  persistence  screen  is  fitted  with  an  axial  coil  wound  around  the  tube 
in  the  vicinity  of  the  second  pair  of  deflection  plates. 

Let  Ei  and  E 3  be  the  voltages  across  the  first  and  second  pair  of  deflec¬ 
tion  plates,  respectively,  and  let  i2  be  the  current  in  the  axial  coil.  The 
first  pair  of  deflection  plates  shown 
tional  to  E i  to  the  electron  beam. 
horizontal  magnetic  deflection 
force  proportional  to  E\i2  as  the 
electrons  pass  through  the  coil. 

Any  actual  deflection  of  the 
electron  beam  will  be  detected  by 
a  pickoff  consisting  of  a  pair  of 
high-gain  photoelectric  cells  ar¬ 
ranged  on  either  side  of  a  vertical 
barrier  in  front  of  the  cathode-ray 
tube  screen. 

The  difference  between  the 
photocell  output  voltages  is  am¬ 
plified  by  a  differential  amplifier. 

The  amplifier  output  voltage  E3 
is  applied  to  the  second  pair  of 
deflection  plates  in  such  a  manner 
as  to  counteract  the  original  deflection.  The  plates  will  exert  a  horizontal 
force  proportional  to  the  voltage  E 3  on  the  electron  beam.  If  the  gain  of 
the  feedback  loop  consisting  of  the  cathode-ray  tube,  the  photocells,  and 
the  amplifier  is  large,  the  horizontal  deflection  of  the  electron  beam  will 
be  kept  very  small.  The  horizontal  forces  acting  on  the  beam  must  then 
balance  each  other,  so  that  at  least  approximately 

E %  =  (constant)  A  if  2  (6-9) 

If  Ei  and  f2  are  made  proportional  to  two  input  voltages  Xi  and  X2,  the 
output  voltage  will  be  proportional  to  the  product  XiX2.  Equation  (6.9) 
compares  favorably  with  the  experimentally  determined  performance 
equation 


will  impart  a  vertical  velocity  propor- 
As  a  result,  the  beam  experiences  a 


BARRIER 


Fig.  6.8.  Principle  of  the  crossed-fields 
electron-beam  multiplier  (A.  B.  MacNee, 
Proc.  IRE,  37 : 1315,  1949.) 


E3  =  (constant)  (E\i2  +  0.009E'(  +  0.01 5f2  +  0.0005)  (6.10) 

of  a  typical  unit.  It  is  believed  that  the  error  terms  could  be  reduced  by 
a  factor  of  10  through  better  magnetic  shielding  and  through  careful 
positioning  of  the  photocells  and  the  barrier.  The  use  of  two  units  in  a 
push-pull  circuit  and  of  automatic  balancing  devices  (see  Sec.  5.6)  might 
result  in  further  improvements. 
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The  crossed-fields  electron-beam  multiplier  is  a  useful  and  fairly  simple 
device.  Perhaps  its  greatest  advantage  is  its  good  high-frequency 
response,  which  makes  this  multiplier  especially  useful  for  repetitive  com¬ 
puters.  The  frequency  response  is  flat  (within  1  per  cent)  and  the  phase 
shift  negligible  up  to  at  least  20,000  cps  for  E i  and  3,000  cps  for  i2;  the 
latter  figure  is  capable  of  improvement  through  suitable  equalization  of 
the  current  amplifier  driving  the  axial  coil. 

Finally,  if  the  connections  in  Fig.  6.8  are  changed  so  that  the  first  pair 
of  deflection  plates  receives  its  deflection  voltage  E\  from  the  amplifier 
whereas  an  input  voltage  E&  is  applied  across  the  second  pair,  then 

rp 

E j  =  (constant)  4-  i2  9^  0  (6-11) 

i2 

is  the  output  voltage;  the  crossed-fields  electron-beam  multiplier  may  be 
used  for  division  in  this  manner. 
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Fig.  6.9.  Feedback  circuit  used  for  setting  the  gain  of  a  variable-gain  device  accu¬ 
rately  to  a  value  determined  by  the  input  voltages  .Y»  and  )\ 


6.2.  Multiplying  Devices  Using  Feedback  to  Linearize  the  Gain 
Characteristics.  Introduction.  Frequently,  the  gain  K  of  a  voltage- 
sensitive  variable-gain  device  can  be  made  accurately  proportional  to  the 
ratio  X2/Y  of  two  voltages  (machine  variables)  X2  and  Y  through  the  use 
of  a  feedback  circuit.  Figure  6.9  shows  such  an  arrangement.  The  gain 
K  of  the  variable-gain  device  shown  in  the  solid  lines  must  be  independent 
of  its  input  voltage  ( Y  in  this  case).  The  gain  K  does  vary  monotonically 
but  not  necessarily  linearly  with  the  gain-setting  voltage  Va  obtained  at 
the  output  of  a  high-gain  differential  amplifier.  The  latter  is  seen  to 
amplify  the  difference  between  the  input  voltage  X2  and  the  voltage  YK. 
Since  K  varies  monotonically  with  V0,  it  is  possible  to  write 


K  =  K(V0)  =  A  (X 2  -  YK) 


Y  *  0 


(6.12) 


MULTIPLICATION  AND  FUNCTION  GEN  FUAT  ION 


221 


where  .4  is  a  positive  quantity  proportional  to  the  amplifier  gain  but  in 
general  depending  on  the  value  of  F,,.  It  follows  that 


(6.13) 


If  the  value  of  A  is  made  sufficiently  large  by  increasing  the  amplifier 
gain,  Eq.  (6.13)  will  reduce  to 


(0,14) 


The  feedback  will  thus  tend  to  set  the  gain  K  automatically  near  the  value 
X2/Y.  The  accuracy  with  which  Eq.  (6.14)  approximates  the  correct 
expression  (6.13)  will  depend  on  the  value  of  the  amplifier  gain.1 

Feedback  Multipliers.  Assume,  now,  that  it  is  possible  to  obtain  a  sec¬ 
ond  variable-gain  device  whose  gain  will  vary  with  the  voltage  V 0  exactly 
like  the  gain  of  the  first  variable-gain  device. 

If,  then,  the  output  voltage  Va  of  the  differential  amplifier  shown  in 
Fig.  6.9  is  fed  to  the  second  variable-gain  device,  the  latter  can  be  used  to 
multiply  any  input  voltage  AT  by  K  ~  X>/Y .  The  dotted  lines  in  Fig. 
6.9  indicate  how  the  multiplication 


(6.15) 


may  be  performed  in  this  manner.  It  is  seen  that  simultaneous  multi¬ 
plication  and  division  (see  Sec.  6.3)  is  possible  by  this  method.  One  may 
perform  several  multiplications  by  X2/Y  by  providing  additional  variable- 
gain  devices  with  identical  characteristics  and  with  gains  determined  by 
the  voltage  Va. 

The  reader  will  find  it  interesting  to  make  an  analysis  of  the  effects  of 
unbalance  voltages  due  to  drift  at  different  points  of  the  circuit  in  the 
manner  of  Sec.  5.1. 

Example:  Computer  Servomechanisms.  The  operation  of  the  ordinary 
multiplying  servomechanisms  (which  have  been  shown  only  as  block- 
diagram  symbols  in  the  previous  sections)  depends  on  this  principle. 
The  variable-gain  devices  in  this  case  are  potentiometers  positioned  by  a 
servomotor  which  is  actuated  by  the  output  voltage  V 0  of  a  differential 
amplifier.  The  latter  may  take  the  form  of  a  servo  amplifier  or  of  a  sensi¬ 
tive  relay.  Figure  6.10  shows  such  an  arrangement;  the  servomechanism 

1  A  uniformly  high  gain  can  lie  obtained  only  for  a  limited  range  of  signal  frequencies 
in  each  case,  and  the  entire  circuit  will  have  to  be  carefully  designed  for  high-frequency 
stability  in  a  manner  similar  to  that  indicated  in  Sec.  5.4. 
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shown  is  a  four-quadrant  multiplier.  The  actual  construction  of  prac¬ 
tical  computer  servomechanisms  is  discussed  in  Sec.  0.4. 

Design  Problems.  Aside  from  certain  difficulties  involved  in  attaining 
stable  feedback  action  throughout  the  desired  range  of  operating  fre- 


MULTIPLYING  POTENTIOMETER 


Fig.  6.10.  Principle  of  computer  servomechanisms. 

quencies,  the  chief  problems  in  designing  multipliers  based  on  the  block  dia¬ 
gram  of  Fig.  6.9  are  in  obtaining 

1.  Voltage-sensitive  variable-gain  devices  whose  gain  is  independent  of  the 
input  voltage  (Xi  or  Y  in  Fig.  6.9) 

2.  Two  or  more  voltage-sensitive  variable-gain  devices  whose  gain  vs.  gain¬ 
setting  voltage  characteristics  are  accurately  similar 

Servo-driven  potentiometers,  such  as  those  used  in  the  circuit  of  Fig.  6.10, 
satisfy  the  last  two  requirements  quite  well  and  permit  multiplications 
(and  divisions;  see  Sec.  6.3)  with  errors  lower  than  0.2  per  cent  of  full 
scale.  The  use  of  electromechanical  devices  of  this  type  will,  however, 
limit  the  range  of  operating  frequencies  for  the  variables  A%  and  Y  in 
Fig.  6.10  to  the  range  between  0  and  about  15  cps. 

Practically  all  simple  voltage-sensitive  circuit  elements,  such  as  thyrite 
resistors,  crystals,  or  even  vacuum  tubes,  do  not  satisfy  either  of  the 
conditions  given  above;  their  gain  may  be  dependent  on  the  input  voltage, 
and  their  characteristics  cannot  be  reproduced  with  sufficient  accuracy. 

In  certain  types  of  variable-gain  devices,  the  effect  of  the  vacuum-tube 
characteristics  can  be  made  less  important  by  using  the  tubes  merely  as 
switches  (on-off  devices).  Whenever  tubes  are  used  in  this  manner,  the 
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circuit  gain  will  be  independent  of  the  tube  characteristics  to  a  first-order 
approximation.  This  principle  is  applied  in  pulsed  attenuator  multipliers. 

Pulsed  Attenuator  Multipliers.1  Figure  6.11  illustrates  the  principle  of 
the  pulsed  attenuator.  The  switch  shown  will  attenuate  the  input  signal 
Xi  in  the  ratio  K:  1  by  interrupting  (grounding)  it  periodically  for  a  time 
interval  tQ „  per  period,  with  a  repetition  frequency  which  must  be  large 
compared  with  the  highest  signal  frequency.  The  output  voltage  is 


jQJUto 


X|» 


A/WW 


4 


■vwv 


■O  KX 


I 


SWITCH  IS  TURNED 
ON  AND  OFF 
PERIODICALLY 


THE  GAIN  K  IS  DETERMINED  BY  THE 
RATIO  OF  THE  OFF-PERIOD  TO  THE 
ON-PERIOD 

Fig.  6.1 1.  Principle  of  the  pulsed  attenuator. 


smoothed  by  an  RC  filter.  The  transfer  function  K  of  the  attenuator  is 
proportional  to 

1  —  ntoU 


In  practice,  the  repetition  frequency  n  is  held  constant,  and  the  off-period 
t„t{  is  varied  in  accordance  with  an  applied  voltage,  so  that  a  voltage- 
sensitive  attenuator  results. 

Figure  6.12a  shows  two  pulsed  attenuators  arranged  as  a  feedback 
multiplier  according  to  the  block  diagram  of  Fig.  6.9.  Type  6Y6  tubes 
are  used  for  switching.  Each  switching  tube  is  normally  cut  off  by  a 
negative  bias  voltage  but  is  made  conducting  periodically  by  strong  posi¬ 
tive  pulses  from  a  delay  mxdtivibrator  }  The  latter  is  triggered  at  a  con¬ 
stant  frequency  n  by  means  of  pulses  from  a  master  oscillator.  The 
period  toU  of  the  positive  pulses ,  and  thus  the  transfer  function  K  of  each 
attenuator,  will  vary  with  the  output  voltage  Va  of  the  differential  amplifier 
shown.  As  a  result  of  the  feedback  through  this  amplifier  and  one  of  the 
attenuators,  the  gain  K  of  each  attenuator  will  become  practically  equal 
to  X2/V,  just  as  in  Fig.  6.9. 

1  Cornell  thesis  of  A.  C.  Beer  and  H.  \Y.  Boehmer.  Cnfortunately,  this  thesis  is 
not  generally  available  to  the  public. 

2  For  a  detailed  discussion  of  delay  multivibrators,  see  Chance,  Williams,  Hughes, 
Sayre,  and  MaeNichol,  op.  cit .,  Chap.  5. 
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The  complete  circuit  of  a  pulsed  attenuator  multiplier  is  shown  in  Vol. 
21  of  the  MIT  Radiation  Laboratory  Series.1  Since  the  switching  tubes 
shown  in  Fig.  6.12a  require  a  positive  plate  voltage  to  operate,  a  positive 
voltage  proportional  to  the  plate  voltage  Eb  must  be  added  to  X\  unless 
the  latter  exceeds  about  25  volts.  The  output  voltage  in  Fig.  6.12a  will, 
then,  not  be  proportional  to  AT X2/F,  but  will  contain  a  constant  multiple 
of  AT /Y  which  must  be  subtracted  out  in  the  manner  of  Fig.  6.2.  The 
push-pull  circuits  shown  in  Fig.  6.126  and  c  are  useful  for  this  purpose  and 
will  also  improve  the  accuracy  of  the  computation  somewhat. 


Fig.  6.12a.  Two  pulsed  attenuators  arranged  as  a  feedback  multiplier. 

By  careful  matching  of  the  switching  tubes  used  in  the  two  attenuators 
of  a  multiplier  and  by  judicious  application  of  d-c  amplifier  techniques 
(see  Chap.  5)  for  avoiding  drift,  accuracies  better  than  0.2  per  cent  of  full 
scale  may  be  obtained  with  pulsed  attenuator  multipliers.  These  all- 
electronic  devices  may  be  used  at  signal  frequencies  well  above  2,000  cps. 
The  chief  drawback  is  the  relative  complexity  of  the  pulsed  attenuator 
circuits;  between  seven  and  ten  tube  envelopes  are  required  for  a  complete 
multiplier.  If  more  than  one  variable  is  to  be  multiplied  by  AT /Y,  one 
feedback  and  comparison  circuit  will,  however,  serve  for  any  number  of 
such  multiplications. 

The  Vibration  Multiplier.  If  a  condenser  microphone2  is  driven  at  a 
constant  audio  frequency  by  means  of  a  loudspeaker,  the  amplitude  of 

1  Greenwood,  I.  A.,  J.  V.  Holdam,  and  D.  MacRae,  Electronic  Instruments,  MIT 
Radiation  Laboratory  Series,  Vol.  21,  McGraw-Hill,  New  York,  1948. 

2  See  J.  G.  Frayne  and  H.  Wolfe,  Elements  of  Sound  Recording,  Wiley,  New  York. 
1949.  for  a  discussion  of  condenser  microphones. 
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(b) 


FROM  DELAY 


Fig.  6.126  and  c.  Push-pull  pulsed  attenuators  (Cornell  thesis  of  A.  C.  Beer  and 
H.  W.  Boehmer,  under  the  direction  of  H.  S.  Sack).  Two  attenuators  are  required 
for  every  multiplier. 

the  resulting  a-c  microphone  output  voltage  is  accurately  proportional  to 
the  d-c  voltage  across  the  microphone  plates.  The  output  voltage  ampli¬ 
tude  is  also  proportional  to  a  monotonic  function  of  the  amplitude  of  the 
loudspeaker  excitation  voltage.  The  device  is  thus  an  electromechanical 
modulator.  Two  identical  microphone  elements  may  be  placed  between 
a  single  set  of  condenser  plates  and  driven  by  a  single  loudspeaker  to  form 
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a  feedback  multiplier  according  to  the  block  diagram  of  Fig.  6.9.  By- 
using  a  carrier  frequency  in  excess  of  2,000  cps,  the  frequency  response  of 
this  multiplier  is  quite  satisfactory  for  most  computer  applications,  and 
accuracies  better  than  0.3  per  cent  of  full  scale  have  been  obtained.  The 
construction  of  the  “vibration  multiplier”  does,  however,  require  con¬ 
siderable  precision,  so  that  such  devices  may  be  expensive.  In  a  d-c 


Fig.  6.13.  The  step  multiplier  (simplified  block  diagrams). 

analog  computer,  it  will  generally  be  necessary  to  rectify  the  a-c  output 
voltage,  and  some  drift  will  result  from  this  operation. 

The  Step  Multiplier.  The  step  multiplier,  developed  by  the  RCA 
Research  Laboratories,1  is  a  new,  accurate  computing  element  useful  for 
multiplications  by  functions  of  machine  variables  as  well  as  for  multiplica¬ 
tions  by  machine  variables.  The  step  multiplier  is  not  a  pure  analog 
computing  element  since  it  uses  a  digital  counter  to  regulate  the  gain  of  a 
variable-gain  amplifier. 

Figure  6.13  illustrates  the  principle  of  the  step  multiplier.  Figure  6.13a 
1  Princeton,  N.J. 
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shows  an  operational  amplifier  whose  input  resistance  can  be  varied  by 
placing  different  combinations  of  resistors  in  parallel  by  means  of  a  set  of 
relays. 

If  the  relays  are  initially  open  and  are  closed  successively  as  time 
progresses,  the  gain  K  of  the  operational  amplifier  will  increase  progres¬ 
sively  as  the  input  resistance  is  effectively  decreased.  If  different  com¬ 
binations  of  relays  are  closed  (or  opened)  in  succession  with  equal  time 
intervals,  the  various  resistors  can  be  chosen  so  as  to  permit  multiplica¬ 
tion  of  the  input  voltage  by  a  stepwise  varying  monotonic  function  of  the 
time.  A  somewhat  similar  device,  utilizing  one  large  stepping  relay 
instead  of  a  multiplicity  of  simple  relays,  has  actually  been  used  to 
generate  functions  of  the  time.1 

If  different  combinations  of  the  relays  are  opened  or  closed  in  a  manner 
dependent  on  the  value  of  a  voltage  Va,  this  device  becomes  a  voltage- 
sensitive  variable-gain  amplifier  whose  gain  K  varies  step  by  step  as  the 
voltage  V0  changes.  This  principle  has  been  made  the  basis  of  a  feed¬ 
back  multiplier  of  the  type  illustrated  in  Fig.  6.9. 

Figure  6.136  shows  a  simplified  block  diagram  of  a  step  multiplier. 
The  relays  are  opened  and  closed  by  corresponding  stages  of  a  reversible 
binary  counter.2  The  reversible  counter  counts  pulses  generated  by  a 
pulse  generator  and  is  controlled  (gated)  by  the  gain-determining  output 
voltage  V0  of  the  differential  amplifier  shown.  If  the  voltage  V0  is  posi¬ 
tive,  the  electronic  gate  applies  the  pulses  to  the  counter  so  that  it  will 
count  up.  Under  these  conditions,  the  counter  stages  will  open  and  close 
relays  so  as  to  increase  the  gain  K  of  the  two  identical  variable-gain 
devices  until  it  becomes  equal  to  the  correct  value  X2/F.  The  gate  will 
then  close.  Whenever  the  gain  K  is  less  than  X2/F,  the  output  voltage 
V0  of  the  differential  amplifier  will  become  negative  and  the  electronic 
gate  will  cause  the  counter  to  count  up  and  thus  increase  the  multiplier 
gain  K.  In  this  manner,  the  latter  can  be  stabilized  at  the  desired  value 
X2/F.  The  stepwise  variation  of  the  multiplier  output  voltage  may  be 
smoothed  by  means  of  a  smoothing  filter. 

The  accuracy  of  the  step  multiplier  can  be  improved  by  increasing  the 
number  of  relays  used.  With  14  counter  stages,  the  tubes  of  the  binary 
counter  could  energize  the  relays  in  the  sequence  (none);  (1);  (2);  (1,2): 
(3);  (1,3);  (2,3);  (1,2,3);  (4);  etc.;  the  28  possible  relay  positions  permit 
214  =  16,384  distinct  values  of  the  multiplier  gain  or  a  theoretical  accu- 

1  Hagelbarger,  D.  W.,  Howe,  C.  E.,  and  R.  M.  Howe,  Investigation  of  the  Utility 
of  an  Electronic  Analog  Computer  in  Engineering  Problems,  UMM-28,  Apr.  1,  1949, 
Aeronautical  Research  Center,  University  of  Michigan,  Willow  Run,  Mich. 

2  For  a  detailed  discussion  of  the  circuits  used,  see  Project  TYPHOON  Progress 
Rept.  2,  Contract  N6onil96,  RCA  Laboratories  Division,  Princeton,  N.J. 
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racy  of  better  than  0.01  per  cent  of  full  scale.  The  gain  can  be  made  to 
increase  or  decrease  in  equal  steps  if  the  resistance  values  of  the  resistors 
associated  with  the  different  relays  are  chosen  judiciously.  The  actual 
accuracy  of  the  step  multiplier  is  limited  to  about  0.02  per  cent  by  d-e 
amplifier  drift  and  by  the  accuracy  of  the  gain-setting  resistors. 

The  frequency  range  of  the  gain-setting  variable  X2  in  step  multipliers 
is  severely  limited  by  the  frequency  response  of  the  relays.  Xot  only 
must  the  relays  open  or  close  within  the  time  required  for  the  smallest 
gain  changes  under  consideration,  but  the  relays  in  two  or  more  variable- 
gain  devices  must  “track”  in  order  to  yield  accurately  similar  gain  vs. 
voltage  characteristics.  The  maximum  counting  rate  usable  with  high 
speed  relays  is  of  the  order  of  1,500  counts  per  second,  corresponding  to  a 
maximum  voltage  rate  of  change 


dX2  <  l,500Fmax 
dr  ~  2n 


(6.16) 


where  Fmax  is  the  voltage  range  and  n  is  the  number  of  relays  used.  Gen¬ 
erally  speaking,  step  multipliers  can  be  about  as  fast  as  servomechanisms 
of  equal  accuracy.  The  accuracy  can  be  improved  at  the  expense  of  fre¬ 
quency  response. 

The  step  multiplier  may  be  used  as  an  accurate  function  generator  if 
the  resistors  associated  with  the  various  relays  are  chosen  correctly. 
Although  one  counter  and  gate  circuit  may,  in  any  case,  be  used  for 
several  multiplications  by  the  same  machine  variable  or  by  functions  of 
this  machine  variable,  the  relative  complexity  of  the  step  multiplier  cir¬ 
cuits  (over  50  tubes  may  be  required  for  a  single  14-relay  multiplier)  will 
restrict  the  usefulness  of  such  devices  to  applications  where  high  accuracy 
is  of  paramount  importance. 

Timesharing  Schemes.  The  very  serious  difficulty  in  obtaining  two  or 
more  identical  attenuator  elements  for  use  in  feedback  multipliers  can 
sometimes  be  resolved  by  using  a  single  attenuator  on  a  time-sharing 
basis.  As  an  example,  Fig.  6.14  shows  a  commutated-potentiometer  servo 
of  the  type  developed  at  the  RCA  Research  Laboratories.1  The  circuit 
shown  is  essentially  the  same  as  the  servomultiplier  of  Fig.  6.10.  A 
single  potentiometer  is  switched  hack  and  forth  between  the  multiplying  and 
gain-adjusting  sections  of  the  circuit.  This  is  accomplished  by  means  of 
three  commutator-type  switches  rotated  at  3,600  rpm  or  by  means  of  syn¬ 
chronous  vibrators.  The  potentiometer  output  voltage  for  each  switch 
position  is  “remembered”  by  an  RC  smoothing  network  which  filters  out 
the  commutator  ripple.  The  use  of  a  single  potentiometer  in  a  computer 

1  Princeton,  N.J.  (TYPHOON  Project). 
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servomechanism  assures  perfect  “tracking”  of  the  multiplying  and  follow¬ 
up  sections  of  the  circuit;  no  expensive  accurately  linear  wire-wound 
potentiometers  are  required.  A  fairly  low-cost  potentiometer  having 
good  resolution,  such  as  a  metalized  or  carbon  type,  may  be  used.  The 
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Fig.  6.14.  Commutated-potentiometer  servo.  The  motor-driven  switches  may  be 
replaced  by  vibrating  relays.  The  load  resistances  in  the  multiplier  and  follow-up 
branches  must  be  equal  for  good  accuracy. 


frequency  response  of  the  servomechanism  is  not  affected  by  the  new 
arrangement  and  still  constitutes  a  limit  to  the  usefulness  of  the 
multiplier. 

Frequency-sharing  Schemes.  With  voltage-sensitive  attenuators  whose 
gain  is  independent  of  frequency  over  a  sufficiently  wide  range,  it  is  again 


Fig.  6.15.  Frequency-sharing  feedback  multiplier. 

possible  to  use  a  single  attenuator  in  a  feedback  multiplier  arrangement. 
Figure  6.15  shows  a  possible  arrangement.  The  input  machine  variable 
X\  and  the  reference  voltage  Y  are  simply  added  and  applied  to  the  volt¬ 
age-sensitive  attenuator,  which  may  be  a  simple  variable-gain  amplifier 
or  a  modulator-demodulator  arrangement  (see  Sec.  6.1).  The  reference 
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voltage  Y  is  the  amplitude  of  an  a-c  voltage  whose  frequency  is  above  the 
desired  range  of  signal  frequencies  to  be  used  with  the  multiplier.  The 
resulting  high-frequency  component  of  the  attenuator  output  voltage  is 
filtered  by  a  band-pass  filter,  rectified,  and  used  for  adjusting  the  attenu¬ 
ator  gain.  The  product  output  voltage,  on  the  other  hand,  is  freed  of  the 
high-frequency  components  by  means  of  a  low-pass  filter.  It  is  seen  that 
the  attenuator  transfer  function  can  be  made  accurately  proportional  to 
X2/Y  in  this  manner;  arrangements  of  this  type  have  permitted  accu¬ 
racies  better  than  0.2  per  cent  of  full  scale.1 

Review  of  M ultiplying  Devices.  The  feedback  multiplying  devices  most 
frequently  used  in  “slow”  d-c  analog  computers  are  various  types  of 
multiplying  servomechanisms.  They  are  convenient  and  quite  accurate 
but  severely  limit  the  frequency  range  for  one  of  the  variables  to  be  multi¬ 
plied.  The  most  accurate  all-electronic  multipliers  are  the  pulsed-attenu- 
ator  and  modulator-feedback  types,  but  these  may  involve  complex 
circuits  using  many  vacuum  tubes.  On  the  other  hand,  practically  all 
low-cost  electronic  multipliers  now  available  seem  to  rely  on  the  non¬ 
linear  characteristics  of  various  circuit  elements  and  thus  lack  precision. 
There  is  a  definite  need  for  the  development  of  simple  and  reasonably 
accurate  all-electronic  multipliers  of  low  cost  for  use  in  computers  oper¬ 
ating  on  fast  time  scales. 

6.3.  Electronic  Division.  Introduction.  Computing  elements  capable 
of  division  must  accept  two  input  voltages  X  and  Z,  say,  and  produce  an 
output  voltage 

X 

U  =  {constant) 

Such  a  quotient  U  will  increase  in  absolute  value  as  the  absolute  value  of 
the  divisor  Z  is  decreased.  Hence,  in  view  of  the  given  limit  on  the  mag¬ 
nitudes  of  the  computer  voltages  no  division  element  will  be  able  to  compute 
X/7j  for  absolute  values  of  the  divisor  Z  smaller  than  some  minimum  value 
|Z|min.  This  proposition  must  hold  no  matter  what  type  of  computing 
element  is  used  for  division.  It  is  seen  that,  in  general,  the  quotient  X /Z 
cannot  be  computed  correctly  while  the  divisor  Z  crosses  zero  or  changes 
sign  during  the  computation. 

Division  by  Means  of  Servomechanisms  and  Similar  Feedback  Devices. 
It  was  seen  in  Sec.  6.2  that  the  feedback  devices  shown  in  Figs.  6.9  to  6.15 
are  all  adaptable  in  principle  to  division  as  well  as  to  multiplication.  As 
an  example  of  such  an  arrangement,  Fig.  6.16  shows  how  a  servomultiplier 
may  be  set  up  for  division.  It  is  seen  that  there  are  two  alternative  input 
terminals  for  the  dividend.  Division  schemes  of  this  type  are  not  recom- 

1  Chance,  Williams,  Hughes,  Sayre,  and  MacNichol,  op.  cit.,  Sec.  19.5. 


MULTIPLICATION  AND  FUNCTION  GEN  FUAT  ION 


231 


mended  for  general  use,  since  the  changes  in  the  feedback  loop  gain 
necessarily  involved  in  such  arrangements  may  compromise  the  design  of 
the  feedback  circuits. 

Division  by  Implicit  Computation.  The  quotient  U  —  X/Z  of  two 
machine  variables  may  be  obtained  from  the  machine  solution  of  equa¬ 
tions  like 

ZU  —  X  (constant)  =  0  (6.17) 

which  may  be  solved  continuously  by  the  computer.  In  arrangements  of 
this  type,  multipliers  are  used  as  such,  and  servomultipliers  may,  then, 
have  a  constant  loop  gain  for  optimum  operation. 


+x  o 


0  OUTPUT  VOLTAGE 
« (CONSTANT) 


Fig.  6.16.  Arrangement  for  division  by  means  of  a  high-gain  servo  loop. 


In  the  circuit  of  Fig.  6.17,  the  output  voltage  of  the  multiplying 
potentiometer  will  be  —1/(1  —  Z),  since  one  end  of  the  potentiometer  is 
grounded,  and  the  center  position  still  corresponds  to  Z  =  0.  The  cir¬ 
cuit  establishes  the  relation 


so  that 


U  =  -[X  -  1/(1  -  Z)\ 
=  -X  +  U  -  ZU 


U  =  - 


X 

z 


(6.18) 


(6.19) 


The  circuit  is  clearly  regenerative  and  (‘an  be  stable  only  if  the  total  gain 
2  X  H(1  —  Z)  around  the  feedback  loop  shown  is  less  than  1.  It  follows 
that  one  must  have 


0  <  Z  <  1 


(6.20) 
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Fig.  6.17.  Block  diagram  of  a  computer  setup  for  division  by  implicit  computation. 


Fig.  6.18.  Block  diagram  of  another  computer  setup  for  division  by  implicit  compu¬ 
tation. 


if  the  machine  is  actually  to  solve  Eq.  (6.18) ;  only  one-half  the  potentiom¬ 
eter  winding  will  be  used. 

Several  variations  of  this  circuit  may  be  used.  The  arrangement 
shown  in  Fig.  6.18  is  perhaps  more  straightforward  and  establishes  the 
relation 


so  that  again 


-U  =  X  -  u  +  zu 


u  = 


X 

z 


(6.21) 
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The  loop  gain  is  again  (1  —  Z ),  so  that  one  must  have 


0  <  Z  <  1 


(6.22) 


as  a  necessary  condition  for  stability.  Again  only  one-half  of  the 
potentiometer  winding  is  used. 

If  division  by  a  machine  variable  Z  <  0  is  desired,  it  is  only  necessary 
to  reverse  the  potentiometer  terminals  in  either  Fig.  6.17  or  Fig.  6.18. 
In  this  case,  the  output  voltage  will  be,  in  both  instances, 


(0  >  Z  >  -  1) 


(6.23) 


Division  circuits  of  this  type  need  two  amplifiers  (or  one  push-pull 
amplifier).  These  circuits  are  necessarily  regenerative  and  may  develop 
high-frequency  instability  for  small  values  of  Z.  The  highest  value  of  Z 
for  which  the  instability  will  occur  depends  on  the  phase-shift  character¬ 
istics  of  the  amplifiers  used.  Such  values  must  not  be  permitted  to  occur 
in  the  computation. 

Division  by  Reciprocal  Multiplication.  The  division  X/Z  of  a  machine 
variable  X  by  a  machine  variable  Z  is  equivalent  to  a  midtiplication  X(\/Z) 
by  the  new  function  1/Z  of  Z.  Accordingly,  all  the  techniques  discussed  in 
Secs.  6.5  and  6.6  for  multiplication  by  functions  of  variables  are  applicable 
to  the  operation  of  division  as  a  special  case.  Assuming  that  the  machine 
variable  Z  varies  sufficiently  slowly  with  the  machine  time  r  to  make 
servo  multiplication  possible,  it  is  relatively  easy  to  construct  function 
potentiometers  for  the  function  1/Z.  The  design  of  such  potentiometers, 
together  with  the  necessary  precautions  against  potentiometer  loading 
effects,  are  discussed  in  Secs.  6.5  and  6.6. 

In  spite  of  the  need  for  a  nonlinear  potentiometer,  this  method  of  divi¬ 
sion,  if  it  can  be  applied,  possesses  important  advantages;  viz., 

1.  Devices  used  for  multiplication  can  be  utilized  without  any  circuit 
changes  whatsoever.  Xo  complex  setups  or  regenerative  circuits 
are  required. 

2.  If  servomechanisms  are  used,  the  servo  shaft  displacement  is  pro¬ 
portional  to  Z,  so  that  one  or  more  multiplications  by  Z  or  functions 
of  Z  can  be  performed  together  with  the  division  by  Z. 

6.4.  Practical  Computer  Servomechanisms  for  D-c  Analog  Computers. 

Introduction.  The  computer  servomechanisms  used  in  d-c  analog  com¬ 
puters  are  intended  to  position  shafts  in  accordance  with  d-c  input 
voltages. 
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The  feedback  principle  underlying  the  operation  of  computer  servo¬ 
mechanisms  has  been  described  in  Sec.  (i.2;  the  methods  used  for  the 
detailed  analysis  resemble  those  used  to  analyze  feedback  amplifiers  in 
Sec.  5.4. 

Generally  speaking,  the  accuracy  with  which  a  servomechanism  can 
position  its  output  shaft  as  a  function  of  the  input  voltage  will  improve 
with  increasing  loop  gain.  Mechanical  and  electrical  inertia  of  the  servo¬ 
mechanism  components  prevent  the  servo  output  from  following  rapidly 
changing  input  signals  without  a  phase  lag.  With  high  loop  gains  such 
phase  lags  may  result  in  uncontrolled  oscillations  (hunting,  instability). 
The  phase  lag  may  be  counteracted  to  some  extent  by  speed  feedback 
from  an  induction  generator  or  tachometer  on  the  output  shaft  or  by 
special  “lead  networks”  whose  operation  is  similar  to  that  of  the  lead 
networks  described  in  Sec.  5.4  in  connection  with  feedback  amplifiers. 
Other  equalizing  networks  may  be  added  to  provide  higher  loop  gains  at 
low  frequencies.  Such  “integral”  control  will  decrease  the  steady-state 
errors  of  the  servomechanism. 

The  detailed  theory  as  well  as  the  design  of  small  servomechanisms  with 
specified  requirements  regarding  stability,  accuracy,  and  frequency 
response  has  been  described  very  adequately  in  Vol.  21  of  the  MIT  Radia¬ 
tion  Laboratory  Series.1  This  section  is  not  intended  to  duplicate  this 
material  but  will  merely  present  a  number  of  practical  circuits  suitable 
for  d-c  analog-computer  applications. 

Basic  Circuit  Arrangement.  Figure  6.19  shows  the  block  diagram  of 
the  arrangement  most  frequently  employed  in  d-c  analog  computers. 
The  input  d-c  voltage  and  the  signal  feedback  from  the  follow-up  poten¬ 
tiometer  are  mixed  to  produce  an  “error  signal”  at  the  output  of  the  mix¬ 
ing  networks  shown.  Some  integral  control2  is  usually  introduced  at  this 
point  in  order  to  decrease  the  steady-state  error  of  the  servomechanism. 
The  d-c  error  signal  so  obtained  is  used  to  modulate  a  60-  or  400-cps  a-c 
voltage  by  means  of  a  synchronous  vibrator  or  chopper  of  the  type 
described  in  Sec.  5.6. 

The  a-c  error  signal  produced  in  this  manner  is  mixed  with  the  a-c  speed 
feedback  signal  from  an  induction  generator3  at  the  input  of  a  simple  a-c 
amplifier.  The  amplifier  power  output  stage  drives  the  control  field  of  a 
two-phase  induction  motor. 

Many  variations  of  this  basic  circuit  are  possible.  For  example,  a  d-c 

1  Greenwood,  Holdam,  and  MaeRae,  op.  cit. 

2  See  ibid,  for  a  detailed  discussion  of  integral  control  and  other  equalizing  tech¬ 
niques. 

3  Refer  to  ibid.  An  induction  generator  may  be  considered  as  a  transformer  whose 
output  voltage  is  proportional  to  the  product  of  input  voltage  and  rotor  speed. 


MULTIPLICATION  AND  FUNCTION  GENERATION 


235 


tachometer,  such  as  a  small  d-c  motor  with  permanent-magnet  field,  may 
replace  the  induction  generator;  electrical  differentiation  of  the  position 
feedback  signal  is  rarely  used  together  with  wire-wound  follow-up  poten¬ 
tiometers,  since  such  an  arrangement  tends  to  amplify  the  potentiometer 
ripple. 

Input  Circuits.  Figure  6.20  shows  a  number  of  different  input  circuits 
which  accomplish  the  purposes  of  mixing  the  input  signal  with  the  various 


Fig.  6.19.  Computer  servomechanism. 

feedback  voltages,  of  introducing  integral  control,  and  of  modulation. 
Both  single-ended  and  push-pull  circuits  are  used.  The  output  voltage 
of  the  induction  generator  may  be  added  to  the  error  signal  by  either  a 
series  or  a  parallel  arrangement.  Many  combinations  of  such  circuits 
are  possible. 

In  the  input  circuits  of  Fig.  6.20  feedback  from  a  follow-up  potentiom¬ 
eter  is  indicated;  the  feedback  loop  may,  instead,  include  computing  ele¬ 
ments  outside  the  servomechanism  proper. 

Servo  Amplifiers.  Practically  any  type  of  a-c  amplifier  having  a  maxi¬ 
mum  gain  of  about  100  db  over  the  required  frequency  range  and  sufficient 
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F'ig.  6.20a.  A  single-ended  input  circuit  with  integral  control.  The  component 
values  will  depend  on  the  motor  and  load  characteristics  in  each  case. 
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Fig.  6.206.  Push-pull  input  circuit  with  summing  network  used  by  the  RAND  Cor¬ 
poration  (W.  F.  Gunning  and  A.  S.  Mengel,  Internal  Report,  RAND  Corporation, 
Santa  Monica,  Calif.,  Sept.  8,  1949).  Note  that  the  follow-up  potentiometer,  if  used, 
is  loaded  by  a  resistance  of  1  megohm. 
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Fig.  6.20c.  Transformer  input  circuit. 
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power  output  to  drive  the  motor  in  question  can  be  used  as  a  servo 
amplifier. 

As  a  relevant  example,  most  public-address  amplifiers  having  a  GOO-ohm 
output  impedance  will  serve  as  excellent  low-cost  servo  amplifiers.  It  is 
only  necessary  that  they  have  the  power  rating  required  in  each  case  and 
that  their  frequency  response  be  reasonably  free  of  phase  shift  over  a  fre¬ 
quency  range  of  about  25  cycles  on  either  side  of  the  carrier  frequency 
chosen  (usually  either  60  or  400  cps).  Such  amplifiers  have  the  advan¬ 
tage  of  self-contained  power  supplies. 

The  following  simple  modifications  will  be  found  helpfid  in  converting 
public-address  amplifiers  for  servo 
applications: 

1.  Limiting  resistors  of  20,000  to 
150,000  ohms  connected  in 
series  with  at  least  the  output 
tube  grids  will  help  to  limit 
excessively  large  error  voltages. 

2.  A  simple  third-harmonic  filter  of 
the  parallel-T  type  inserted  be¬ 
tween  two  voltage  amplifier 
stages  (two  are  needed  for  push- 
pull  circuits)  will  reduce  noise 
caused  by  the  third  harmonic 
of  the  carrier.  Such  third  har¬ 
monics  are  usually  generated 
in  the  induction  generator. 

Figure  6.21  shows  a  parallel-T 
filter  for  use  with  a  60-cycle 
carrier;  the  equation  for  the  rejection  frequency  is  also  indicated 
and  will  be  found  useful  for  the  design  of  similar  filters. 

Figure  6.22a  shows  a  modified  public-address  amplifier  used  as  a  servo 
amplifier  with  excellent  results. 

Figure  6.23  shows  the  circuit  of  a  push-pull  amplifier  specifically 
designed  for  servo  application1  in  the  RAND  computer  laboratory  (see 
Sec.  8.7). 

The  use  of  an  input  transformer  ahead  of  the  servo  amplifier  permits 
one  to  operate  the  chopper  at  a  lower  impedance  level;  this  will  tend  to 
reduce  the  noise  introduced  in  the  input  circuit.  The  benefits  to  be 

1  Gunning,  W.  F.,  and  A.  S.  Mongel,  unpublished  communication,  RAND  Cor¬ 
poration,  Santa  Monica,  Calif. 
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Fig.  6.21.  Simple  parallel-T  third- 
harmonic  suppressor.  Useful  circuit 
values  for  180-cps  rejection  are 
Ri  =  0.5M,  R,  =  1 M,  Cl  =  870  /x/xf, 
Co  =  1750  jjLfjti.  The  rejection  fre¬ 
quency  fr  is  given  by 

/r  =  J _ L_ 

*R*  \/2 C,C2 
with  ACiRi  =  CoRo. 
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Fig.  6.22a.  This  servo  amplifier  (Curtiss- Wright  Corporation,  Airplane  Division, 
Columbus,  Ohio)  is  a  modified  45-watt  public-address  amplifier.  The  input  networks 
and  the  synchronous  vibrator  are  arranged  on  a  subchassis  in  the  rear  of  the  amplifier. 


Fig.  6.226.  Mechanical  components  of  the  same  computer  servomechanism  (Curtiss- 
Wright  Corporation,  Airplane  Division,  Columbus,  Ohio)  assembled  on  a  slotted 
base  plate  for  relay  rack  mounting.  Note  the  gear  trains,  bearing  blocks,  and  reso¬ 
nating  capacitors.  A  combination  motor  and  induction  generator  is  used. 
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Fig.  6.23.  Servo-amplifier  circuit  from  the  RAND  analog  computer  (see  Sec.  8.7)  (Gunning  and  Mengel,  op.  cit.). 
circuit  may  be  used  together  with  the  input  circuit  of  Fig.  6.206. 
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gained  in  this  manner  may,  however,  not  justify  the  cost  of  a  well-shielded 
input  transformer. 

The  cost  of  the  servo  amplifier  can  be  further  reduced  by  eliminating 
the  output  transformer  as  well;  this  is  made  possible  through  the  use  of 
modern  split-field  induction  motors  whose  high-impedance  control-field 
windings  can  be  connected  directly  into  the  plate  circuits  of  push-pull 
power  amplifiers. 

Servomotors,  Induction  Generators,  and  Gear  Trains.  An  increasing 
number  of  manufacturers  produce  small  induction  motors  suitable  for 
computer  applications;  some  of  these  motors  are  combined  with  an  induc¬ 
tion  generator  in  an  integral  assembly.  Induction  generators  or  tachom¬ 
eters  should  always  be  coupled  directly  to  the  driving  motor,  since  the 
differentiation  tends  to  increase  the  effects  of  gear  backlash. 

The  stalled  torque  of  a  servomotor  must  be  greater  than  the  maximum 
static  friction  torque  necessary  to  start  the  load  through  its  gear  train. 
The  maximum  ( zero-torque )  speed  for  each  power  rating  must  be  greater 
than  the  maximum  speed  required  by  the  computer  application.  For 
each  given  gear  ratio,  the  high-frequency  response  of  the  servomechanism 
is  improved  by  increasing  the  torque-to-inertia  ratio  of  the  servomotor; 
this  is  the  ratio  between  the  stall  torque  and  the  moment  of  inertia  of  the 
rotor  assembly. 

The  speed-torque  characteristics  and  the  power  rating  of  the  servomotor 
as  well  as  the  gear  ratio  to  be  used  between  motor  and  load  will  be  deter¬ 
mined  by  the  speed-torque  requirements  of  the  load  in  each  case.  A 
motor  having  as  high  a  torque-to-inertia  ratio  as  possible  will  then  be 
chosen.  Suitable  torque-to-inertia  ratios  for  60-cycle  motors  will  be 
above  20,000  radians/sec2.  Although  400-cycle  motors  may  have  still 
higher  torque-to-inertia  ratios,  their  stall  torques  for  a  given  power  rating 
may  be  lower  than  those  of  60-cycle  motors. 

Very  substantial  increases  in  servomotor  torque  can  usually  be  obtained  by 
operating  the  motors  at  higher  than  rated  power  for  the  short  time  of  each 
computer  run.  A  relay  actuated  by  operating  the  recorder  switch  or  the 
“ compute”  switch  on  the  computer  control  panel  (see  Sec.  7.2)  can  be 
made  to  increase  the  reference  field  voltage  from  150  to  190  per  cent  of  the 
rated  value  for  the  duration  of  the  computer  run  only.  The  power  out¬ 
put  of  the  servo  amplifier  must  be  similarly  increased.  At  least  for  com¬ 
puter  runs  of  less  than  3  min  duration,  the  motor  stall  torque  may  be 
increased  to  between  two  and  four  times  its  rated  value  without  damage 
to  the  motor. 

Precision-type  gears,  if  possible  in  matched  sets,  should  be  used  in  all 
computer  applications;  the  gears  should  be  carefully  meshed  in  order  to 
minimize  binding  and  backlash.  Since  the  inertia  of  large  gears  may 
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impair  the  servo  frequency  response,  gear  trains  consisting  of  more 
than  two  gears  should  be  used  for  the  higher  gear  ratios.1 

Phasing  and  Equalization.  The  servomotor  control  field  is  usually 
resonated  at  the  carrier  frequency  by  means  of  a  capacitor  in  parallel  with 
the  primary  winding  of  the  output  transformer. 

The  carrier  phase  in  the  control  field  must  differ  by  90  deg  from  that  in 
the  reference  field.  The  reference  fields  of  all  servomotors  in  a  computer 
are  usually  connected  directly  to  the  a-c  line.  The  carrier  phase  in  the 
control  fields  may  be  adjusted  by  means  of  a  phase-shifting  network,  such 
as  the  one  shown  in  Fig.  6.19  in  the  a-c  supply  used  for  the  synchronous 
vibrators. 

The  values  of  the  forward  gain,  rate,  and  integral  feedback  of  a  servo¬ 
mechanism  for  stable  operation  with  good  frequency  response  are  usually 
computed  roughly;  the  exact  values  are  then  obtained  through  final 
adjustments  of  the  equalizing  networks. 

These  adjustments  may  be  made  with  the 
aid  of  a  servomechanisms  tester2  by  check¬ 
ing  the  servo  response  to  sinusoidal  input 
voltages.  If  such  a  device  is  not  available, 
a  d-c  step-function  voltage  may  be  applied 
to  the  servo  input;  the  equalizing  networks 
are  then  adjusted  until  the  servo  output 
follows  the  input  voltage  as  closely  as  possi¬ 
ble  without  excessive  overshoot.  Some 
other  methods  for  testing  servomechanisms 
are  discussed  in  Vol.  21  of  the  MIT  Radia¬ 
tion  Laboratory  Series.3 

Mechanical  Construction.  Figure  6.226 
shows  the  electromechanical  components  of 
a  computing  servomechanism  set  up  on  a 
slotted  base  plate  which  allows  for  a  wide 
variety  of  component  arrangements.  As  an 
alternative,  Fig.  6.24  shows  a  method  of 
attaching  servo  components  to  drilled  base  plates  by  means  of  dogs  and 
screws.  In  the  authors’  opinion,  such  drilled  base  plates  are  preferable 
to  slotted  plates.  The  drilled  plates  not  only  are  cheaper  to  produce  but 
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Fig.  6.24.  Means  of  attaching 
servo  components  to  a  drilled 
and  tapped  base  plate.  Note 
that  the  components  may  be 
turned  in  any  direction  on  the 
base  plate. 


Barnes,  II.  M.,  N.  B.  Nichols,  and  It.  S.  Phillips,  Theory  of  Servotnechanisms , 
pp.  131-133,  MIT  Radiation  Laboratory  Series,  Vol.  25,  McGraw-Hill,  New  York, 
1947. 

2  Korn,  G.  A.,  and  T.  M.  Korn,  Modern  Servomechanism  Testers,  Elcr.  Eng., 
September,  1950. 

3  Greenwood,  Holdam,  and  MacRae,  op.  rit. 
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also  allow  greater  convenience  and  flexibility  in  the  arrangement  of  the 
components.  The  dogs  shown  in  Fig.  6.24  are  easily  made  by  drilling 
and  cutting  stock  pieces  of  aluminum  having  the  profile  required.  The 
holes  in  the  base  plate  itself  may  or  may  not  be  tapped,  although  the 
former  makes  for  more  convenient  assembly.  Bases  and  shafts  may  be 
lined  up  by  means  of  a  simple  T  square  or  similar  device. 

Both  slotted  and  drilled  base  plates  as  well  as  suitable  bearing  blocks, 
motor  mounts,  etc.,  for  small  servomechanisms  are  available  commer¬ 
cially  from  a  number  of  manufacturers. 
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Fig.  6.25 a.  Simple  relay  servomechanism  with  dither.  The  optimum  dither  fre¬ 
quency  and  amplitude  will  depend  on  the  relay  spacing,  sensitivity,  and  time  delay. 


Other  Types  of  Servomechanisms.  Relay  servomechanisms  using  a  sensi¬ 
tive  polarized  relay  in  a  circuit  like  that  of  Fig.  6.25a  to  control  d-c  motors 
may  be  useful  in  certain  special  applications  because  of  their  relative 
simplicity.  The  frequency  response  of  such  devices  may  be  made  reason¬ 
ably  flat  up  to  2  or  3  cps.  In  order  to  minimize  the  effects  of  static  fric¬ 
tion  in  the  relay,  an  a-c  voltage  (the  so-called  dither  voltage)  is  introduced 
into  the  relay  coil  so  as  to  vibrate  the  relay  armature  continuously.  The 
dither  frequency  is  made  higher  than  the  highest  frequency  to  which  there 
is  appreciable  servo  response.  If  the  contacts  of  the  sensitive  relay  can¬ 
not  handle  the  motor  current,  the  sensitive  relay  can  control  a  power  relay 
which  in  turn  controls  the  motor.  Although  relay  circuits  may  be  less 
complex  than  vacuum-tube  circuits,  these  devices  are  generally  not  so 
reliable  as  vacuum-tube  amplifiers,  and  their  sensitivity  and  frequency 
response  may  not  be  satisfactory  except  in  special  cases. 
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If  an  a-c  power  source  is  available,  a-c  motors  are  usually  preferred  to 
d-c  motors  in  order  to  eliminate  the  maintenance  problems  usually  associ¬ 
ated  with  brushes  and  commutators.  The  a-c  amplifiers  used  for  con¬ 
trolling  two-phase  motors  require  a  high-voltage  d-c  supply  which  may  or 
may  not  be  self-contained  in  each  servo  amplifier.  If  servomotors  are 
operated  at  high  power  levels,  the  d-c  supplies  needed  for  amplifiers 
using  vacuum  tubes  may  become  bulky  and  expensive.  In  such  cases, 
recourse  may  be  had  to  thyratron  control  of  a-c  motors,1  but  careful 


P  ig.  6.2 ob.  Use  of  a  saturable  transformer  to  control  the  a-c  voltage  applied  to  a 
motor  field  in  accordance  with  a  d-c  input  voltage. 

shielding  and  isolation  of  the  thyratrons  will  be  necessary  in  order  to  pre¬ 
vent  their  interaction  with  other  computing  elements.  The  use  of  satu¬ 
rable  reactors  for  direct  control  of  the  alternating  currents  in  the  motor 
fields  may  be  preferable.  Figure  6.256  shows  how  the  alternating  cur¬ 
rent  in  a  motor  field  may  be  effectively  controlled  by  a  d-c  input  voltage. 
Although  some  internal  noise  is  inherent  in  saturable  reactor  modulators, 
its  results  can  be  effectively  reduced  by  including  a  d-c  preamplifier  in  the 
servo  loop.  Ordinary  operational  amplifiers  may  conceivably  be  adapted 
for  this  purpose.  The  use  of  saturable  reactors  will  eliminate  the  need 
for  synchronous  vibrators  and  the  attendant  maintenance  problems  as 
well  as  the  requirement  for  high-power  d-c  supplies.  A  d-c  tachometer 
may  be  used  for  speed  feedback. 

Finally,  serious  consideration  should  be  given  to  the  use  of  commutated 
potentiometer  servomechanisms  of  the  type  described  in  Sec.  6.2. 


1  Ibid.,  Chap.  12. 
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Servo-driven  Potentiometers .  The  potentiometers  used  with  computer 
servomechanisms  must  satisfy  the  requirements  of  mechanical  rugged¬ 
ness,  freedom  from  microphonism,  accuracy,  resolution,  and  stability 
already  discussed  in  Sec.  4.1  in  connection  with  constant  coefficient 
setting  potentiometers.  In  addition,  servo-driven  potentiometers  must 
satisfy  special  requirements  directly  related  to  their  utilization  in  the 
servomechanism,  viz., 

1.  The  static  and  dynamic  torques  needed  to  position  the  potentiometer 
wiper  must  be  as  low  as  consistent  with  reliable  operation.  A  static 
torque  of  2  oz-in.  per  potentiometer  may  be  considered  as  a  reason¬ 
able  value. 

2.  The  potentiometer  windings  must  sustain  the  wiper  friction  for  a 
reasonable  life  period  without  changing  their  properties.  At  the 
rotational  speeds  involved  in  the  normal  operation  of  most  d-c 
analog  computers,  a  useful  life  of  at  least  300,000  revolutions  may 
be  expected. 

3.  A  minimum  of  noise  shoidd  be  generated  by  the  motion  of  the  wiper 
over  the  potentiometer  winding. 

The  construction  of  potentiometers  satisfying  these  requirements  has 
made  considerable  progress  in  recent  years  and  is  described  by  F.  E.  Dole 
in  Vol.  17  of  the  MIT  Radiation  Laboratory  Series.1 

The  use  of  potentiometers  to  generate  special  functions  is  discussed  in 
Secs.  6.5  and  6.6. 

If  helical-type  potentiometers  are  to  be  driven  by  servomechanisms, 
special  precautions  must  be  taken  to  prevent  damage  to  the  internal  stops 
in  the  potentiometers  caused  by  accidentally  driving  the  wiper  assembly 
into  these  stops.  The  stall  torque  of  a  servomotor,  when  applied  to  the 
potentiometer  through  a  gear  train,  can  be  very  appreciable  and  will 
almost  certainly  destroy  the  potentiometer.  Special  systems  of  mechan¬ 
ical  stops  and/or  limit  switches  have  been  devised  for  this  purpose. 
Probably  the  easiest  solution  is  to  use  single-turn  potentiometers.  Such 
potentiometers  may  be  obtained  with  accuracies  and  resolutions  better 
than  0.1  per  cent  oi  full  scale  for  resistance  values  between  10,000  and 
100,000  ohms;  they  can  be  fitted  with  “bridges”  which  permit  continuous 
rotation.  It  may  be  advisable  to  fit  each  servomechanism  with  a  neon 
overload  bulb  similar  to  those  used  with  d-c  amplifiers  (see  Sec.  6.2)  to 
indicate  when  each  potentiometer  wiper  is  about  to  leave  the  winding; 
error  indicators  of  the  type  described  in  Sec.  5.6  may  be  even  more  useful. 

1  Blackburn,  J.  F.,  Components  Handbook,  Chap.  8,  MIT  Radiation  Laboratory 
Series,  Vol.  17,  McGraw-Hill,  New  York,  1949. 
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P otentiometer  Loading.  Errors  in  computations  due  to  loading  of  servo- 
driven  potentiometers  cannot  in  general  be  corrected  through  changes  in 
calibration  as  in  the  case  of  constant  coefficient  setting  potentiometers 
(see  Sec.  4.1).  The  effects  of  potentiometer  loading  may  be  reduced  by 
connecting  resistors  in  series  with  either  the  source  or  the  load1  through 
the  use  of  special  feedback  circuits2  and  by  a  number  of  other  circuit 
arrangements.3  In  the  case  of  servomultipliers,  probably  the  best  solution 
to  this  problem  is  to  make  sure  that  the  follow-up  and  multiplying  potentiom¬ 
eters  are  all  loaded  by  equal  resistances;  such  an  arrangement  will  auto¬ 
matically  eliminate  the  loading  errors  in  the  output  voltage.  (This  does 
not  apply  to  function  generators;  see  Sec.  6.5.)  In  addition,  the  use 
of  center-tapped  follow-up  and  multiplying  potentiometers  is  strongly 
recommended. 

Note  that,  although  equal  loading  of  follow-up  and  multiplying  poten¬ 
tiometers  will  eliminate  errors  in  multiplication  due  to  potentiometer  load¬ 
ing,  the  servo  shaft  displacement  will  not  be  accurately  proportional  to  the 
servo  input  voltage  if  the  follow-up  potentiometer  is  loaded.  If  the  servo 
shaft  displacement  is  read  on  a  linearly  calibrated  dial,  a  loading  correc¬ 
tion  (see  Sec.  4.1)  must  be  applied  to  the  dial  reading  to  obtain  the  servo 
input  voltage. 

Accuracy  Improvements.  The  accuracy  of  servo  multiplication  can 
sometimes  be  improved  by  using  tapped  potentiometer  function  gen¬ 
erators  (see  Sec.  6.6)  as  multiplying  potentiometers;  the  effective  taper 
of  such  potentiometers  can  be  adjusted  to  correspond  closely  to  that  of  the 
follow-up  potentiometer. 

Again,  a  correction  term  to  compensate  for  differences  in  taper  and/or 
loading  between  the  multiplying  and  the  follow-up  potentiometer  may  be 
measured  and  then  generated  by  a  special  function  generator  on  the  servo 
shaft  in  the  manner  illustrated  in  Fig.  6.32  (Sec.  6.5). 

The  use  of  commutated  potentiometer  servomechanisms  should  also  be 
considered  in  this  connection. 

6.5.  Basic  Types  of  Function  Generators.  Introduction.  An  impos¬ 
ing  number  of  the  relations  to  be  set  up  on  d-c  analog  computers  involve 
the  generation  of  a  voltage  as  a  function  of  time  or  as  a  function  of  another 
voltage.  In  other  cases,  the  multiplication  of  a  voltage  by  such  a 
function  is  required. 

1  Dole,  F.  E.,  and  L.  A.  Nettleton,  Reducing  Potentiometer  Loading  Error,  Rco. 
Sci.  Instruments ,  18 :  332,  1 947. 

2  Follin,  J.,  Internal  Memorandum,  Applied  Physics  Laboratory,  Johns  Hopkins 
University,  Silver  Spring,  Md. 

3  Dole  and  Nettleton,  op.  cit. 
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Fig.  6.26.  Examples  of  functions  of  the  time  r  generated  as  solutions  of  simple  dif¬ 
ferential  equations.  The  function  potentiometers  indicated  in  the  first  two  circuits 
of  (fo)  may  be  replaced  by  division  loops  (see  Sec.  6.3)  so  that  only  linear  potentiometers 
are  needed. 


The  computing  elements  capable  of  performing  these  operations  are 
called  function  generators. 

Function  generators  are  characterized  by  their  accuracy,  flexibility, 
reliability,  cost,  and  frequency  response.  The  remainder  of  this  chapter 
presents  several  available  methods  of  function  generation  and  discussions 
of  their  principal  advantages  and  disadvantages. 
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The  first  class  of  function  generators  described  in  the  following  are  all¬ 
electrical  devices.  Their  good  high-frequency  response  makes  them  suit¬ 
able  for  computer  applications  requiring  fast  time  scales,  such  as  repetitive 
computers,  but,  generally  speaking,  their  accuracy  leaves  much  to  be 
desired. 

The  second  class  of  function  generators  are  electromechanical  devices 
which  are  capable  of  considerable  accuracy.  Their  frequency  response, 
on  the  other  hand,  is  limited  by  the  inertia  of  mechanical  components. 

Implicit  Function  Generation.  Many  functions  of  the  time  can  be  gen¬ 
erated  in  a  d-c  analog  computer  as  solutions  of  simple  differential  equa¬ 
tions.  Figures  6.26a  and  b  show  a  number  of  block  diagrams  of  computer 
setups  suitable  for  generating  frequently  used  functions  of  the  time. 
Many  other  functions  can  be  generated  in  this  manner. 


If  a  function  generator  for  the  inverse  g(Y)  of  a  given  function /(X)  is 
available,  the  latter  can  usually  be  obtained  by  an  implicit  solution  of  the 
machine  equation 

g[f(X)]  -  X  =  0  (6.24) 

The  division  schemes  described  in  Sec.  6.3  are  examples  of  this  method. 

Nonlinear  Circuit  Elements.  The  voltage-current  characteristics  of 
certain  nonlinear  circuit  elements  such  as  tubes,  rectifiers,  and  thyrite 
resistors  can  be  used  in  many  different  circuit  arrangements  to  establish 
functional  relationships  between  input  and  output  voltages. 

The  circuit  characteristics  of  only  a  few  nonlinear  circuit  elements  can 
be  reproduced  with  an  accuracy  better  than  1  per  cent.  Perhaps  the 
most  useful  devices  of  this  kind  are  based  on  the  use  of  vacuum  or  crystal 
diodes  as  switching  elements  rather  than  as  continuously  variable  non¬ 
linear  resistance  elements.  Function  generators  based  on  this  principle 
are  discussed  in  detail  in  Sec.  6.7. 
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Cathode-ray  Function  Generators:  Photoformers.  Figure  6.27a  shows  the 
block  diagram  of  the  basic  cathode-ray  function  generator  or  photoformer A 
The  input  voltage  Xx  is  applied  between  the  horizontal  deflection  plates 
of  a  cathode-ray  tube  through  a  suitable  d-c  amplifier.  The  voltage  Xa 
between  the  vertical  deflection  plates  is  taken  to  be  the  output  voltage; 
this  voltage  is  made  to  vary  as  a  function 

X0  =  /(Xx) 

of  the  input  voltage  Xx  by  a  feedback  arrangement  which  forces  the  elec¬ 
tron  beam  to  follow  the  boundary  of  an  opaque  mask  placed  over  the 
lower  portion  of  the  cathode-ray  screen. 


Fig.  6.27b.  Adjustable  mask  for  photoformers. 

The  bias  voltage  indicated  in  Fig.  6.27a  tends  to  force  the  electron 
beam  upward  away  from  the  mask.  As  soon  as  the  spot  on  the  cathode- 
ray  tube  screen  emerges  from  behind  the  mask,  however,  a  photocell 
mounted  in  front  of  the  screen  applies  an  error  voltage  across  the  input 
terminals  of  the  vertical  deflection  d-c  amplifier.  This  error  voltage  is 
phased  so  that  the  beam  is  forced  downward  toward  the  edge  of  the  mask. 
The  feedback  loop  comprising  the  cathode-ray  tube,  the  photocell,  and  the 
vertical  deflection  amplifier  will,  then,  tend  to  keep  the  spot  on  the  screen 
traveling  just  below  the  edge  of  the  mask  as  the  input  voltage  Xx  ( horizontal 
deflection  voltage)  changes. 

Since  the  deflections  of  the  electron  beam  produced  by  the  deflection 
voltages  Xi  and  X0  are  approximately  proportional  to  these  respective 
voltages,  the  output  voltage  X0  is  forced  to  vary  as  a  function 

X0  =  /(X  i) 

1  Mynall,  D.  J.,  Electronic  Analog  Computing,  Elec.  Eng.,  August,  1947;  Sunstein, 
I).  E.,  Photoelectric  Waveform  Generator,  Electronics,  22 :  100,  1949. 
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of  the  input  voltage  Xi;  the  function  f(X  f)  is  determined  by  the  shape  of  the 
mask  boundary.  If  the  equation  of  the  latter  in  rectangular  Cartesian 
coordinates  £  and  y  with  origin  in  the  center  of  the  cathode-ray  screen  is 


V  =  F(£) 

then 

/(.Yi)  =  I  FiksXO  (6.25) 

where  k$  and  kv  are  the  horizontal  and  vertical  deflection  sensitivities 


u  _  d£  b  -  dy 

f  “  dX1  n  ~  dX0 


(0.26) 


respectively.  It  is,  then,  possible  to  obtain  a  mask  for  the  generation  of 
the  function  f(X„)  by  cutting  the  corresponding  curve 

1  -  f(f)  =  Kf  (f  {)  (6  27) 

out  of  a  piece  of  opaque  cardboard  or  plastic. 

Functions  may  be  generated  in  this  manner  with  an  accuracy  of  the 
order  of  1  per  cent  for  input  voltages  containing  frequency  components 
in  excess  of  100,000  cps  if  suitable  amplifiers  are  used. 

Better  accuracy  might  be  possible  if  Eq.  (6.27)  is  not  relied  on  to  yield 
the  shape  of  the  mask  for  the  desired  function.  A  flexible  or  otherwise 
adjustable  mask  could  be  adjusted  until  the  measured  value  of  the  output 
voltage  X0  is  equal  to  the  correct  value  f(Xf)  for  each  value  of  the  input  voltage 
X\.  Errors  due  to  changes  in  the  deflection  sensitivities  /cj  and  k„  with 
the  applied  voltages  as  well  as  errors  due  to  the  finite  gain  of  the  feedback 
loop  could  be  eliminated  in  this  manner.  Figure  6.27 b  shows  two  possible 
types  of  adjustable  masks. 

The  actual  circuit  of  a  photoformer  (essentially  as  developed  at  the 
Massachusetts  Institute  of  Technology1)  is  shown  in  Fig.  6.28.  The  use 
of  a  multiplier  photocell  in  connection  with  a  very  simple  push-pull  deflec¬ 
tion  amplifier  results  in  ample  feedback  gain.  The  P-11  cathode-ray  tube 
screen  used  could  be  replaced  by  a  P-5  screen  for  high-frequency  applica¬ 
tions.2  The  maximum  error  (distortion)  observed  with  this  circuit  was 
about  2.5  per  cent  (with  a  fixed  mask). 


1  Cambridge,  Mass. 

2  MacNee,  A.  B.,  An  Electronic  Differential  Analyzer,  Proc.  IRE,  37  :  1315,  1949. 
MacNee  has  also  recently  developed  a  variable  photoformer  mask  consisting  of 
90  metal  shims  clamped  into  a  suitable  frame. 
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The  all-electronic  photoformers  are,  for  all  practical  purposes,  free  from 
frequency-response  limitations.  Although  they  permit  the  generation  of 
one  voltage  as  a  function  of  another,  no  multiplication  is  possible.  Photo¬ 
formers  are  very  simple  devices,  and  their  reliability  and  accuracy  are 
being  improved. 

FOCUS  INTENSITY 


obtained.  (Based  on  the  circuit  used  in  the  MIT  repetitive  computer  described  in 
Sec.  8.5.) 

Other  Cathode-ray  Function  Generators.  The  monoformer  developed  by 
the  Philco  Corporation1  operates  essentially  like  the  photoformer,  but  the 
external  mask  and  photocell  are  replaced  by  a  mask  and  a  collector  elec¬ 
trode,  respectively,  inside  the  cathode-ray  tube  envelope.  Since  the 
monoformer  mask  is  not  easily  replaceable,  a  monoformer  is  capable  of 


’  Philadelphia,  Pa. 
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generating  a  single  function  only;  the  accuracy  is  comparable  to  that  of  a 
photoformer. 

The  Raytheon  Manufacturing  Company1  has  developed  another  type 
of  cathode-ray  function  generator  in  which  a  flat  electron  beam  is  nar¬ 
rowed  down  by  a  mask  in  accordance  with  a  given  function  as  the  beam 
is  deflected  bjr  an  input  voltage.  The  output  voltage  is  obtained  as  a 
function  of  the  beam  current.  The  accuracy  is  of  the  order  of  1  per  cent. 

Special  cathode-ray  tubes  like  the  monoformers  and  the  Raytheon  tube 
may  be  useful  as  function  generators  in  special-purpose  analog  computers, 
such  as  relatively  accurate  square-law  modulators  for  multiplying  cir¬ 
cuits  (see  Sec.  6.1),  and  possibly  in  quarter-square  and  logarithmic  multi¬ 
pliers  (see  Sec.  6.1)  if  good  frequency  response  is  more  important  than 
accuracy. 


SENSITIVE 


CURRENT 

LIMITING 

RESISTORS 


POLARIZED  RELAY 


(INPUT)  X  o - vWVV - A/VW- 


'!■ 


RELAY  CONTACTS 


+ 

ADJUST  PRESET 
LEVEL 


Fig.  6.29.  Basic  relay  computing  circuit.  For  best  results,  the  relay  should  be 
inserted  in  the  output  circuit  of  a  suitable  differential  amplifier. 


Relays  as  Function  Generators.  Relays  can  be  used  to  introduce  step 
voltages  or  to  change  interconnections  between  computing  elements 
whenever  certain  of  the  machine  variables  (voltages)  or  differences  of 
machine  variables  reach  predetermined  levels.  Figure  6.29  shows  a  cir¬ 
cuit  arrangement  for  actuating  a  sensitive  polarized  relay  when  the  differ¬ 
ence  between  the  input  voltage  X  and  the  preset  voltage  Xa  exceeds  zero 
by  a  few  hundredths  of  a  volt.  For  better  results,  the  relay  should  be 
inserted  into  the  output  circuit  of  a  symmetrical  differential  amplifier 
(see  Sec.  5.3). 

Relays  can  be  used  only  in  computations  performed  on  a  time  scale  so 
slow  as  to  render  the  relay  contact  closing  and  opening  time  delays 
effectively  negligible.  In  computers  operating  on  faster  time  scales,  the 
relays  can  be  replaced  by  suitable  electronic  switches,  such  as  the  limiting 
diodes  described  in  Sec.  6.7. 

Tapered  Function  Potentiometers.  Potentiometers  or  voltage  dividers 
can  be  constructed  so  that  the  fraction  of  the  total  resistance  tapped  off 
by  the  potentiometer  arm  varies  as  a  nonlinear  function  of  the  shaft  dis- 


1  Waltham,  Mass. 
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placement.  Such  potentiometers  can  be  used  to  multiply  an  input  volt¬ 
age  applied  across  the  potentiometer  resistance  element  by  a  function  of 
the  shaft  displacement. 

Function  potentiometers  as  well  as  various  other  electromechanical 
function  generators  are  usually  driven  by  computer  servomechanisms  (see 
Sec.  6.4)  whose  shaft  displacements  are  proportional  to  the  respective 
input  voltages.  Functions  of  the  machine  time  r  can  also  be  generated 
by  driving  the  corresponding  function  potentiometers  with  a  synchronous 
motor  connected  either  to  the  60-cycle  a-c  line  or  to  the  power  output 
stage  of  a  special  stable  timing  oscillator  of  the  tuning-fork  type.  The 
latter  arrangement  is  almost  mandatory  for  good  accuracy,  since  the 
60-cycle  line  frequency  is  capable  of  instantaneous  variations  as  large  as 
0.7  per  cent. 

Wire-wound  elements  for  function  potentiometers  are  given  the  proper 
"taper”  (or  rate  of  resistance  change  with  respect  to  shaft  displacement) 
by  changing  the  shape  of  the  card,  the  pitch  of  the  winding,  or  even  the 
wire  diameter  in  accordance  with  the  desired  function.  The  construction 
of  tapered  function  potentiometers  is  discussed  in  detail  in  Vol.  17  of  the 
MIT  Radiation  Laboratory  Series;1  tapered  wire-wound  function  poten¬ 
tiometers  for  a  number  of  frequently  used  functions  are  commercially 
available. 

Simple  tapered  function  potentiometers  can  generate  only  functions 
which  vary  monotonically  between  two  values  determined  by  the  voltages 
at  the  two  input  terminals  of  the  potentiometer  winding.  Nonmonotonic 
functions  can,  however,  be  generated  by  employing  one  or  more  taps  in 
the  potentiometer  winding;  the  output  voltage  into  a  load  of  infinite 
impedance  will,  then,  vary  monotonically  between  each  pair  of  voltages 
at  the  taps. 

Function  Potentiometers  Based  on  Linear  Resistance  Elements  with  Con¬ 
trolled  Wiper  Displacement.  A  linear  potentiometer  winding  may  be  used 
for  function  generation  if  the  displacement  of  the  potentiometer  wiper  is 
made  to  vary  as  the  desired  function  of  an  input  shaft  rotation.  A  cam  or 
a  linkage  can  be  used  to  transmit  the  input  shaft  motion  in  the  desired 
manner.  A  stylus  linked  to  a  potentiometer  through  a  linkage,  a  rack- 
and-pinion  drive,  or  a  worm-gear  arrangement  may  even  be  used  for 
manual  following  of  any  reasonable  curve  plotted  on  a  moving  chart. 
The  potentiometer  can  then  generate  a  voltage  as  a  function  of  the  chart 
displacement.  The  usefulness  of  this  input  table  is  not  restricted  to  the 
generation  of  a  single  function;  it  may  be  regarded  as  a  type  of  "universal 
function  generator.” 

1  Blackburn,  J.  F.,  Components  Handbook,  Chap.  8  by  F.  E.  Dole,  MIT  Radiation 
Laboratory  Series,  Vol.  17,  McGraw-Hill,  New  York,  1949. 
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Automatic  Curve  Followers;  Cylindrical-type  Function  Potentiometers. 
The  necessity  for  operating  an  input  table  manually  can  be  eliminated  by 
using  a  special  servomechanism  (photoelectric  curve  follower)  for  keeping 
the  stylus  on  the  plotted  curve.  A  much  simpler  type  of  automatic  curve 
follower  is  illustrated  by  the  automatic  input  table  used,  e.g.,  in  the 
RAND  analog  computer,  and  shown  schematically  in  Fig.  6.30. 

This  device  utilizes  a  drum  rotated  about  its  axis  by  a  servomechanism 
whose  input  voltage  is  the  argument  of  the  function  to  be  generated.  A 
linear  resistance  element  constituting  the  potentiometer  winding  is 
mounted  parallel  to  the  drum  axis  in  the  manner  shown  in  Fig.  6.30.  A 
wire  is  cemented  over  a  graph  of  the  curve  to  be  tracked,  and  the  graph 
paper  is  placed  on  the  drum  with  the  independent  variable  axis  in  the 


Fig.  6.30.  Reeves-type  function  generating  potentiometer. 


direction  of  drum  rotation.  As  the  drum  rotates  in  correspondence  to 
the  independent  variable,  the  linear  resistance  element  is  always  parallel 
to  the  drum  axis  directly  over  the  correct  value  of  the  dependent  variable 
on  the  graph  paper. 

The  wire  on  the  curve  then  acts  as  the  wiper  of  a  linear  potentiometer1 
tapping  off  the  proper  fraction  of  an  input  voltage  applied  across  the 
linear  resistance  element  as  the  latter  is  pressed  against  the  drum  and 
wire  by  light  spring  pressure.  As  the  drum  rotates,  this  wiper  moves 
across  the  potentiometer  in  a  manner  determined  by  the  given  curve. 

The  RAND  input  table  utilizes  the  servo-positioned  drum  of  a  Reeves 
servo  recorder  or  output  table  (see  Sec.  7.3).  With  a  linear  resistance 
element  of  20,000  ohms  resistance  and  linear  to  within  0.1  per  cent,  it  is 
possible  to  multiply  a  voltage  by  any  reasonable  function  of  another  volt¬ 
age  with  an  accuracy  of  about  0.15  per  cent  of  full  scale. 

The  capability  of  this  and  similar  devices  (“universal  function  gen¬ 
erators”)  of  generating  any  desired  reasonable  function  makes  them  par¬ 
ticularly  useful  in  flexible  multipurpose  computers. 


1  Gunning  and  Mengel,  op.  cit . 
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The  preparation  of  the  wire  for  any  given  function  is  simple.  A  length 
of  0.015-in. -diameter  nichrome  wire  is  first  straightened  by  stretching  it 
beyond  the  yield  point.  The  wire  is  then  fitted  to  the  curve  drawn  on  a 
piece  of  graph  paper  lying  flat  on  a  table.  The  wire  is  held  to  the  paper 
by  means  of  small  split  pins  and  is  covered  with  a  layer  of  cement  (one 
part  of  General  Cement  Xo.  30-8  Radio  Service  Cement  to  one  part  of 
Xo.  31-8  Solvent)  which  secures  it  to  the  paper  even  after  the  pins  are 
removed.  When  the  cement  has  dried,  the  top  surface  of  the  wire  is  laid 
bare  through  the  use  of  abrasive  cloth.  The  graph  paper  is  then  ready 
to  be  placed  on  the  drum. 

The  Reeves  Instrument  Corporation,1  which  first  invented  such  cylin¬ 
drical-type  potentiometers,  manufactures  small  function  potentiometers 
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Simple  switch-type  universal  function  generator. 


Fig.  6.31a. 


based  on  the  principles  just  described,  for  any  reasonable  function  to  the 
customer’s  specifications,  as  well  as  the  larger  automatic  input  tables.  A 
servo-driven  lathe  is  used  to  cut  a  groove  for  the  wire  into  a  small  cylinder 
made  of  insulating  material.2 

Switch-type  Function  Generators.  If  it  is  sufficient  to  approximate  a 
given  function  by  a  step  function  (the  step  function  may,  for  instance,  be 
smoothed  out  by  subsequent  integration),  a  function  potentiometer  may 
be  replaced  by  a  simple  tap  switch  rotated  in  accordance  with  the  argu¬ 
ment  of  the  given  function  (see  Fig.  6.31a).  The  tap  voltages  are 
adjusted  in  accordance  with  the  values  of  the  given  function  for  the  cor¬ 
responding  shaft  displacements.  Simple  universal  function  generators 
may  be  constructed  in  this  manner. 

For  better  accuracy,  a  linear  “interpolating  potentiometer”  may  be 
connected  between  successive  taps  by  means  of  two  switch  arms  in  the 
manner  shown  in  Fig.  6.316.  The  interpolating  potentiometer  is  geared 


1  New  York,  X.Y. 

2  Frost,  S.,  A  Compact  Analog  Computer,  Electronics,  July,  1048. 
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up  from  the  switch  shaft  so  that  it  makes  a  complete  revolution  during 
the  time  required  by  each  switch  arm  for  moving  between  corresponding 
positions  on  successive  taps  or  commutator  bars.  The  output  voltage  is 
taken  from  the  wiper  of  the  potentiometer,  which  serves  to  interpolate 
between  the  values  of  the  output  voltage  obtained  at  the  tap  points. 

A  method  for  utilizing  tapped  potentiometers  as  universal  function  gen¬ 
erators  by  a  somewhat  similar  interpolation  scheme  is  discussed  in  detail 
in  Sec.  0.6. 

Discussion  of  Function  Potentiometers.  Effects  of  Potentiometer  Loading. 
The  discussion  given  in  Sec.  6.3  of  the  properties  desirable  in  multiplying 
potentiometers  also  applies  to  potentiometers  used  for  function  genera¬ 
tion,  with  the  exception  of  the  linearity  requirement.  Potentiometer 
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Fig.  6.31  b.  Switch-type  universal  function  generator  with  interpolating  potentiom¬ 
eter. 

function  generators  are  reliable  and  accurate,  but  their  application  is  often 
limited  by  the  frequency  response  of  the  electromechanical  system  or 
servomechanism  used  for  positioning  the  potentiometer  shaft. 

The  effects  of  potentiometer  loading  on  the  accuracy  of  servo-driven 
potentiometer  function  generators  cannot  be  eliminated  simply  by  loading 
the  follow-up  and  function  potentiometers  with  equal  resistances  as  in 
the  case  of  servomultipliers.  A  loading  correction  may  have  to  be 
applied  to  the  function  to  be  generated.  Again,  the  servo  shaft  displace¬ 
ment  will  no  longer  be  accurately  proportional  to  the  servo  input  voltage 
if  the  follow-up  potentiometer  of  the  servomechanism  is  loaded.  These 
effects  ?nust  he  carefully  taken  into  consideration  in  connection  with  the  use  of 
input  tables  of  the  type  shown  in  Fig.  6.30.  The  relation  between  the  input 
voltage  and  the  servo  shaft  displacement  may  in  this  case  be  computed  in 
the  manner  shown  in  Sec.  4.1,  and  a  corresponding  correction  may  be 
applied  to  the  given  function.  Universal  function  generators  of  the  tap- 
switch  and  tapped-potentiometer  types  can  usually  be  adjusted  to  take 
care  of  loading  corrections  automatically  whenever  necessary. 
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Useful  function  generators  can  be  constructed  by  using  a  function  'poten¬ 
tiometer  or  tap  switch  to  vary  the  feedback  and/or  input  resistors  of  an  opera¬ 
tional  amplifier.  Such  function  generators  do  not  require  loading  corrections. 

A  Method  for  Improving  the  Accuracy  of  Function  Generators.  The 
accuracy  with  which  a  given  function  may  be  generated  can  often  be  sub¬ 
stantially  improved  by  a  universal  function  generator.  Figure  6.32  shows 
how  the  universal  function  generator  may  be  used  to  add  a  small  correc¬ 
tion  to  the  output  voltage  of  the  original  function  generator.  The  cor¬ 
rection  function  must  be  determined  by  checking  the  output  voltage 
against  the  desired  function  values  for  a  number  of  values  of  the  argu¬ 
ment.  Good  accuracy  is  possible,  because  errors  due  to  the  correction 
function  generator  are  multiplied  by  a  small  number  by  the  constant 
coefficient  potentiometer  shown. 


Fig.  6.32.  Use  of  a  correction  function  generator  to  improve  function  generator 
accuracy. 

This  method  has  been  successfully  applied1  to  the  reduction  of  errors 
due  to  nonlinearity  and  loading  in  servomultipliers  and  servo-driven 
potentiometer  function  generators,  and  should  be  applicable  to  all-elec¬ 
trical  function  generators  as  well. 

Special  Function  Generators  Based  on  Linear  Potentiometers.  Fre¬ 
quently,  simple  linear  potentiometers  may  be  used  for  generating  special 
functions.  The  output  voltage  of  a  loaded  linear  potentiometer  was  seen 
in  Sec.  4.1  to  be  a  nonlinear  function  of  the  shaft  displacement.  Figure 
6.33a  illustrates  how  a  number  of  different  functions  may  be  generated  by 
connecting  different  load  resistances  to  a  linear  potentiometer  and  by 
returning  the  load  to  various  points  in  the  circuit.  Figure  6.335  shows 
how  various  other  useful  functions  may  be  generated  or  approximated  by 
special  connections  of  linear  potentiometers.2 

Circuits  of  the  types  just  illustrated  are,  generally  speaking,  more 
applicable  to  computers  used  for  special  purposes  rather  than  for  flexible, 
multipurpose  machines. 

1  Gunning  and  Mengel,  op.  cit. 

2  Chance  et  at.,  op.  cit.,  Chap.  12. 
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CIRCUIT 


TRANSFER  FUNCTION  Xo 

X, 

_ cY _ 

(btc)(a+l)+(a+l)Y-Y2 


Y2  -  Y(l  +c)  -  b 
Y2-Y(l-a)-o-(a+l)(b+c) 


Y-(o+l+d)Y-b(o-H) 

Yz-(a+l)Y-(a+l)(b+c) 


EXAMPLES  OF  FUNCTIONS 

GENERATED 

I 


(a=b=0)  1 


_ 4(b+Y-o)  d _ 

0X0  f2(o+b)+4(c+d+ab+bd+ad+ac+bc)+n  MAY  BE  USED  FOR 
+2(a-b)Y-Y2  APPROXIMATING  tanY 

(a=b  =  c=0;d  =  0.224) 


Fig.  6.33a.  Use  of  loaded  linear  function  potentiometers  for  approximating  various 
nonlinear  functions.  The  potentiometer  setting  is  equal  to  the  machine  variable  Y 
(Greenwood,  Holdam,  and  MacRae,  op.  cit.). 


CIRCUIT 


aR 

X,  o - VA- 


OR 

Xi  o— w- 


OR 

X  ,  O — W— 


— J  4(I+Y)5 


3- 


(l-Y)R 
bR 

r-°xr 

v)R|cr 


a 


-°xf 


bR 

YR 


CR 


TRANSFER  FUNCTION  Xp 

X, 


l-Y2 

4CI  +  I-Y2 


_ 4c 

4(a  +  b+c)  +  l-Y2 


b+c  +  Y 
o  +  b  +  c  tY 


EXAMPLES  OF  APPLICATION 

MAY  BE  USED  FOR 
APPROXIMATING  l-Y2 
4a 

(a  LARGE) 


MAY  BE  USED  FOR 
APPROXIMATING  SEC  Y 
(a  =  b=0;c=0.25) 


MAY  BE  USED  FOR 
APPROXIMATING/^ 
1.79 

(a  =0.911;  b=0;  C=0.067) 


Fig.  6.33 b.  Miscellaneous  circuit  arrangements  permitting  the  use  of  simple  linear 
potentiometers  for  generating  nonlinear  functions  (Chance  et  al,  op.  cit.;  Greenwood, 
Holdam,  and  MacRae,  op.  cit.).  The  networks  are  adjusted  in  each  case  to  match 
the  desired  functions.  The  potentiometer  setting  is  equal  to  the  machine  variable  Y. 


Special  Devices  for  Generating  Sinusoidal  Voltages.  The  generation  of 
sinusoidal  voltages  of  the  time  or  of  other  machine  variables  is  particu¬ 
larly  important  in  connection  with  the  solution  of  problems  involving 
Fourier  analysis  or  synthesis,  problems  involving  frequency-response 
tests  of  automatic  control  systems,  and  problems  involving  coordinate 
transformations  (see  Sec.  0.8). 
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The  possibility  of  generating  sinusoidal  functions  of  the  machine  time 
by  implicit  computation  has  been  mentioned;  the  case  of  special  sine  and 
cosine  function  potentiometers  is  discussed  in  Sec.  6.8.  Sinusoidal  func¬ 
tions  of  the  time  may  also  be  generated  by  means  of  electronic  oscillators 
of  the  phase-shift  type,1  although  the  design  of  oscillators  stable  with 
respect  to  amplitude  and  frequency  presents  somewhat  of  a  problem, 
especially  if  the  frequencies  required  are  below  0.5  cps.  The  correct 
phasing  of  electronic  oscillators  may  raise  still  another  problem. 

Rotatable  transformers,  such  as  synchros  and  resolvers,  will  modulate 
an  a-c  carrier  voltage  with  sinusoidal  functions  of  the  shaft  displacement. 
Together  with  suitable  phase-sensitive  demodulators  or  detectors,  such 
devices  may  be  used  as  d-c  function  generators;  they  are  somewhat  less 
subject  to  wear  than  function  potentiometers. 

The  input  a-c  carrier  may  be  modulated  with  another  d-c  voltage,  so 
that  multiplication  is  possible;  several  applications  of  this  type  are  dis¬ 
cussed  in  Sec.  6.8.  D-c  offset  voltages  originating  in  the  modulators  and 
demodulators  present  a  serious  difficulty.  The  d-c  frequency  response  is 
limited,  as  with  potentiometers. 

Figure  6.34  shows  the  block  diagram  of  a  flexible  and  convenient  low- 
frequeney  oscillator  using  synchros  to  generate  sinusoidal  d-c  volteges  of 
the  time  for  testing  the  frequency  response  of  simulated  or  actual  auto¬ 
matic  control  mechanisms.2  A  rate  servo  with  adjustable  tachometer 
feedback  is  used  to  rotate  a  synchro  transmitter  at  any  desired  rate 
between  0.001  and  10  cps.  The  speed  of  rotation  can  be  calibrated  con¬ 
veniently  by  stroboscopic  reference  to  the  60-cps  line  frequency  through 
the  use  of  a  simple  neon  bulb  and  a  small  stroboscopic  disk  on  the  high¬ 
speed  shaft. 

A  5,000-cps  carrier  voltage  is  used.  The  three-phase  output  of  the 
synchro  transmitter  is  impressed  on  the  stator  winding  of  a  second  syn¬ 
chro.  The  rotor  winding  of  this  second  synchro  is  held  stationary  and 
affords  a  particularly  convenient  means  for  adjusting  the  phase  of  the  d-c 
output  voltage  Xi  obtained  through  the  use  of  a  phase-sensitive  detector 
circuit.3  A  calibrated  potentiometer  attenuator  permits  one  to  adjust 
the  amplitude  of  the  output  voltage  Xi. 

A  second  sinusoidal  d-c  output  voltage  X2  is  obtained  by  demodulating 
the  stator  voltage  of  the  first  synchro  directly.  This  voltage  is  useful  as  a 
reference  voltage.  This  voltage  mag,  for  instance,  be  used  as  an  input  voltage 

1  See,  for  instance,  F.  E.  Terman,  Radio  Engineers'  Handbook,  McGraw-Hill,  New 
York,  1943. 

2  Korn  and  Korn,  op.  cit. 

3  Refer  to  Chance  et  at.,  op.  cit.,  Chap.  14,  for  a  discussion  of  phase-sensitive  detec¬ 
tors. 
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for  a  real  or  simulated  automatic  control  system  whose  output  phase  and 
amplitude  can  then  be  measured  by  comparison  with  the  calibrated  phase  and 
amplitude,  respectively ,  of  the  voltage  A%.* 

Functions  of  Several  Machine  Variables.  A  voltage  Y,  say,  which  is 
equal  to  a  given  function  of  not  one  but  several  machine  variables 
Xh  X-2,  .  .  .  can  usually  be  obtained  or  at  least  approximated  by  means 


Fig.  6.34.  block  diagram  of  a  low-frequency  oscillator  used  for  testing  automatic 
control  circuits. 


of  judicious  combinations  of  summing  and/or  multiplying  circuits  with 
devices  generating  functions  of  a  single  variable.  Thus  the  function 

Y  =  sin  {Xx  +  X-2) 

is  obtained  by  first  adding  the  voltages  Xi  and  X 2  and  then  generating 
the  sine  of  their  sum. 

Functions  of  several  variables  given  by  empirical  data  (tables  or  curves) 
can  also  frequently  be  approximated  by  combinations  of  sums  and  prod¬ 
ucts  of  functions  of  a  single  variable.  As  an  alternative,  a  function 


*  Korn  and  Korn,  op.  cit. 
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F(Xi,X2)  of  two  machine  variables  X]  and  X2  may  be  generated  as  a 
function  of  the  shaft  displacement  Xi  for  several  fixed  values  of  X2  by  a 
number  of  function  potentiometers.  A  tapped  potentiometer,  whose 
shaft  displacement  is  proportional  to  A^2,  can  then  be  used  for  inter¬ 
polating  approximate  values  of  F(Xi,X2)  as  shown  in  Fig.  6.35.  Instead 
of  using  separate  function  potentiometers  for  different  values  of  X2,  it 
is  often  possible  to  use  a  single  cylindrical-type  function  potentiometer 
(Fig.  6.30)  with  separate  contact  wires  corresponding  to  each  function 
F(Xi,X2  =  constant).1 2  The  tapped  function  potentiometer  shown  in 
FUNCTION  POTENTIOMETERS 


POTENTIOMETERS” 

Fig.  6.35.  Circuit  for  multiplying  a  voltage  Z  by  a  function  Y (Xi,X2)  of  two  machine 
variables. 

Fig.  6.35  may  also  be  replaced  by  one  of  the  commutating  switch  arrange¬ 
ments  shown  in  Fig.  6.31. 

The  Variable-density-type  Cathode-ray  Function  Generator.  It  is  also 
possible  to  generate  a  voltage  Z  proportional  to  a  function  f(X,Y)  of  two 
input  voltages  applied  to  the  horizontal  and  vertical  deflection  plates  of 
a  cathode-ray  tube.  A  translucent  mask,  whose  density  varies  with 
position  in  a  manner  determined  by  the  desired  function,  is  placed 
between  the  screen  of  the  cathode-ray  tube  and  a  photocell.  The  photo¬ 
cell  output  voltage  will  then  vary  in  the  desired  manner  as  the  voltages 
X  and  Y  are  varied.2  Although  the  accuracy  of  such  a  function  gen¬ 
erator  is  not  too  good  (1  to  10  per  cent),  the  frequency  response  is  excel¬ 
lent  (up  to  at  least  100,000  cps),  and  the  device  is  suitable  for  use  in 
repetitive  computers.  In  particular,  functions  like  (constant) XY, 

1  Gunning  and  Mengel,  op.  cit. 

2  Wallmann,  H.,  An  Electronic  Integral-Transform  Computer  and  the  Practical 
Solution  of  Integral  Equations,  J.  Franklin  Inst.,  250:  45,  1950. 
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(constant) X2 Y,  etc.,  could  be  generated  by  a  variable-density-type 
cathode-ray  function  generator  which  can  thus  serve  as  a  simple  electronic 
multiplier.  Masks  having  opacity  variations  over  a  range  of  200  to  1  can 
be  produced  by  photographic  means.  (See  also  Fig.  6.36.) 

Noise  Generators.  Voltages  representing  noise  in  systems  simulated  by 
d-c  analog-computer  setups  may  be  introduced  as  functions  of  time  by 
means  of  function  generators  set  up  to  simulate  typical  noises  in  the  sys¬ 
tems  to  be  simulated.  Various  types  of  noise  may  also  be  introduced  by 
means  of  noise  generators  such  as  noisy  diodes,  photocells,  or  thyratrons 
in  magnetic  fields,  with  or  without  output  filters. 


Fig.  6.36.  A  simple  variable-density-type  cathode-ray  function  generator.  The 
two  input  voltages  are  the  horizontal  and  vertical  deflection  voltages  of  a  direct- 
coupled  cathode-ray  oscillograph. 

6.6.  Tapped  Potentiometers  as  Universal  Function  Generators.1 

Introduction.  Quite  often  the  delivery  times  of  special  tapered  function 
potentiometers  are  prohibitively  long  if  quick  tests  involving  empirically 
obtained  functions  are  desirable,  and  the  prices  are  often  out  of  all  pro¬ 
portion  to  those  of  associated  equipment. 

In  view  of  these  facts,  it  would  be  desirable  to  have  a  function  gener¬ 
ating  potentiometer  which  could  be  easily  made  up  in  the  laboratory  at 
reasonable  cost  and  which  could  be  set  up  for  a  wide  variety  of  desired 
functions,  including  functions  obtained  from  empirical  data.  The  follow¬ 
ing  is  a  description  of  a  new  type  of  function  generating  potentiometer 
which  is  believed  to  satisfy  these  requirements. 

An  inexpensive  linear  potentiometer  is  tapped  nineteen  to  thirty-nine 
times.  A  set  of  adjustment  networks  permits  the  voltages  at  each  tap  to 

1  This  section  is  based  on  the  author’s  paper  on  the  same  subject  in  Rev.  Sci.  Instru¬ 
ments,  21  (No.  1):  77-81,  January,  1950,  originally  Boeing  Document  D-10041.  The 
author  is  grateful  to  The  Review  of  Scientific  Instruments  and  to  Dr.  Gaylord  P . 
Harnwell,  editor,  for  permitting  this  material  to  be  reproduced  here  and  also  to  E.  C. 
Wells  of  the  Boeing  Aircraft  Company,  Seattle,  Wash.,  for  his  permission  to  publish 
Boeing  Document  D-10041. 

The  authors  are  also  grateful  to  P.  G.  Redgemont  of  the  British  Admiralty  Signal 
and  Radar  Establishment  for  pointing  out  to  them  that  tapped  function  potenti¬ 
ometers  were  used  in  England  as  early  as  1933. 
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be  adjusted  to  correspond  to  the  values  of  the  desired  function  for  the 
respective  angular  displacements.  The  potentiometer  output  voltage 
will  be  correctly  set  up  for  the  desired  function  values  at  the  taps.  More¬ 
over,  the  potentiometer  will  interpolate  approximately  linearly  between 
the  function  values  set  up  at  the  taps,  and  accuracies  better  than  1  per 
cent  are  possible  for  reasonable  gradient  changes.  The  adjustment  net¬ 
works  contain  small  variable  potentiometers  or  rheostats,  so  that  the 
function  to  be  generated  may  be  changed  at  will.  If  no  such  changes  are 
desired,  fixed  resistors  may  be  substituted  for  the  variable  ones. 


E 


_  cvj  rO  m  ID 

D.Q.Q.CLQ.Q- 
<<<<<< 


Fig.  6.37.  Linear  interpolation  by  means  of  tapped  potentiometers. 

The  principle  of  the  universal  function  generator  is  illustrated  in  Fig. 
6.37,  whereas  Fig.  6.38  shows  the  actual  circuits  of  the  adjustment  net¬ 
works  for  a  number  of  typical  cases.1  The  “parallel”  arrangement  of 
the  adjustment  potentiometers  shown  in  Fig.  6.38a  is  the  most  flexible 
one  and  permits  a  wide  variety  of  functions  to  be  set  up.  Its  disadvan¬ 
tages  are  (1)  the  low  impedance  presented  to  the  source  by  the  parallel 
potentiometers  and  (2)  the  danger  of  burning  out  the  main  potentiometer 
winding  if  the  full  source  voltage  appears  across  a  small  section  of  the 
winding.  Both  these  disadvantages  are  overcome  by  the  “series- 
parallel  ”  arrangement  of  Fig.  6.38c  at  the  expense  of  flexibility.  In  this 
arrangement,  the  adjustment  potentiometers  are  essentially  connected  in 

1  Korn,  G.  A.,  The  General  Difference  Analyzer,  Curtiss-W right  Rept.  P  537-V-46, 
1948. 
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series  across  the  source,  so  that  each  tap  voltage  can  be  varied  only 
through  a  fraction  of  the  source  voltage  without  rewiring.  This  arrange¬ 
ment  is  particularly  well  suited  for  fixed  function  potentiometers.  The 
arrangement  of  Fig.  G. 386  may  present  an  even  higher  impedance  to  the 
source,  but  it  is  not  so  easily  adjusted  as  that  of  Fig.  6.38a. 


(C) 

Fig.  6.38.  Universal  function  generator  circuit  diagrams. 

The  following  advantages  of  the  new  function  potentiometers  should  be 
noted: 

1.  Relatively  low  cost  potentiometers  can  be  adapted.  Five  per  cent 
accuracy  with  respect  to  the  linearity  of  the  card  and  the  location  of 
the  taps  is  ample,  since  the  final  accuracy  is  not  seriously  affected  by 
this. 

2.  The  effect  of  potentiometer  loading  on  the  taper  of  potentiometers  is 
largely  eliminated,  since  the  tap  voltage  adjustments  may  be  made 
with  the  load  connected.  This  results  in  considerable  savings  and 
design  simplifications  in  many  cases. 

3.  The  new  function  potentiometer  possesses  a  high  degree  of  flexibility. 
Different  characteristics  can  be  set  into  instruments,  computers,  etc., 
by  simply  changing  the  tap  voltage  adjustments.  Tables  of  these 
adjustments  giving  desired  functions  may  be  compiled  for  reference. 
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or  complete,  interchangeable  adjustment  networks  may  be  retained 
for  reuse  (see  page  270). 


The  choice  of  resistance  values  for  the  tapped  potentiometers  and 
adjustment  networks,  as  well  as  the  effects  of  loading,  will  be  discussed. 

Design  Considerations.  The  choice  of  resistance  elements  for  the 
tapped  potentiometer  and  its  associated  networks  must  satisfy  several 
requirements,  which  will  be  taken  up  in  turn. 


(a) 


(d) 

Fig.  6.39. 


(bl  (C) 

Ri 


Design  considerations. 


1.  It  must  be  possible  to  establish  the  desired  voltages  at  the  tap  points,  with 
the  load  connected  and  without  exceeding  the  power  ratings  of  any  of  the 
resistance  elements.  Any  of  the  arrangements  of  Fig.  6.38  may  be  made 
to  satisfy  this  requirement  if  the  derivative  (slope)  of  the  function  to  be 
generated  does  not  change  too  much  over  the  interval  of  any  one  tap  seg¬ 
ment.  This  question  may  be  decided  very  simply  by  drawing  a  rough 
graph  of  the  desired  function  with  the  tap  points  indicated,  as  in  Fig.  6.37. 

2.  If,  as  in  Fig.  6.39a,  the  function  value  changes  appreciably  between 
adjacent  taps  ( large  derivative) ,  care  must  be  taken  in  order  not  to  exceed  the 
power  rating  of  the  potentiometer  in  question.  It  is  also  clear  that  the  rate 
at  which  the  output  voltage  can  change  is  limited  by  the  fact  that  the 
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voltage  must  vary  linearly  over  the  interval  of  each  tap  segment.  An 
increase  in  the  number  of  taps  will  thus  permit  the  generation  of  more 
rapidly  changing  functions.  Potentiometers  with  split  tapped  windings, 
of  which  two  typical  examples  are  shown  in  Fig.  6.395  and  c,  permit  the 
representation  of  step  functions  as  well  as  better  approximations  of  func¬ 
tions  having  steep  slopes  for  certain  values  of  the  argument. 

3.  The  output  voltage  must  vary  linearly  between  taps  within  a  specified 
percentage,  with  the  load  connected.  This  requirement  will  be  satisfied 
automatically  by  any  of  the  circuits  shown  in  Fig.  6.38  if  the  function 
generator  in  question  is  working  into  a  load  of  very  high  impedance,  such 
as  a  vacuum-tube  amplifier.  If,  however,  a  load  of  finite  resistance  RL  is 
connected  between  the  output  terminal  of  a  function  potentiometer  and 
ground,  the  load  will  draw  current  from  the  potentiometer.  The  result¬ 
ant  voltage  drop  in  the  potentiometer  winding  and  networks  tends  to 
make  the  absolute  value  of  the  output  voltage  smaller  than  that  cor¬ 
responding  to  linear  interpolation.  Figure  6.39d  shows  a  graph  of  output 
voltage  vs.  shaft  rotation  for  a  case  with  relatively  low  load  resistance 
and  illustrates  an  extreme  instance  of  the  loading  effect. 

The  proper  design  of  the  tapped  potentiometers  and  adjustment  net¬ 
works  involves  the  determination  of  the  minimum  load  resistance  in  rela¬ 
tion  to  the  other  resistance  elements,  which  will  still  yield  tolerably  linear 
interpolation.  For  the  analysis  of  this  basic  design  problem,  use  is  made 
of  the  fact  that  Thevenin’s  theorem1  permits  the  representation  of  the 
tapped  potentiometer  and  its  associated  networks  by  the  equivalent  circuit 
of  Fig.  6.39e. 

Let  X'0  be  the  open-circuit  voltage  measured  between  the  potentiometer 
output  terminal  and  ground  if  the  load  resistance  RL  is  removed.  Accord¬ 
ing  to  Thevenin’s  theorem,  the  potentiometer  circuit  is  then  equivalent  to 
a  voltage  source  of  voltage  X'a  connected  in  series  with  the  resistance  R'{ 
seen  by  the  load  if  all  real  voltage  sources  are  replaced  by  short  circuits. 

Consider  now  the  variation  of  the  internal  resistance  R'{  and  the  open- 
circuit  voltage  X'0  as  the  sliding  contact  is  moved  through  any  one  segment 
of  the  tapped  winding.  Let  a  denote  the  fraction  of  the  segment  in  ques¬ 
tion  traversed  by  the  wiper,  with  a  =  0  at  that  tap  for  which  the  value  of 
R'i  is  lower.  It  is  possible,  for  each  winding  segment,  to  consider  R[  as 
the  sum  of  a  fixed  term  R,  and  a  term  r(a)  variable  with  the  shaft  rota¬ 
tion  measured  by  a.  Thus, 

R'i  =  Ri  +  r{a)  with  r(a)  >  0  r(0)  =0  0  <  a  <  1  (6.28) 


1  Smythe,  \\  .  R.,  Static  and  Dynamic  Electricity,  p.  129,  McGraw-Hill,  New  York, 
1939. 
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If  the  tapped  potentiometer  is  a  linear  one,  it  is,  moreover,  clear  that  the 
open-circuit  voltage  X'Q  must  be  a  linear  function  of  a: 


X'0(a)  =  (1  -  a)X(O)  +  aX'fJ(])  (6.29) 


With  reference  to  Fig.  6.39e,  Ohm’s  law  yields  the  output  voltage  AT  of 
the  function  potentiometer  with  the  load  connected,  viz., 


R  L 


R, 


Y  —  Y'  —  Y'  ON 

°  °  1%  +  R,  oK  ’  Ri  +  R,  +  r(a ) 


=  X» 


R, 


R  i  R  i. 


1  - 


r(a) 


Ri  +  Ri .  4~  r(a) 


(6.30) 


Since  X'0  varies  linearly  with  a,  it  is  seen  that,  for  reasonably  linear  inter¬ 
polation,  r  will  have  to  be  made  small  compared  with  R{  +  RL.  This 
will  now  be  discussed  on  a  quantitative  basis.  It  will  be  remembered 
that  the  tap  voltages  are  adjusted  with  the  load  connected,  so  that  the 
output  voltage  assumes  the  correct  values  for  a  =  0  and  a  =  1. 

Let  X0(|in)  be  the  result  of  a  correct  linear  interpolation  between  the  two 
tap  voltages  Xo(0)  and  XG(1) 

X0(lin)  =  (1  -  a)X0( 0)  +  oX0(l)  (6.31) 


where  a  is  the  fraction  of  the  resistance  traversed  by  the  wiper  between 
the  taps  having  the  voltage  AT(0)  and  the  voltage  X„(l)  >  Xo(0).  It  may 
be  shown1  that  an  upper  bound  for  the  error  due  to  the  load  is  given  by 


hi  =  |x0  -  x0(Un)| 

_ j  y'(]) _ - 

Rl  +  Ra  oK  }  RL  +  Ri  +  r(l) 


-  X'Ja ) 


r(a) 


Rl  +  Ri  +  ?’(n) 


< 


2  R,RS 


(. Rl  +  Ri)2 


y> 

■X*-  m' 


(6.32) 


where  X'max  is  the  larger  of  the  two  quantities  |X'(0)j  and  |X'(1)|,  and 
where  Rs,  which  must  be  less  than  R ,  +  Rl,  is  the  resistance  of  a  winding 
segment  between  taps.  Equation  (6.32) -serves  as  an  estimate  of  the 
error  due  to  the  load. 

The  error  given  by  Eq.  (6.32)  will  be  in  addition  to  the  interpolation 
error  mentioned  above.  It  may  be  compared  to  the  full  source  voltage 
X,  or,  more  conservatively,  to  the  tap  voltage 


(Rl/Rl  +  R.)X'nwx 


In  the  latter  case  the  percentage  error  e  is  given  by 

1  ^  100/fs 

2  6  -  Rl  +  Ri 


(6.33) 


1  Eq.  (6.32)  corrects  an  error  in  Korn,  op.  cit. 
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The  use  of  Eq.  (6.33)  as  a  convenient  design  formula  is  illustrated  by  the 
following  example.  For  all  the  arrangements  shown  in  Fig.  6.38,  the 
lowest  possible  value  RmiD  of  R,  is  Ri  =  0,  so  that  (6.33)  yields 


1  ^  100  Rt  ^  100  Rs 

2  *  S  it,  +  Rl  ~  Rl 


(6.34) 


It  should  be  kept  clearly  in  mind  that  (6.34)  is  not  a  necessary  condition 
which  applies  to  all  special  cases  of  function  generating  potentiometers; 
it  is  merely  a  rather  general  sufficient  condition  which  will  hold  for  many 
different  circuits  and  a  wide  range  of  functions  to  be  generated.  If  it 
should  be  desirable  to  find  optimum  design  values  for  special  cases,  and  in 
particular  for  the  representation  of  one  fixed  function,  Eq.  (6.32)  should 
be  referred  to  for  each  winding  segment  of  the  potentiometer  in  question. 
In  many  cases,  such  a  procedure  will  lead  to  much  higher  values  of  the 
ratio  Rs/Rl  than  those  given  by  (6.34). 

In  practically  all  cases  the  loading  errors,  as  given  by  (6.32),  may  be 
reduced  by  introducing  resistors  in  series  with  either  the  load  or  the  volt¬ 
age  source  supplying  the  function  potentiometer.  This  will  increase 
Ri,  or  Ri,  respectively,  at  the  expense  of  the  output  level.  .4  better  scheme 
is  to  introduce  series  resistors  between  certain  taps  and  the  corresponding 
adjustment  networks.  This  procedure  decreases  only  the  maximum  volt¬ 
age  available  at  the  taps  in  question  and  may  also  help  to  increase  the 
input  impedance  of  the  potentiometer  and  to  prevent  excessive  currents 
in  the  winding  segments. 

4.  The  function  generator  should  present  a  specified  impedance  to  the  volt¬ 
age  source.  Since  the  formulas  (6.32)  to  (6.34)  for  the  loading  error  all 
involve  resistance  ratios  referred  to  the  given  load  resistance  Rl,  the  input 
impedance  is  determined  by  the  network  arrangement  chosen  and  by  the 
load  resistance  RL.  The  choice  of  networks  has  been  discussed  in  the 
preceding  paragraphs;  it  may,  however,  not  be  possible  to  obtain  input 
impedances  as  high  as  required  if  the  load  resistance  Rl  is  necessarily  too 
low.  In  such  cases  it  may  be  necessary  to  sacrifice  the  output  level  in 
order  to  isolate  the  function  generator  from  either  the  source  or  the  load 
by  means  of  series  resistors.  Vacuum-tube  amplifiers  will,  of  course, 
serve  the  same  purpose  without  sacrificing  output  level. 

Construction  of  Tapped  Potentiometers.  At  the  present  time,  several 
manufacturers  of  wire-wound  potentiometers  will  tap  their  windings  on 
special  order,  but  for  small  production  runs  and  large  numbers  of  taps  the 
cost  of  this  operation  may  be  quite  high.  If  the  demand  for  tapped 
potentiometers  should  increase,  however,  there  is  little  reason  why  the 
cost  per  tap  should  exceed  50  cents  on  orders  of  25  or  more  potentiom- 
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Fig.  6.40.  Exploded  view  of  tapped  potentiometer. 


SCREW  IN  TAPPED  HOLE 
SILVER  ALLOY  TIP 


TERMINALS 

Fig.  6.41.  Alternative  method  for  tapping. 


eters.  In  any  case,  the  operations  involved  in  tapping  potentiometers  in 
the  laboratory  are  not  too  difficult  and  now  will  be  described. 

Figures  6.40  and  6.41  illustrate  two  possible  methods  for  tapping 
several  types  of  wire-wound  potentiometers.  At  this  writing,  only  wire- 
wound  potentiometers  were  considered  to  have  ihe  resolution  necessary 
for  adaptation  as  universal  function  generators. 
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Figure  6.40  shows  an  exploded  view  of  a  General  Radio  type  of  poten¬ 
tiometer  which  has  been  modified  by  tapping.  This  type  of  potentiom¬ 
eter  has  a  cylindrical  card  or  mandrel  wound  with  resistance  wire.  At 
each  desired  tap  location,  part  of  a  single  turn  of  wire  has  been  lifted  off 
the  card.  This  wire  was  then  separated  from  the  rest  of  the  winding  by 
an  insulating  strip  of  plastic  or  cellulose  tape  and  scraped  free  of  insula¬ 
tion.  Contact  to  these  free  portions  of  the  winding  is  then  made  by 
(preferably  silver-plated)  rivets  or  screwheads  fastened  to  the  outer 
bakelite  housing  of  the  potentiometer  in  the  proper  locations. 

It  is  also  possible  to  place  a  thin  piece  of  copper  foil  between  the  poten¬ 
tiometer  wire  and  insulating  strip  at  the  point  of  tapping.  Soft  solder  is 
then  applied  and  should  form  a  tight  bond  between  the  wire  and  the 
copper  foil.  Finally,  the  lead  wire  is  soldered  directly  to  the  copper  foil.1 
It  can  be  seen  from  Fig.  6.40  that  the  thin  outer  potentiometer  housing  is 
attached  to  the  inner  shell  by  screws  which  also  serve  to  hold  the  card  in 
place.  Since  these  screws  alone  may  not  effect  sufficiently  firm  contact 
between  the  rivets  and  the  winding,  it  is  suggested  that  an  insulated 
strap,  also  shown  in  Fig.  6.40,  be  fitted  over  the  rivets  and  secured  tightly 
by  means  of  a  turnbuckle. 

Figure  6.41  shows  an  alternative  method  for  tapping  wire-wound  poten¬ 
tiometers  andvis  suited  to  potentiometers  having  a  thick  outer  or  inner 
bakelite  shell.  The  card  and  winding  are  first  removed  from  the  shell. 
Holes  corresponding  to  the  desired  tap  locations  are  drilled  in  the  shell; 
it  will  be  remembered  that  the  location  of  the  taps  is  not  critical.  The 
holes  are  then  tapped  with  a  fine  thread.  After  the  winding  has  been 
replaced  in  the  shell,  it  may  be  contacted  by  silver-  or  gold-tipped  screws 
screwed  firmly  into  the  tapped  holes.  Wires  may  be  soldered  to  these 
screws,  after  which  the  screwheads  are  secured  in  position  by  a  layer  of 
sealing  wax. 

This  last  method  of  tapping  is  especially  applicable  to  potentiometers 
of  the  helical-card  type  (Helipots),  some  of  which  have  shells  with  thick 
ribs  admirably  suited  for  drilling  and  tapping.  The  proper  location  of 
the  holes  for  such  a  helical  potentiometer  is  easily  found  by  placing  the 
shell  in  a  lathe  and  cutting  a  very  light  thread  of  the  proper  pitch.  This 
thread,  which  need  only  barely  score  the  ribs  in  the  shell,  may  be  located 
so  as  to  indicate  accurately  the  location  of  the  helical  winding  inside  the 
shell.  The  40-tap  function  potentiometer  shown  in  Fig.  6.43a  was  con¬ 
structed  in  this  manner,  and  the  locating  scores  may  still  be  seen  on  the 
ribs. 

1  Private  communication  from  R.  J.  Sullivan,  Chief,  Potentiometer  Research  Unit, 
Air  Force  Cambridge  Laboratories,  who  was  kind  enough  to  point  this  out  to  the 
author. 
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Figure  6.42  illustrates  one  of  several  methods  of  locating  the  adjust¬ 
ment  potentiometers  and  networks  around,  above,  or  beside  a  tapped 
potentiometer.  The  most  accessible  location  of  the  adjustment  shafts 
may  have  to  be  chosen  separately  for  each  application. 

A  more  sophisticated  arrangement  is  applicable  wherever  shortness  of 
leads  is  not  a  paramount  consideration  and  is  illustrated  by  Fig.  6.43a,  b. 
and  c.  The  leads  from  the  potentiometer  taps  are  brought  out  to  a  cable 
connector  (Fig.  6.43a  and  b).  The  adjustment  networks  are  arranged  on 
a  separate  panel  fixed  with  a  multiple  connector  in  such  a  manner  that  it 


20-40  ADJUSTMENT  POTENTIOMETERS 


Fig.  6.42.  Arrangement  of  adjustment  shafts. 


can  be  either  plugged  directly  onto  the  potentiometer  or  connected  to  it 
by  a  suitable  cable.  Such  an  arrangement  is  shown  in  Fig.  6.43c;  note 
the  shaft  locks  on  the  adjustment  potentiometers.  Such  arrangements 
permit  the  interchanging  and  filing  of  several  function  networks  for  each 
tapped  potentiometer.  This  makes  it  possible  to  set  up  several  fre¬ 
quently  needed  function  networks  once  and  for  all  and  to  interchange 
them  at  will.  Since  the  tapped  potentiometer  proper  constitutes  a  major 
part  of  the  total  cost  of  the  function  generator,  this  may  result  in  con¬ 
siderable  savings.  This  arrangement  also  permits  more  convenient  loca¬ 
tion  of  the  adjustment  shafts  ( e.g .,  on  the  front  panel  of  a  computing 
machine)  for  easier  adjustments  and  function  changes.  A  computer 
installation  comprising  function  generating  potentiometers  of  this  type  is 
shown  in  Fig.  8.7  and  described  in  Sec.  8.7. 


MULTIPLICATION  AND  FUNCTION  GEN  UP  AT  ION 


271 


Fig.  6.436.  Exploded  view  of  function  potentiometer. 

6.7.  Limiters  and  Other  Function  Generators  Using  Diode  Character¬ 
istics.  Limiters.  Perhaps  the  simplest  function  generators  used  in  d-c 
analog  computers  are  limiters  which  make  use  of  the  characteristics  of 
nonlinear  circuit  elements  to  obtain  an  output  voltage  X0,  say,  which 
varies  with  the  input  voltage  X\  in  a  specified  manner.  The  input  vs. 
output  voltage  characteristic  of  an  ideal  limiter  is  shown  in  the  solid  lines 
of  Fig.  6.44.  Such  a  characteristic  is  particularly  useful  for  the  solution 


Fig.  6.43a.  Photograph  of  a  forty-tap  helical-type  potentiometer  (opened). 
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of  certain  control  problems  which  require  a  machine  variable  X0  to  be 
limited  to  the  range  between  two  values  X,nill  and  Armax.  In  problems 
concerning  aircraft  control  design,  for  example,  the  machine  variable  XQ 
may  correspond  to  a  control  surface  deflection  limited  by  stops  on  either 


Fig.  6.43c.  Front  and  back  views  of  a  panel  bearing  adjustment  potentiometers  for  a 
twenty-tap  function  potentiometer. 


OUTPUT  VOLTAGE  (X0)  ACTUAL  DIODE 

- 1 -  LIMITER  CHARACTERISTIC 

- 


Fig.  6.44.  Limiter  characteristics. 

side  of  its  neutral  position  (see  also  Secs.  3.2  and  3.3).  Limiters  may  also 
be  useful  for  protecting  certain  measuring  and  recording  devices  used  in 
computers  from  overloads. 

The  most  frequently  used  limiting  circuit  is  shown  in  Fig.  6.45a.  A 
diode  rectifier  will  conduct  if  and  only  if  its  plate  voltage  is  higher  than  its 
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cathode  voltage.  Accordingly,  diode  V i  will  conduct  if  and  only  if  the 
output  voltage  X0  of  the  limiter  becomes  larger  than  the  bias  voltage 
A^max.  Similarly,  diode  V2  will  conduct  if  and  only  if  Xa  is  less  than  the 
bias  voltage  Xmin.  The  bias  voltages  Xmax  and  Xmin  may  be  obtained 
from  standard  voltage  sources  in  the  computer  through  potentiometers 
(see  Fig.  6.45a)  which  permit  convenient  adjustment  of  the  limiting- 
levels. 


Ri 


R, 


Fig.  6.45.  Parallel-diode  limiter  circuits. 


When  the  diodes  are  not  conducting,  the  performance  equation  of  the 
circuit  of  Fig.  6.45a  is 

Rl 


Xo  = 


Rl  +  R 1 


(6.35) 


where  the  load  resistance  RL  is  usually  the  input  resistance  of  an  opera¬ 
tional  amplifier  following  the  limiter  (see,  for  instance,  Sec.  3.2).  When 
one  of  the  diodes  is  conducting,  the  performance  equation  becomes 

R 

Ao  =  RLr  +  R?  +  RiRl  (Xir  +  CcRl) 

( ~  er  if  r  «  Ri 


r  «  Rr.)  (6.36) 
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where  r  is  the  combined  internal  resistance  of  one  limiter  diode  and  the 
bias  voltage  supply  including  the  adjusting  potentiometer,  and  ec  is  the 
positive  or  negative  bias  voltage. 

This  arrangement  will  result  in  a  limiter  characteristic  similar  to  that 
shown  in  dash  lines  in  Fig.  G.44.  The  slope  of  this  characteristic  is 
approximately  given  by  Eqs.  (6.35)  and  (6.36) ;  the  smaller  the  ratios 
r/RL  and  r/Ri,  the  more  closely  the  curve  will  approach  the  ideal  limiter 
characteristic,  shown  in  solid  lines.  R i  and  RL  are  usually  between  0.2 
and  2  megohms;  the  value  of  r  may  be  as  large  as  5,000  to  10,000  ohms  in 


(0) 


(b) 

Fig.  6.46.  Two  nonlinear  networks  and  their  transfer  characteristics. 


the  circuit  of  Fig.  6.45a.  This  value  may  be  reduced  to  less  than  800 
ohms  by  using  cathode-follower  circuits  like  those  shown  in  Fig.  6.456  for 
setting  the  bias  levels.  The  internal  resistance  of  the  conducting  diode 
itself  is  of  the  order  of  a  few  ohms  or  less;  either  vacuum  or  crystal  diodes 
may  be  used. 

The  transition  between  the  on  and  off  or  conducting  and  nonconduct¬ 
ing  conditions  of  a  diode  may  not  be  so  sharp  as  desirable  for  very  accu¬ 
rate  computations ;  but  generally  speaking,  the  characteristic  of  a  parallel 
diode  limiter  may  be  made  to  approximate  the  ideal  limiter  characteristic 
within  0.5  volt,  which  is  sufficient  for  most  applications.  Sharper  limit¬ 
ing  is  possible  with  limiting  amplifiers  in  which  the  plate  or  grid  cutoff 
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characteristics  of  properly  biased  triocles  and  pentodes  are  used  for 
“clipping.”  The  output  voltage  cf  such  a  limiting  amplifier  is  limited 
much  like  that  of  any  overdriven  amplifier. 

The  Synthesis  of  Other  Function  Generators  Based  on  Diode  Circuits.  A 
vacuum  or  crystal  diode  may  be  regarded  as  a  switch  which  will  either 
open  or  close  a  circuit  depending 
on  the  applied  voltage.  The  prop¬ 
erties  of  a  network  containing 
diodes  will,  then,  in  general  vary 
with  the  applied  voltages.  Figure 
6.4G  shows  examples  of  simple 
“nonlinear”  circuits  comprising 
diodes.  When  the  respective  posi¬ 
tive  or  negative  voltages  across  the 
circuit  in  Fig.  6.46a  or  b  exceed  a 
given  bias  level  er,  the  circuits 
change  their  properties  in  two 
ways : 

1 .  The  resistance  is  decreased 
from  a  very  large  value  to 
approximately  7?i. 

2.  The  bias  voltage  ec  appears  in 
series  with  the  applied  voltage 
E. 

The  usefulness  of  such  circuits 
for  the  purpose  of  generating  a 
nonlinear  function  of  an  input 
voltage  was  demonstrated  in  the 
limiter  circuits  discussed  above. 

By  combining  several  diode  circuits 
of  the  type  shown  in  Fig.  6.47  with 
linear  networks  and/or  feedback 
amplifiers,  it  is  possible  to  generate  oidput  voltages  which  approximate  almost 
any  desired  function  of  an  input  voltage. 

The  simple  circuit  of  Fig.  6.46a  is  an  example  of  a  diode  function  gen¬ 
erator  which,  like  the  diode  limiter,  is  frequently  used  in  representing  the 
properties  of  dynamical  systems.  The  output  vs.  input  voltage  charac¬ 
teristic  (transfer  characteristic)  of  this  nonlinear  network  is  also  shown 
and  is  similar  to  the  relation  between  the  restraining  force  and  the  dis¬ 
placement  of  a  mass  restrained  by  springs  with  a  dead  space  for  zero  dis¬ 
placement  (see  also  Sec.  3.3).  The  reader  should  establish  how  the 
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Fig.  6.47.  Nonlinear  circuit  elements 
based  on  diode  characteristics. 
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voltage  characteristic  shown  in  Fig.  G.4Ga  would  be  changed  through  the 
addition  of  resistors  in  series  and  in  parallel  with  each  of  the  diodes. 

Figure  6.466  shows  another  example  of  a  nonlinear  network  and  its 
transfer  characteristic. 

Nonlinear  Operational  Amplifier  Circuits.  It  was  shown  in  Chap.  1 
that  the  use  of  feedback  amplifier  circuits  instead  of  simple  networks  will 


Ro 
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Fig.  6.48.  Illustrating  the  operation  of  a  nonlinear  operational  amplifier. 


permit  greater  flexibility  in  the  choice  of  the  voltage  and  impedance 
levels  employed  in  computing  elements. 

Figures  6.47  to  6.49  show  a  number  of  operational  amplifier  circuits 
(see  Chap.  4)  using  nonlinear  feedback  networks  to  obtain  various  non¬ 
linear  transfer  characteristics.  An  analysis  of  the  relatively  simple  cir¬ 
cuits  of  Fig.  6.48  will  serve  to  describe  the  operation  of  other  similar 
circuits. 

In  each  of  the  two  circuits  shown  in  Fig.  6.48,  the  circuit  performance 
is  given  by  the  nodal  equation 


(6.37) 
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Fig.  6.49.  Nonlinear  operational  amplifier  circuits. 


as  long  as  the  diode  does  not  conduct.  Whenever  the  diode  does  conduct, 
the  nodal  equation  becomes 

(t  -  *•)  i  +  (#  -  x)  i  +  (f  -  -  4r,  - 0  (638) 

For  large  absolute  values  of  the  amplifier  gain  A,  it  will  be  permissible 
to  neglect  Xa/A  in  Eqs.  (6.37)  and  (6.38) ;  the  transfer  characteristics  of 
the  circuit  shown  in  Fig.  6.48a  are  then  simply 

XFt  O  y 
0  ~  ~  A'1 


(6.39) 
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if  the  diode  does  not  conduct  and 


X0 


RJh  y  Ro 
Ri(R0  4"  Rf)  Ro  d-  R2 


(6.40) 


if  the  diode  is  conducting.  A  plot  of  the  transfer  characteristics  will  con¬ 
sist  of  segments  of  the  straight  lines  corresponding  to  Eqs.  (6.39)  and 
(6.40).  In  the  case  of  the  circuit  shown  in  Fig.  6.48a,  the  diode  will  con¬ 
duct  for 

A4  >  -1  ec  (6.41) 

The  corresponding  transfer  plot  is  shown  on  the  right  of  Fig.  6.48a. 
Again,  the  diode  in  Fig.  6.486  will  conduct  if 


T7'  /  R‘  1 

A 1  -  W„  e‘ 


(6.42) 


and  the  resulting  transfer  characteristic  is  shown  plotted  on  the  right  of 
Fig.  6.486. 

More  complicated  functions  of  the  input  voltage  X\  may  be  generated 
by  introducing  combinations1  of  the  nonlinear  circuit  elements  shown  in 
Fig.  6.47  into  the  feedback  networks  of  operational  amplifiers.  Figure 
6.49  shows  a  number  of  arrangements  of  this  type.  As  in  Fig.  6.48,  each 
transfer  characteristic  is  made  up  of  straight-line  segments  corresponding 
to  the  various  possible  combinations  of  conducting  and  nonconducting 
diodes  in  the  circuit.  If  a  sufficient  number  of  diodes  are  available,  any 
reasonable  monotonic  function  of  the  input  voltage  Xi  may  be  approxi¬ 
mated  by  straight-line  segments  in  this  manner.  Whereas  only  monotonic 
functions  can  he  generated,  directly ,  it  is  easily  possible  to  obtain  nonmono¬ 
tonic  functions  simply  by  adding  or  subtracting  two  different  monotonic  func¬ 
tions  with  the  desired  characteristics. 

A  number  of  applications  are  discussed  in  Sec.  3.3. 

Practical  Circuits.  Most  vacuum  or  crystal  diodes  may  be  used  as 
rectifier  elements  for  computing  purposes  if  their  current  and  voltage 
ratings  are  not  exceeded,  hi  practice,  a  d-c  analog  computer  may  be  pro¬ 
vided  with  “ isolated  rectifier  elements ”  of  the  types  shown  in  Fig.  6.47c  and 
d,  which  will  serve  to  synthesize  the  various  types  of  nonlinear  computing 
elements  just  discussed.  It  is  clear  that  such  devices  are  more  generally  use¬ 
ful  than  the  simple  diode  limiters  incorporated  in  most  commercial  d-c  analog 
computers.  Unlike  the  simple  limiters,  the  isolated  rectifier  elements  will 


1  McCann,  G.  D.,  C.  II.  Wilts,  and  B.  N.  Locanthi,  Application  of  the  California 
Institute  of  Technology  Electric  Analog  Computer  to  Non-Linear  Mechanics  and 
Servomechanisms,  Trans.  AIEE  (T9165).  68,  1949. 
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require  individual  sources  of  bias  voltage ;  the  common  computer  supplies 
cannot,  in  general,  be  used  for  this  purpose.  Dry  batteries  in  connection 
with  potentiometer  voltage  adjusters  are  useful  as  bias  supplies.  In  order 
to  conserve  the  batteries,  each  one  should  be  provided  with  a  switch  or 
relay  for  opening  the  battery  circuit  between  computer  runs. 

The  easiest  way  of  obtaining  a  desired  transfer  characteristic  will  be  to 
establish  only  the  general  circuit  setup  in  the  manner  of  Fig.  6.49.  One 
may  then  adjust  the  various  resistors  and  bias  levels  while  reading  the 
input  and  output  voltages  of  the  circuit  by  means  of  a  voltmeter  or  com¬ 
parison  potentiometer. 

Function  generators  based  on  the  utilization  of  diode  characteristics 
may  be  used  at  signal  frequencies  between  0  and  at  least  20,000  cps. 
They  are  relatively  cheap  and  compact.  Most  functions  may  be  gen¬ 
erated  with  an  accuracy  between  1  and  5  per  cent,1  depending  on  how 
much  the  specific  transfer  characteristics  depend  on  the  aging,  tempera¬ 
ture,  etc.,  of  the  diodes  used.  This  accuracy  might  possibly  be  improved, 
at  least  in  special  cases,  by  a  judici¬ 
ous  choice  of  impedance  levels,  by 
careful  selection  of  crystal  diodes, 
and  by  placing  the  crystals  in  a 
simple  constant-temperature  cham¬ 
ber  (crystal  oven). 

6.8.  Representation  of  Vectors 
in  Different  Coordinate  Systems. 

Introduction.  Many  applications 
require  the  description  of  the  same 
vector  quantities  in  terms  of  two  or 
more  different  coordinate  systems. 

Practically  important  examples  are 
furnished  by  descriptions  of  the 
forces  acting  on  an  aircraft.  These 
forces  (drag,  thrust,  lift,  gravity,  etc.)  may  be  described  in  terms  of 
coordinate  axes  fixed  with  respect  to  the  earth,  the  aircraft,  or  the 
relative  wind  (see  also  Chap.  3).  A  study  of  the  transformations  of  the 
components  of  two-dimensional  vector  quantities  will  illustrate  all  the 
necessary  analog-computer  techniques  used  for  such  transformations. 

Representation  of  a  Vector  in  Different  Coordinate  Systems:  Rotation  of 
Coordinate  Axes.  Figure  6.50  shows  a  vector  which  may  be  described  by 
its  components  x,y  along  the  x,y  coordinate  axes  as  well  as  by  the  com¬ 
ponents  u,v  along  the  u,v  coordinate  axes.  Both  the  x,y  and  u,v  reference 
frames  are  rectangular  Cartesian  coordinate  systems  having  a  common 

1  Ibid. 


X  =u  cos  e  +-  V  SIN  9 
Y  *  —  U.  SIN  O  +  V  COS© 

Fig.  6.50.  Rotation  of  rectangular  co¬ 
ordinate  system. 
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origin;  the  angle  8  between  the  x  axis  and  the  u  axis  is  defined  as  shown 
in  Fig.  6.50.  Under  these  conditions,  the  vector  components  x,y  are 
related  to  the  components  u,v  by  the  transformation  equations 


x  =  u  cos  8  +  v  sin  0 
y  =  —u  sin  8  +  v  cos  8 


(6.43) 


If  machine  variables  X,  Y,  U,  V  corresponding  to  the  vector  com¬ 
ponents  x,  y,  u,  v,  respectively,  are  chosen  with  equal  scale  factors  a  so 
that 

X  =  ax  Y  =  ay  U  =  an  V  =  av  (6.44) 

the  machine  equations  corresponding  to  (6.43)  are  simply 

A"  =  U  cos  8  +  V  sin  8  \  .  ... 

Y  —  —U  sin  0  +  V  cos  0  )  (8'4n' 

If  the  angle  8  can  be  represented  by  a  servo  shaft  displacement  equal 
to  8,  the  relations  (6.45)  can  be  established  in  a  d-c  analog  computer  in  the 


0  (SHAFT  DISPLACEMENT) 

Fig.  6.51.  D-c  analog-computer  setup  for  Eq.  (6.45). 

manner  shown  in  Fig.  6.51.  The  multiplications  by  trigonometric  func¬ 
tions  are  performed  by  means  of  function  potentiometers  on  the  8  shaft, 
and  summing  amplifiers  are  used  for  addition. 

The  resistance  windings,  or  “cards,”  of  commercially  available  sine  and 
cosine  potentiometers  usually  cover  only  180  deg  of  shaft  rotation.  Fig¬ 
ure  6.52a  shows  how  such  sine  or  cosine  potentiometers  may  be  connected 
up  to  multiply  a  voltage  by  trigonometric  functions  of  angles  in  the  first 
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and  second  quadrants  (from  0  to  180  deg).  By  connecting  such  poten¬ 
tiometers  into  the  computer  circuit  in  the  manner  shown  in  Fig.  6.52b, 
input  voltages  can  be  multiplied  by  sine  and  cosine  functions  of  angles 
between  minus  and  plus  90  deg. 


Fig.  6.52a.  Connections  for  sine  and  cosine  potentiometers  for  operation  between 
0  and  180  deg.  Note  the  two  types  of  tapered  windings. 


Fig.  6.526.  Connections  for  sine  and  cosine  potentiometers  for  operation  between 
minus  90  to  plus  90  deg.  Note  the  two  types  of  tapered  windings. 


Fig.  6.52c.  Example  of  potentiometer  connections  for  continuous  rotation.  Each 
potentiometer  card  is  used  for  alternate  180  deg  of  angular  displacement.  Integral 
multiples  of  360  deg  may  be  added  to  each  of  the  angular  displacements  indicated  in 
the  diagram. 


If,  as  is  frequently  the  ease,  the  range  of  the  angle  9  exceeds  180  deg, 
two  sine  potentiometers  in  the  circuit  of  Fig.  6.52c  may  be  used.  Both 
potentiometer  wipers  can  rotate  continuously.  They  are  electrically 
connected  and  mechanically  ganged  in  such  a  manner  that  one  of  the 
potentiometers  is  used  for  values  of  the  angle  9  in  the  fourth  and  first 
quadrants  and  the  other  one  for  values  of  9  in  the  second  and  third 
quadrants. 
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A  more  convenient  function  generator  suitable  for  continuous  rotation 
is  the  rectangular  card  potentiometer  shown  schematically  in  Fig.  (>.53. 
The  rectangular  card  potentiometer1  not  only  permits  360-deg  rotation 
but  also  yields  two  output  voltages;  one  output  voltage  is  proportional  to 
the  sine  and  the  other  to  the  cosine  of  the  potentiometer  shaft  displace¬ 
ment.  As  shown  in  Fig.  6.53,  a  rectangular  card  potentiometer  consists 
of  a  closely  wound  rectangular  resistance  winding  or  card  rotated  by  the 
input  shaft  and  four  contacts  or  wipers  attached  to  the  fixed  potentiom- 


+-  u 


Fig.  6.53.  Rectangular  card  sine-cosine  potentiometer.  The  axis  of  rotation  is 
perpendicular  to  the  plane  of  the  diagram. 

eter  case.  As  the  card  is  rotated,  each  contact  effectively  travels  over 
the  card  in  a  circle  about  the  axis  of  rotation. 

The  voltage  at  each  contact  will  be  proportional  to  the  sum  of  the  volt¬ 
age  at  the  center  of  the  card  and  a  sinusoidal  voltage  of  the  angular  dis¬ 
placement  of  the  card.  The  two  voltage  differences  between  the  pairs  of 
diametrically  opposite  contacts  shown  in  Fig.  6.53  will  be  proportional  to 
the  sine  and  cosine  of  the  angle  or  rotation,  since  the  center  voltage  will 
be  canceled  out  on  taking  the  difference.  Each  voltage  difference  may 
be  conveniently  obtained  by  means  of  a  differential  amplifier  (see  Sec. 
5.3).  As  long  as  a  differential  output  circuit  of  this  kind  is  used,  the  axis 
of  rotation  need  not  even  pass  through  the  exact  geometrical  center  of  the 
contacts,2  since  any  off-center  errors  will  be  canceled  out.  The  use  of 

1  The  rectangular  card  potentiometer  was  designed  at  the  MIT  Radiation  Labora¬ 
tory,  Cambridge,  Mass.,  and  is  now  commercially  available  from  the  Gamewell  Com¬ 
pany,  Newton  Upper  Falls,  Mass.  A  detailed  description  of  this  device  will  be  found 
in  Greenwood,  Holdam,  and  MacRae,  op.  cit.,  pp.  111-116. 

2  For  a  detailed  discussion  of  the  problems  involved  in  manufacturing  rectangular- 
card  potentiometers,  see  P.  Rosenberg,  Sinusoidal  Potentiometers  Types  RL10CB 
RL10CD,  RL10E,  RL14,  RL  Kept.  423,  Aug.  16,  1943. 
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differential  output  circuits  of  some  type1  with  rectangular  card  poten¬ 
tiometers  is  recommended  in  all  computer  applications. 

Each  rectangular  card  potentiometer  can  replace  between  two  and  four 
ordinary  tapered  potentiometers;  the  functions  are  generated  with  an 
accuracy  of  the  order  of  0.6  per  cent  of  full  scale.  Such  potentiometers 
are,  however,  not  too  easy  to  construct  because  of  the  close  mechanical 
tolerances  required,  and  their  construction  makes  it  difficult  to  gang 
several  rectangular  card  potentiometers  on  a  common  shaft. 

Another  method  for  obtaining  the  transformations  (6.45)  with  an 
analog  computer  involves  the  use  of  a-c  computing  elements.  Two  a-c 
voltages  of  equal  frequency  and  phase  may  be  modulated2  with  d-c 
voltages  U  and  V,  respectively.  If  these  a-c  voltages  are  impressed  on 
the  two  stator  windings  of  a  special  rotat¬ 
able  transformer  called  a  resolver  (see  Fig. 

6.54),  whose  rotor  displacement  is  equal  to 
6,  the  rotor  output  a-c  voltages  will  be 
modulated  by  the  voltages  X  and  Y  given 
by  the  transformation  equations  (6.45). 

D-c  voltages  proportional  to  X  and  Y  may 
then  be  obtained  through  the  use  of  phase- 
sensitive  demodulators. 3  Accuracies  better 
than  0.5  per  cent  can  be  obtained  with  such 
arrangements,  but  the  modulators  and  de¬ 
modulators  as  well  as  the  resolvers  have  to 
be  designed  with  great  care  to  obtain  such 
accuracy.  Resolvers  will  be  less  suscepti¬ 
ble  to  mechanical  wear  than  potentiom¬ 
eters,  but  the  modulators,  demodulators, 
and  resolver  driver  amplifiers  required  with  computer  circuits  using 
resolvers  will  add  to  the  cost  and  complexity  of  the  equipment.  Such 
circuits  are,  therefore,  most  useful  if  one  modulator  can  be  used  for 
several  multiplications  or  if  the  a-c  output  can  be  used  directly  for 
driving  an  a-c  servomechanism. 

If  the  computer  in  question  works  on  a  time  scale  so  fast  that  com¬ 
puting  servomechanisms  cannot  be  used,  the  angle  6  will  have  to  be  repre¬ 
sented  by  a  voltage  in  the  machine,  and  a  more  complicated  combination 
of  electronic  function  generators  and  multipliers  will  be  required.  The 

1  A  circuit  somewhat  different  from  that  of  Fig.  6.53  is  shown  in  Greenwood,  Holdam, 
and  MacRae,  op.  cit. 

2  Chance  et  al op.  cit.,  Chaps.  12  and  14. 

3  Ibid. 


set  up  Eqs.  (6.45).  The  values 
indicated  are  amplitudes  of  a-c 
voltages. 
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trigonometric  functions  might  also  be  generated  by  implicit  computation 
(see  Sec.  6.5). 

Transformation  from  Polar  to  Rectangular  Coordinates.  If  the  polar 

coordinates  r  and  8  of  a  two-dimen¬ 
sional  vector  are  given,  it  is  readily 
seen  from  Fig.  6.55  that  the  trans¬ 
formation  equations  to  rectangular 
coordinates  are 


(6.46) 


to  rectangular  coordinates, 
possible  to  obtain  a  set  of  corresponding  machine  equations 


x  =  r  cos  8  I 
y  =  r  sin  8  j 

Assuming  that  equal  scale  factors 
are  used  to  introduce  the  machine 
variables  X,  Y,  and  R  correspond¬ 
ing  to  x,  y,  and  r,  respectively,  it  is 


A'  =  R  cos  8  \ 
Y  =  R  sin  8  ] 


(6.47) 


If  a  servo  shaft  displacement  equal  to  the  angle  8  can  be  made  available 
in  the  computer,  the  multiplications  indicated  in  the  transformations 
(6.47)  may  be  performed  by  means  of  function  potentiometers  as  shown 
in  Fig.  6.56a  or  by  means  of  a  resolver  as  shown  in  Fig.  6.565.  In  “fast  ’’ 
computers,  electronic  multipliers  and  function  generators  will  again  be 
required  to  establish  the  transformation. 

Rectangular  to  Polar  Transformations.  The  equations  of  transforma¬ 
tion  from  rectangular  to  polar  coordinates  are  obtained  by  solving  Eqs. 
(6.46)  for  r  and  8.  One  finds 


r  =  \A2  +  y2  I 

8  =  arc  tan  -  | 

x  I 


(6.48) 


If  equal  scale  factors  are  used  for  r,  x,  and  y,  the  corresponding  machine 
equations  are 


R  =  VX2  +  Y2 
8  =  arc  tan 


(6.49) 


Whereas  these  relations  could  be  established  directly  on  an  analog  com¬ 
puter,  it  may  be  more  convenient  to  obtain  R  and  8  by  implicit  solution  of 
the  equations 
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—  X  sin  8  +  Y  cos  8  =  0  I 
X  cos  8  +  1  sin  8  —  Ii  j 


(6.50) 


which  are  equivalent  to  the  transformations  (6.49). 

The  first  equation  (6.50)  does  not  contain  R  and  may  be  solved  implic¬ 
itly  for  8.  Assuming  that  8  may  again  be  represented  by  a  servo  shaft 


l 

9 

(a) 


1 

9 

(b) 

Fig.  6.56.  Transformation  from  polar  to  rectangular  coordinates  by  means  of  func¬ 
tion  potentiometers  and  resolvers. 

displacement  equal  to  8,  the  implicit  solution  of 

—  X  sin  8  +  Y  cos  8  =  0  (6.51) 

may  be  accomplished  by  the  vector  servomechanism  shown  at  the  top  of 
Fig.  6.57a.  Suppose  that  initially  the  servo  shaft  displacement  is  not 
equal  to  the  correct  value  8,  so  that  Eq.  (6.51)  does  not  hold  but 

—  X  sin  8  +  Y  cos  8  =  e 

In  the  circuit  of  Fig.  6.57a,  a  voltage  equal  to  the  “error”  e  is  computed  and 
used  to  drive  a  servomechanism  which  will  position  the  8  shaft  so  as  to 
minimize  the  error  e.  The  shaft  displacement  will,  thus,  be  forced  to 
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assume  the  correct  value  8.  Function  potentiometers  on  the  8  shaft  are 
then  used  to  compute  the  voltage  R  according  to  the  second  equation 
(G.50).  Potentiometers  of  the  rectangular-card  type  will  be  found  useful 
in  the  circuit  of  Fig.  6.57 a. 


(b) 

Fig.  6.57.  Block  diagrams  of  vector  servomechanisms. 

Figure  6.576  shows  a  similar  arrangement  in  which  the  function  poten¬ 
tiometers  have  been  replaced  by  a  single  resolver  driven  by  an  a-c  servo. 

It  may  be  seen  that  the  loop  gain  of  each  vector  servo  shown  in  Fig. 
6.57  is  not  constant  but  depends  on  the  values  of  X  and  Y ;  in  fact,  the 
loop  gain  is  proportional  to  the  value  of 


R  =  \/X2  +  F2 

Since  only  servomechanisms  with  constant  loop  gain  can  be  designed  for 
optimal  performance,  it  is  expedient  to  include  automatic  gain  control 
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(AGC)  circuits  (shown  in  dotted  lines  in  Fig.  6.57)  in  the  servo  loop. 
Such  circuits  may  consist  simply  of  an  amplifier  stage  using  a  variable-^ 
tube  biased  by  a  negative  voltage  whose  value  is  proportional  to  R.  Such 
a  device  will  tend  to  keep  the  loop  gain  constant  over  some  range  of 
values  of  R ;  it  is  clear  that  no  vector  servo  can  operate  if  X  =  Y  =  R  =  0. 

A  practical  AGC  unit  used  with  a  vector  servo  is  discussed  in  the  REAC 
Manual,1  whereas  the  circuit  of  a  vector  servo  without  AGC  is  shown  in 
Vol.  21  of  the  MIT  Radiation  Laboratory  Series.2  A  circuit  showing  a 
vector  servo  with  single-ended  inputs  is  also  shown  in  this  same  volume.3 
Accuracies  attainable  with  vector  servos  are  of  the  order  of  to  1  per 
cent  in  amplitude  of  the  radius  vector  R  and  0.5  deg  in  angle. 

1  Reeves  Instrument  Corporation,  New  York  City. 

2  Greenwood,  Holdam,  and  MacRae,  op.  cit.,  p.  479. 

3  Ibid .,  163. 
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AUXILIARY  CIRCUITS  AND  COMPUTER  OPERATION 

7.1.  Introduction  of  Initial  Conditions.  HOLD  Condition.  Introduc¬ 
tion.  The  necessity  of  introducing  initial  conditions  of  the  machine 
variables  into  any  differential  analyzer  was  pointed  out  in  Secs.  1 .2  and 
2.7.  Differential  equations  are  relations  between  changes  of  variables, 
and  the  initial  conditions  define  the  initial  values  from  which  these 
changes  of  variables  must  start.  The  number  of  initial  conditions  which 
must  be  given  with  a  system  of  ordinary  differential  equations  is  equal  to 
the  order  of  the  given  set  of  differential  equations,  i.e.,  the  sum  of  the 
highest  order  derivatives  in  each  differential  equation  of  the  set. 

In  computer  circuits  using  capacitors  to  establish  relations  between 
changes  of  machine  variables,  the  number  of  initial  conditions  to  be  intro¬ 
duced  will,  in  general,  be  equal  to  the  number  of  capacitors  used.  The 
initial  conditions  for  the  machine  variables  will  be  established  if,  for 
instance,  each  capacitor  is  given  a  correct  initial  charge. 

If,  as  is  most  frequently  the  case,  parallel-feedback  integrators  are  used 
to  relate  changes  of  machine  variables,  an  initial  condition  corresponding 
to  each  integrator  must  be  established.  This  may  be  accomplished  by 
two  basic  methods: 

1.  Each  integrating  capacitor  may  be  charged  initially,  so  that  each 
integrator  output  voltage  will  start  to  vary  from  the  correct  initial 
value. 

2.  All  integrating  capacitors  may  be  discharged  before  computation;  a 
step-function  voltage  equal  in  value  to  the  respective  desired  initial 
condition  voltage  must  then  be  added  to  each  integrator  output 
voltage  at  the  start  of  the  computation. 

The  second  method  requires  that  the  output  voltages  of  all  the  inte¬ 
grators  be  forced  to  a  reference  level,  usually  zero,  before  computation, 
the  initial-condition  voltages  being  supplied  as  step  functions  equal  in 
magnitude  to  the  correct  initial  output  voltages.  Although  this  second 
method  is  somewhat  easier  to  instrument,  it  can  be  used  only  with  com¬ 
puters  having  recorders  and  computing  elements  capable  of  following  a 
step  function  with  sufficient  accuracy.  This  requirement  is  satisfied  by 
repetitive  computers  which  are  discussed  in  Sec.  8.5. 
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The  first  method  is  more  applicable  to  “slow”  d-c  analog  computers 
incorporating  servomechanisms  and  recorders  which  cannot  follow  a  step 
function  accurately.  With  this  first  method,  the  output  voltages  of  all 
computing  elements  are  set  to  their  initial  values  before  computation. 
Accordingly,  the  gain  control  and  reference  level  of  the  recording  devices 
can  be  adjusted  using  the  known  initial  condition  voltages  to  calibrate 
the  recorder  scales. 

Circuits  for  Setting  up  Initial  Conditions.  Before  the  start  of  each  com¬ 
puter  run,  the  output  voltage  Xa  of  each  integrator  is  made  to  assume  the 
correct  initial  value  Xo0  by  initially  charging  the  integrating  capacitor. 
Since  enforcement  of  the  given  differential  equations  by  the  computing 
elements  would  make  it  impossible  to  keep  the  variables  set  at  their 
initial  values,  it  is  necessary  to  make  the  computer  inoperative  in  the 
reset  or  “initial”  condition. 

Figure  7.1a  shows  a  possible  arrangement  for  achieving  these  purposes. 
The  relay  KR  (one  in  each  integrator)  is  energized  in  the  reset  condition. 
In  this  condition,  each  integrator  is  disabled;  the  input  grid  terminal  is 
grounded,  and  the  amplifier  output  terminal  is  disconnected  from  the 
integrating  capacitor.  The  computer  is  thus  rendered  inoperative,  as 
required.  The  output  terminal  of  the  integrating  capacitor  is  connected 
to  the  initial-condition  voltage  source  shown.  The  desired  initial-condi¬ 
tion  voltage  is  set  by  means  of  a  potentiometer  and  will,  then,  charge  the 
integrating  capacitor  so  that  the  integrator  output  voltage  assumes  the 
correct  initial  value.  Sufficient  time  must,  of  course,  be  allowed  in  each 
case  to  permit  the  capacitor  to  acquire  its  initial  charge. 

Note  that  a  loading  correction  (see  Sec.  4.1)  must  be  applied  to  the 
reading  of  the  initial-condition  setting  potentiometer. 

With  all  initial  conditions  established  in  this  manner,  the  computer  run 
is  initiated  bjr  means  of  a  “compute”  switch  which  deenergizes  the  relay 
Kit  in  each  integrator.  In  the  compute  condition,  the  initial-condition 
setting  circuit  is  removed  from  the  integrator,  which  is  now  in  its  normal 
operating  condition  and  connected  to  the  other  computing  elements. 
The  output  voltage  Xa  will  then  vary  from  the  preset  initial  value  Xo()  as 
prescribed  by  the  given  differential  equations. 

In  another  arrangement  shown  in  Fig.  7.16,  the  integrator  is  made 
inoperative  by  grounding  the  input  terminals  instead  of  the  input  grid. 
This  circuit  has  certain  advantages  over  that  of  Fig.  7.1a  in  that  the 
impedance  level  at  the  amplifier  grid  is  not  radically  changed  at  the  start 
of  the  computation.  In  order  to  avoid  the  use  of  several  relay  contacts  in 
summing  integrators,  one  may  also  ground  the  amplifier  grid  through  a 
resistance  roughly  equal  to  the  resistance  of  the  input  resistors  taken  in 
parallel.  In  the  circuit  of  Fig.  7.16,  the  integrator  output  voltage  will 
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assume  the  desired  initial-condition  voltage  only  slowly,  since  the  inte¬ 
grator  input  resistors  are  included  in  the  capacitor  charging  circuit. 

A  third  circuit  for  introducing  initial  conditions,  illustrated  in  Fig.  7.2 a 
and  b,  combines  some  of  the  advantages  of  the  first  two  circuits  and  also 
avoids  all  switching  at  the  amplifier  output  terminals.  Here  the  control 
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Fig.  7.1.  Circuits  for  establishing  initial  conditions. 


relay  introduces  changes  in  the  integrating  network  and  thus  permits 
more  rapid  charging  of  the  integrating  capacitor.  Figure  7.2a  shows  the 
complete  circuit,  whereas  Fig.  7.2 b  shows  the  integrator  in  the  reset  con¬ 
dition.  The  integrator  has  a  new  input  resistor  r,  which  is  connected  to 
the  initial-condition  source  voltage  Ea ,  and  a  new  leakage  resistor  rL. 
The  output  voltage  X0*  of  this  circuit  is  given  by  Eq.  (4.51);  thus 


*  The  reader  should  remember  that  X0  is  given  by  Eq.  (7.1)  only  in  the  beset 
condition. 
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X0  =  Ea 


1 


(1  -  A)  —  +  1  — ^ - A^C  -  ■  P  +  1 

^  (1  -  A)  ±  +  1 

Tl 


(7.1) 


Since  Ea  is  a  constant  voltage,  the  reasoning  of  Sec.  4.5  shows  that  the 
integrator  output  voltage  Xa  will  approach  the  value 


Xoo  —  E„ 


E0r-±  \A\»1,  A~»l  (7.2) 


(1  -  A)^  +  l 
rL 


Tl\ 


the  more  rapidly  the  smaller  the  value  of  rLC  is;  Xo0  is  the  desired  initial 
value  of  the  integrator  output  voltage.  The  approximate  form  of  Eq. 
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Fig.  7.2.  Circuits  for  establishing  initial  conditions. 

(7.2)  is  usually  sufficiently  accurate.  The  reversal  of  sign  in  Eq.  (7.2) 
must  be  remembered  when  actually  making  computer  setups. 

In  all  the  preceding  circuits,  the  control  relays  may  be  arranged  so  that 
they  are  either  energized  or  deenergized  in  the  compute  condition;  the 
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latter  is  preferable  if  the  relays  operate  on  alternating  current.  The 
value  of  the  initial-condition  voltage  may  be  determined  by  means  of  a 
voltmeter.  It  is  preferable,  however,  to  use  a  constant-voltage  source 
and  a  calibrated  potentiometer  and  to  refer  all  other  voltage  values  in  the 
computer  to  the  voltage  of  this  source. 

Initial  Settings  of  Computing  Elements  Other  than  Integrators.  Sum¬ 
ming  amplifiers  and  phase  inverters  need  not  be  made  inoperative  in  the 
reset  condition.  Their  output  voltages  will  automatically  assume  cor¬ 
rect  initial  values  determined  by  the  initial  values  of  the  integrator  out¬ 
put  voltages.  This  is  also  true  for  computer  servomechanisms  whose 
shaft  positions  are  determined  by  the  values  of  their  input  voltages. 

Time  shafts,  such  as  those  used  to  drive  function  potentiometers,  are 
usually  driven  by  clock  motors  instead  of  servomechanisms.  Such  shafts 
must  be  reset  to  the  shaft  position  corresponding  to  t  =  0  before  each 
computer  run. 

In  order  to  obtain  the  greatest  possible  accuracy,  it  is  desirable  to  per¬ 
mit  the  clock  motors  (usually  synchronous  motors)  to  come  up  to  con¬ 
stant  speed  before  starting  the  computation.  Accordingly,  it  is  best  to 
provide  the  time  shaft  with  a  cam  arranged  to  trip  a  microswitch  which  will 
actuate  all  reset  relays  exactly  when  the  time  shaft  passes  the  position  cor¬ 
responding  to  zero  computing  time.  Circuits  for  accomplishing  this  pur¬ 
pose  are  described  in  Sec.  7.2.  If  a  computer  possesses  several  time  shafts, 
they  should  be  interconnected  preferably  through  positive  shaft  connec¬ 
tions  or  else  by  means  of  reliable  geared-down  synchro  or  servo  systems. 

Hold  Condition.  At  the  end  of  each  computer  run,  a  differential  equa¬ 
tion  solver  is  returned  to  the  reset  condition.  It  is,  however,  sometimes 
desirable  to  stop  the  computer  during  the  course  of  a  computation  in  such 
a  manner  that  all  the  machine  variables  are  held  to  the  values  they  had 
at  the  instant  the  computation  was  stopped.  This  may  be  useful  for 
checking  the  values  of  the  machine  variables;  in  special  cases,  also,  differ¬ 
ent  coefficients,  functions,  or  interconnections  may  be  introduced  for  sub¬ 
sequent  parts  of  a  computer  run  (stepwise  computation). 

In  this  hold  condition,  the  output  voltage  of  each  parallel-feedback 
integrator  can  be  “held”  reasonably  well  by  simply  disconnecting  the 
input  grid  from  the  input  resistors  by  means  of  a  hold  relay,  as  shown  in 
Fig.  7.3.  As  time  progresses,  the  integrating  capacitor  will  lose  its  charge 
at  the  initial  rate  100 /RLC  per  cent  per  second,  where  C  and  RL  are  the 
capacitance  and  the  leakage  resistance  of  the  integrating  capacitor, 
respectively.  For  integrating  capacitors  of  good  quality,  this  rate  may 
be  less  than  0.002  per  cent/sec.  It  is  seen,  however,  that,  unlike  mechan¬ 
ical  and  electromechanical  differential  analyzers,  a  d-c  analog  computer 
cannot  be  kept  in  the  hold  condition  for  an  indefinite  time. 
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Summing  amplifiers  and  servomechanisms  will  be  kept  in  the  hold 
condition  by  the  integrator  output  voltages,  but  provisions  must  be  made 
to  stop  all  time  motors  or  clock  motors  associated  with  the  computer. 
If  such  motors  have  a  tendency  to  coast  when  stopped,  they  must  be 
provided  with  brakes  effective  in  the  hold  condition. 


r  1 


(ENERGISED  IN 
RESET  CONDITION) 

Fig.  7.3.  Hold  and  reset  circuits  for  a  parallel-feedback  integrator. 


Figure  7.4  shows  once  again  the  configurations  of  a  parallel  feedback 
integrator  in  the  compute,  reset,  and  hold  conditions.  The  control 
circuits  for  actuating  the  reset  and  hold  relays  are  described  in  detail  in 
Sec.  7.2. 

With  the  computer  in  the  hold  condition,  the  interrupted  computer 
run  may  be  continued  by  deenergizing  the  hold  relays  K ;  the  machine 
will  then  return  to  the  compute  condition. 
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Fig.  7.4.  Configuration  of  a  parallel  feedback  integrator  in  the  reset,  compute,  and 
hold  conditions. 


7.2.  Control  Circuits.  Introduction.  The  purpose  of  the  control  cir¬ 
cuits  is  to  initiate,  stop,  and  supervise  the  computing  operation;  to 
indicate  certain  gross  errors;  and  to  protect  the- computer  from  overloads. 
The  design  of  these  circuits  is  a  very  important  problem.  The  control 
circuit  design  may  be  considered  as  a  connecting  link  which  ties  all  the 
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various  computing  elements  and  the  associated  equipment  together  into 
one  integrated  operating  unit,  a  computing  machine.  The  computer 
must  be  easy  to  use  for  the  operating  personnel.  The  control  operation 
must  be  foolproof  as  well  as  practical  and  convenient  from  the  “human 
engineering”  viewpoint,  for  the  control  circuits  must  be  used  over  and 
over  and  often  by  nontechnical  personnel. 

Control  Functions.  The  control  and  indicating  devices  of  a  typical  d-c 
analog  differential  equation  solver  will  comprise  the  following: 

1.  Power-supply  controls  (switches  and/or  push  buttons)  for  turning  the 
computer  power  supplies  on  and  off. 

2.  Operating  controls  (switches  and/or  push  buttons)  which  permit  the 
operator  to  start  and  stop  the  operation  of  computing  elements  and 
recording  equipment.  The  most  important  operating  controls  are 
those  governing  the  action  of  the  reset  and  hold  relays  on  the  integrators 
(Sec.  7.1). 

Note:  The  operating  controls  may  be  physically  separated  from  the 
power-supply  controls  in  order  to  avoid  errors. 

3.  Control  relays  and  automatic  timers  may  be  used  to  operate  the  con¬ 
trols  automatically. 

4.  Indicator  lights  for  indicating  conditions  such  as 

SAFE  COMPUTE 

STAND-BY  HOLD 

RESET  (READY)  MOTOR  ON 

RECORDER  ON 

Such  indicator  lights  help  to  supervise  the  control  operations. 
Large  bull’s-eye-type  indicator  lights  can  be  more  easily  seen  from 
a  remote-control  position  and  are  also  a  joy  for  visiting  firemen. 
There  is  no  strict  convention  governing  the  colors  of  the  various 
indicator  lights,  but  these  colors  should  be  chosen  so  that  no  pos¬ 
sibility  of  confusing  one  light  with  another  exists. 

5.  Overload  indicators  (lights,  buzzers,  etc.)  warn  the  operator  when  an 
overload  occurs  anywhere  in  the  computing  circuits. 

6.  Remote-control  stations  enable  the  operator  to  control  the  computer 
from  any  location  in  the  computing  room. 

7.  Dials  serve  to  indicate  clock  motor  or  servomechanism  shaft  dis¬ 
placements  corresponding  to  the  values  of  various  machine  variables. 

8.  Control  devices  of  associated  equipment. 

A  Simple  Control  System  for  a  D-c  Analog  Computer.  The  physical 
operation  of  the  controls  just  outlined  can  be  demonstrated  best  by 
analyzing  a  basic  control  system  for  a  simple  differential  equation  solver. 
Such  a  control  system  is  shown  in  Fig.  7.5.  The  control  sequence  for 
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Fig.  7.5.  Basic  control  system  for  a  d-c  analog  computer. 
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placing  the  computer  in  operation  is  indicated  from  left  to  right,  and  all 
switches  and  indicator  lights  are  listed  on  the  diagram. 

1.  Reading  from  left  to  right,  110-volt,  60-cycle  line  power  is  applied 
through  line  fuses  and  the  stand-by  switch  to  the  filament  trans¬ 
formers  and  to  the  control  relay  circuits.  The  computer  is  now  in 
the  stand-by  condition. 

2.  The  high-voltage  switch  energizes  the  high-voltage  power  supplies. 
The  computer  is  now  ready  for  operation. 

3.  Just  before  a  computer  run,  the  operator  may  or  may  not  start  the 
recorder  paper  feed  by  turning  the  recorder  switch  on. 

4.  The  compute-hold-reset  switch  controls  the  reset  and  hold  relays  and 
thus  serves  to  start  and  stop  each  computer  run.  Note  that  the 
reset  and  hold  relays  associated  with  each  integrator  are  deener¬ 
gized  in  the  compute  condition;  this  helps  to  keep  a-c  hum  out  of 
the  integrators  during  the  computation  proper. 

When  the  computer  is  to  be  turned  off,  the  compute-hold-reset  switch 
is  turned  to  reset  and  the  recorder,  high-voltage,  and  stand-by  switches 

CONTACTS 
NORMALLY  CLOSED 

ol  Ka  Ka2  .  . 

- 1  -|  | - NORMALLY  OPEN 

Fig.  7.6.  Relay  symbols.  Normally  open  and  closed  contacts  of  the  relay  Ka  any¬ 
where  in  a  circuit  diagram  are  labeled  KA i,  KAi,  etc. 
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A  simple  push-button  circuit. 
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are  turned  off  in  that  order.  The  computer  can  also  be  turned  off  at  once 
by  means  of  the  stand-by  switch,  but  the  other  switches  should  all  be 
turned  off  before  the  computer  is  again  put  into  operation. 

Relays  and  Push  Buttons.  More  sophisticated  control  systems  may  be 
obtained  through  the  use  of  push  buttons  and  relays.  Figure  7.6  shows 
the  notation  adapted  for  relays  in  the  following  diagrams.  Figure  7.7 
shows  a  simple  push-button  system.  Each  push  button  is  a  two-circuit 
switch.  The  load  is  energized  by  touching  the  on  button;  this  also 
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Fig.  7.8.  A  push-button  power  supply  control  system. 
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actuates  the  relay  ICA  whose  holding  contact  KA1  holds  the  circuit  closed 
even  after  the  on  button  is  released.  The  circuit  is  switched  off  by  touch¬ 
ing  the  off  button  momentarily. 

Note  that,  with  properly  designed  push-button  control  systems,  the 
holding  relay  is  rarely  used  to  initiate  the  control  action  proper;  the  control 
action  is  usually  initiated  by  the  push  button  itself. 

Push-button  Control  System.  Figure  7.8  shows  a  modern  power  control 
system.  The  stand-by  switch  is,  again,  a  wall  switch  and  incorporates  a 
green  safety  light  giving  a  positive  indication  that  no  power  is  applied  to 
the  computer  proper.  A  time-delay  relay  KT  prevents  the  high-voltage 
supplies  from  being  energized  until  the  filaments  have  warmed  up;  an 
amber  “ready”  light  indicates  when  the  time-delay  relay  contact  Kti  is 
closed.  A  push-button  system  exactly  like  that  of  Fig.  7.7  is  then  used 
to  energize  the  high-voltage  supplies. 

Figure  7.9  shows  a  convenient  push-button  operating  control  system. 
Either  alternating  or  direct  current  may  be  used  to  actuate  the  control 
relays.  In  the  reset  condition,  the  integrator  reset  relays  are  energized 
and  the  hold  relays  are  deenergized.  The  normal  control  sequence  may 
be  followed  by  reading  the  diagram  from  left  to  right;  all  switches  and 
indicator  lights  are  also  shown. 

1.  The  recorder  paper  feed  should  be  started  an  instant  before  the 
actual  computer  run.  The  recorder  motor  is  energized  by  the 
recorder  push  button,  either  directly  or  through  a  motor  relay  if 
direct  current  is  used  for  the  control  relay  power  supply.  In  order 
to  avoid  wasting  recorder  paper  while  the  computer  is  not  in  the 
compute  condition,  the  recorder  push  button  has  not  been  provided 
with  an  independent  holding  relay. 

2.  The  compute  push  button  deenergizes  the  integrator  reset  relays  and 
puts  the  computer  in  the  compute  condition.  If  the  compute 
button  alone  is  pushed,  the  computer  will  revert  to  the  reset  con¬ 
dition  as  soon  as  the  button  is  released.  This  may  be  useful  for 
short  test  runs. 

3.  If  the  compute  push  button  is  operated  while  the  recorder  is  made  to 
run  by  means  of  the  recorder  push  button,  the  computer  is  not  only 
put  in  the  compute  condition  but  is  held  there  by  the  four  contacts 
Kci,  Kcz,  Kc3,  and  Ka  of  the  compute  relay  Kc  even  after  the  push¬ 
buttons  are  released. 

Kci  and  Kc 2  keep  the  recorder  and  the  compute  relay  energized 
even  after  the  recorder  and  compute  buttons  have  been  released. 
Kcz  keeps  the  reset  relays  deenergized  during  the  computer  run,  and 
K  a  permits  the  hold  ciicuits  to  he  enei^ized. 
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Fig.  7.9.  A  push-button  operating  control  system. 
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4.  The  compute  relay  stays  energized  in  the  compute  and  hoed  condi¬ 
tions.  At  the  end  of  the  computer  run,  it  is  deenergized  by  means 
of  the  reset  or  stop  push  button. 

5.  The  hold  push  button  is  effective  only  in  the  compute  condition.  It 
serves  to  energize  the  hold  relays  and  thus  places  the  computer  in 
the  hold  condition.  The  hold  relay  KH  keeps  the  computer  in  the 
hold  condition  after  the  hold  button  is  released  until  Kn  itself  is 
deenergized  by  means  of  the  compute  or  reset  push  buttons.  The 
computer  can  thus  be  put  in  either  the  compute  or  reset  condition 
from  the  hold  condition.  The  recorder  is  not  usually  stopped  in 
the  hold  condition. 

Many  other  control  circuit  arrangements  are  possible.  The  greatest 
advantage  of  push-button  control  systems  over  switching  systems  is  the 
fact  that  with  push  buttons  it  becomes  unnecessary  to  check  all  switch 
positions  before  starting  operations. 

An  Operating  Control  System  Employing  Automatic  Timing.  An  auto¬ 
matic  interval  timer  can  be  used  to  start  and  stop  the  computer  run  at 
predetermined  times  and  thus  to  produce  computer  runs  of  uniform 
length.  A  much  more  important  application  of  automatic  timing,  how¬ 
ever,  is  in  computers  employing  potentiometers,  driven  by  a  synchronous 
motor,  to  generate  functions  of  the  machine  time  r.  In  the  latter  case, 
it  is  necessary  to  have  the  time  shaft  set  to  the  position  corresponding  to 
r  =  0  at  the  time  each  computer  run  is  initiated.  Again,  the  computer 
run  should  be  terminated  when  the  limit  of  the  potentiometer  windings 
is  reached. 

Rather  than  having  the  motor  start  from  rest  at  r  =  0,  it  is  preferable 
to  let  the  motor  come  up  to  synchronous  speed  and  to  let  a  cam  on  the 
potentiometer  shaft  initiate  the  run  by  momentarily  tripping  a  micro¬ 
switch  pi  at  the  correct  instant.  A  second  microswitch  g2  can  then  be 
tripped  to  stop  the  run  at  the  desired  position  of  the  potentiometer  shaft. 
Figure  7.10  shows  an  operating  control  system  of  this  type. 

The  control  sequence  is  as  follows  (all  switches  and  indicator  lights  are 
shown  in  Fig.  7.10): 

1.  The  recorder-motor  push  button  energizes  both  the  recorder  paper 
feed  and  the  time  motor,  either  directly  or  through  a  relay  if  direct 
current  is  used  for  the  control  relay  power  supply.  This  push  but¬ 
ton  does  not  have  an  independent  holding  relay,  since  it  is  undesira¬ 
ble  to  have  the  recorder  and  time  motors  run  unnecessarily. 

2.  To  start  a  computer  run,  the  recorder-motor  push  button  and  the 
compute  push  button  are  depressed  simultaneously  until  the  potenti¬ 
ometer  shaft  reaches  the  position  corresponding  to  r  =  0.  The  cam 
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on  this  shaft  will  then  trip  the  microswitch  m  momentarily;  the 
latter  will  deenergize  the  integrator  reset  relays  and  energize  the 
compute  relau  Kc,  thus  placing  the  machine  in  the  compute  condi¬ 
tion.  The  action  of  the  compute  relay  Kc  in  this  circuit  is  essen¬ 
tially  the  same  as  in  the  circuit  of  Fig.  7.9;  the  compute  relay  serves 
to  keep  the  computer  in  the  compute  condition  even  after  the 
recorder-motor  and  compute  push  buttons  have  been  released. 

3.  The  hold  circuits  also  operate  essentially  as  shown  for  the  circuit  of 
Fig.  7.9.  In  addition  to  energizing  the  hold  relays,  the  hold  push 
button  serves  also  to  stop  the  time  motor  (but  not  usually  the 
recorder)  in  the  hold  condition.  The  contact  Km  of  the  hold  relay 
will  keep  the  time  motor  stopped  even  after  the  hold  push  button 
has  been  released.  Since  the  heavy  time  motor  armature  has  a 
tendency  to  coast,  it  may  be  fitted  with  a  brake  or  mechanically 
disconnected  by  means  of  a  solenoid  clutch  in  the  hold  condition. 

4.  The  machine  may  be  returned  to  the  compute  condition  from  the 
hold  condition  by  depressing  the  compute  push  button.  Under 
these  circumstances,  however,  the  time  motor  has  to  start  from  rest, 
and  the  computation  will  not  be  so  accurate  as  is  otherwise  possible. 
It  would  be  preferable  to  start  the  computation  from  the  reset  con¬ 
dition  with  new  initial  conditions. 

5.  The  computer  run  is  stopped  either  at  the  end  of  a  preset  time 
interval  by  the  cam-operated  microswitch  p*  or  at  any  earlier  time 
desired  by  pushing  the  reset  or  stop  push  button.  The  computer  is 
thus  returned  to  the  reset  condition. 

Remote  Control.  Many  larger  d-c  analog  computers  require  the  opera¬ 
tor  to  move  along  the  various  computer  racks  in  order  to  make  adjust¬ 
ments.  In  this  connection,  it  is  very  useful  to  provide  the  operator  with 
a  portable  remote-control  station.  This  is  simply  a  small  utility  box  bearing 
duplicate  operating  controls  and  connected  to  the  computer  proper  by  a 
long  cable  (see  Fig.  8.8).  The  operator  can  then  run  the  computer  while 
making  adjustments,  observing  the  recorder,  etc.,  from  any  position  in 
the  computer  room.  As  a  rule,  only  the  operating  controls  will  be 
brought  out  to  the  remote-control  station.  It  is  also  not  necessary  to 
have  duplicate  indicator  lights  and  overload  lights  on  the  remote-control 
station.  Figure  7.11a  shows  how  to  duplicate  switches;  it  is  seen  that  no 
definite  switch  positions  for  on  or  off  are  possible  with  such  arrange¬ 
ments.  Duplicate  push  buttons  as  illustrated  in  Fig.  7.116  are  preferable 
in  remote-control  installations.  Through  intelligent  circuit  design,  only 
as  few  wires  as  possible  will  have  to  be  brought  out  to  the  remote-control 
station  in  each  case. 
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Overload  Indicators.  Every  computer  should  be  designed  so  that  over¬ 
load  voltages  do  not  result  in  any  physical  damage,  but  voltages  exceeding 
the  normal  operating  ranges  of  the  computing  elements  will  still  cause 
serious  errors  in  the  computation. 

In  order  to  warn  the  operator  of  overload  voltages,  the  current  flowing 
in  a  limiter  diode  (Sec.  6.7)  may  be  used  to  trip  a  relay  and  actuate  a 
warning  light  or  buzzer.  For  overload  voltages  in  excess  of  70  volts,  a 
better  method  is  to  connect  a  neon  bulb  across  the  amplifier  or  servo¬ 
mechanism  output  terminals  as  shown  in  the  circuit  of  Fig.  7.12a.  The 


o — - 0 


Fig.  7.11a.  Duplication  of  switches.  Definite  switch  positions  for  on  and  off  are 
lost;  the  circuit  is  closed  if  and  only  if  both  single-pole-double-throw  switches  contact 
the  same  channel. 


NORMALLY  OPEN 

Fig.  7. life.  Duplication  of  push  buttons. 


neon  bull)  will  first  flash  and  then  glow  as  the  output  voltage  reaches  an 
absolute  value  predetermined  by  the  resistors  rx  and  r2. 

The  neon  bulbs  may  also  be  made  to  actuate  a  relay.1  In  the  circuit 
of  Fig.  7.126,  the  neon  bulbs  associated  with  each  computing  element  are 
all  returned  to  a  common  bus.  If  any  of  the  neon  bulbs  should  fire  due 
to  an  overload,  the  voltage  on  the  common  bus  is  changed  and  serves  to 
actuate  a  relay,  usually  through  an  amplifier  circuit.  This  relay  can 
then  energize  a  buzzer  or  return  the  computer  into  the  reset  condition. 
The  computer  run  in  question  must  then  be  repeated  with  a  changed 
setup  or  with  new  scale  factors. 

The  special  error-indicating  circuits  for  operational  amplifiers  employing 
automatic  balancing  circuits  described  in  Sec.  5.6  are  also  a  species  of 

1  Garwin,  Rev.  Sri.  Instruments,  June,  1950. 


304 


ELECTRONIC  ANALOG  COMPUTERS 


overload-indicating  devices.  The  error-indicating  neon  bulbs  may  be 
returned  to  a  common  bus  in  the  manner  described  for  overload  lights.1 

7.3.  Recording  Equipment.  Introduction:  Recorder  Scales.  The  re¬ 
cording  equipment  associated  with  d-c  analog  computers  automatically 
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(  a  ) 


COMPUTING 

ELEMENTS 


plots  graphs  of  one  or  more  voltages  (dependent  machine  variables) 
against  the  time  r  as  the  independent  variable.  Some  types  of  recorders 
also  permit  the  plotting  of  one  voltage  (dependent  variable)  against 
another  voltage  or  dependent  machine  variable. 

All  instruments  used  to  plot  d-c  analog-computer  solutions  are,  essen¬ 
tially,  recording  voltmeters  whose  deflections  are  proportional  to  variations 

1  See  W.  F.  Gunning  and  R.  S.  Mengel,  unpublished  communication,  RAND  Corpo¬ 
ration,  Santa  Monica,  Calif.,  for  a  complete  circuit. 
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of  the  machine  variables.  As  a  rule,  the  records  are  made  on  coordinate 
paper  bearing  scale  divisions  to  indicate  the  values  of  voltage  and  time 
recorded.  In  some  recorders,  the  number  of  scale  divisions  per  machine 
unit  or  recorder  sensitivity  K  is  fixed  for  each  of  several  ranges  selected  by 
means  of  a  range  switch .  Figure  7.13a  shows  how  different  values  of  K 
may  be  obtained  by  means  of  a  simple  attenuator  preceding  the  recording 


x  o- 


DRIVER 

AMPLIFIER 

AND 

RECORDER 

Fig.  7.13.  Two  methods  for  adjusting  recorder  sensitivity 


device.  In  other  types,  the  recorder  scale  factor  A  x  for  a  problem  variable 
x,  or 

.  recorder  scale  divisions  . 

J\z=z  _  \ 

unit  problem  variable  ) 

recorder  scale  divisions  machine  unit  ;■  (7-3) 

machine  unit  unit  problem  variable  ] 

=  Kax  1 

[where  ax  is  the  scale  factor  proper  (see  Sec.  2.2)  relating  the  problem 
variable  x  to  the  corresponding  machine  variable  A],  is  continuously 
adjustable  by  varying  the  recorder  sensitivity  K.  With  the  latter 
arrangement,  it  is  particularly  easy  to  make  the  recorder  scale  divisions 
correspond  to  convenient  values  of  the  problem  variables.  The  records 

will  then  be  more  useful  and  easier  to  read.  Recorders  of  this  type  may 
have  to  be  calibrated  for  each  new  problem,  e.g.,  by  means  of  a  potentiom¬ 
eter  as  shown  in  Fig.  7.136.  This  recorder  sensitivity  control  should  be 
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equipped  with  a  positive  shaft  lock  lest  the  setting  be  disturbed  acci¬ 
dentally  after  calibration. 

The  following  is  a  list  of  properties  desirable  in  recording  devices  used  for 
computing  purposes. 

1.  Accuracy  of  calibration;  frequency  response.  The  recorders  should 
have  an  accuracy  comparable  to  that  of  the  computer  in  question 
(0.1  to  3  per  cent)  and  should  maintain  this  accuracy  under  all 
conditions  of  signal  amplitude  and  frequency  occurring  during 
computation. 

2.  Direct-recording  feature.  The  recorders  should  be  capable  of  pro¬ 
ducing  a  record  immediately  available  without  processing,  since  com¬ 
puter  records  are  frequently  needed  at  once  in  order  to  determine 
the  further  course  of  the  computation. 

3.  Records  should  be  reasonably  permanent  and  capable  of  being  repro¬ 
duced  by  standard  photographic  printing  processes.  Semitrans¬ 
parent  recording  paper  is  useful  in  this  latter  respect. 

4.  Multichannel  operation  makes  it  possible  to  record  several  machine 
variables  on  the  same  time  scale.  Records  of  this  type  are  often  par¬ 
ticularly  convenient  for  purposes  of  interpretation  and  comparison. 

Survey  of  Recording  Devices.  The  choice  of  a  recorder  for  a  given  com¬ 
puter  application  depends  chiefly  on  the  accuracy  required,  on  the  fre¬ 
quency  response  demanded  by  the  problem  conditions,  and  on  the  time 
scale  used.  In  the  following  paragraphs  the  most  frequently  used  types 
of  recording  devices  are  listed  together  with  some  of  their  pertinent 
properties. 

Cathode-ray  Oscillographs.  The  frequency  response  of  the  familiar 
cathode-ray  oscillograph  exceeds  that  of  all  presently  used  computing 
elements. 

The  accuracy  of  cathode-ray  oscillographs  is  low  (5  to  10  per  cent)  if 
external  scales  are  used  for  reading  the  recorded  values.  The  accuracy 
may  be  increased  to  a  remarkable  extent  (about  0.5  per  cent)  by  intro¬ 
ducing  self-calibrating  features,  such  as  maker  pips  and  reference  lines, 
into  the  display. 

Whereas  a  cathode-ray  oscillograph  does  not  permit  direct  recording, 
it  may  be  possible  to  watch  the  display  before  or  even  while  it  is  being 
photographed.  Cameras  with  self-contained  rapid  film-processing  devices 
(Polaroid  Land  camera)  make  it  possible  to  obtain  the  finished  oscillo¬ 
graph  record  within  2  min  after  photographing  the  oscillograph  screen. 

Other  Electromechanical  Oscillographs.  A  number  of  devices  permit 
photographic  recording  by  means  of  a  light  beam  deflected  by  a  mirror 
positioned  through  some  current-  or  voltage-sensitive  device  (moving 
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coil,  string,  crystal,  etc.,  types  of  galvanometer).  Such  recorders  are 
widely  used  for  various  commercial  purposes.  Some  of  these  devices  are 
accurate  to  better  than  2  per  cent  and  may  have  a  frequency  response 
flat  up  to  15,000  cps  because  of  the  low 
inertia  of  their  moving  parts.  The  incon¬ 
venience  of  photographic  recording,  how¬ 
ever,  constitutes  a  serious  obstacle  to  the 
use  of  such  recorders  in  many  computer 
applications. 

Direct-writing  M  agnetic  Oscillographs. 

Most  of  the  computer  records  shown  in 
this  book  were  obtained  on  direct-writing 
magnetic  recorders  of  the  general  type 
shown  in  Fig.  7.14.  Such  devices  consist 
of  a  paper  feed  mechanism  and  as  many  pen 
motors  as  there  are  recording  channels. 

Each  pen  motor  is  essentially  a  d’Arsonval 
meter  movement  with  a  pointer  bearing  a 
lightweight  writing  device  at  its  end.  In 
the  six-channel  direct-inking  recorder  shown 
in  Fig.  7.14,  the  meter  pointers  are  hollow 
and  feed  ink  onto  the  recording  paper  at 
the  point  of  contact.  In  the  perhaps  more 
desirable  arrangement  shown  in  Fig.  7.15^ 
the  direct-inking  pens  are  replaced  by  tint™ 
heated  wires  which  produce  black  traces  on 
special  heat-sensitive  paper.  Direct-inking 
magnetic  oscillographs  are  capable  of  fair 
accuracy  (2  to  5  per  cent).  The  frequency 
response  of  some  types  may  be  made  flat 
up  to  100  cps  through  partial  electrical 
compensation  of  the  pen  inertia.  These 
devices  may  be  made  sufficiently  small  for  convenient  multichannel 
operation. 

Recorder  Driver  Amplifiers.  Magnetic  oscillographs  require  currents 
of  the  order  of  25  ma  for  full-scale  deflection.  Since  such  currents  cannot 
be  supplied  from  most  computer  amplifiers,  current  amplifiers  (low- 
impedance  drivers)  are  needed  to  drive  the  pen  motors.  Such  driver 
amplifiers  complete  with  power  supplies  may  be  purchased  together  with 
the  recorders,  but  the  prices  of  many  commercial  models  are  so  very  high 
that  it  may  well  pay  to  construct  a  set  of  amplifiers  in  the  laboratory  and 
to  operate  them  from  the  main  computer  power  supplies. 


Fig.  7.14.  Six-channel,  direct- 
inking  magnetic  oscillograph 
(Brush)  with  Goodyear  driver- 
amplifier  assembly. 
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The  principles  of  d-c  amplifier  design  given  in  Chap.  5  apply  to  the 
design  of  recorder  drivers,  so  that  it  will  suffice  here  to  present  a  number 
of  typical  circuits. 


Fig.  7.15.  Four-channel  magnetic  oscillograph  for  direct  recording  on  heat-sensitive 
paper  (Sanborn),  used  with  the  REAC  computer  of  the  Reeves  Instrument  Cor¬ 
poration,  New  York. 

The  differential  cathode-follower  circuit  shown  in  Fig.  7.16  has  better 
linearity  than  a  simple  cathode  follower;  besides,  the  bridge-balanced 
arrangement  minimizes  the  unbalancing  effects  of  all  supply  voltage 
variations.  The  current  gain  of  the  circuit  is 


Load  current 
Input  voltage 


(7.4) 


where  gm  and  rp  refer  to  one  of  the  two  identical  tubes.  The  operating 
point  must  be  determined  from  the  tube  characteristics  (see  Sec.  5.2). 
The  linearity  of  the  circuit  may  be  improved  at  the  expense  of  the  current 
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gain  by  introducing  a  resistance  in  series  with  the  load.  Typical  circuit 
values  are  shown  in  Fig.  7.16. 

Figure  7.17  shows  a  differential  amplifier  with  preamplification.  Fur¬ 
ther  refinements  may  include  the  use  of  limiters  (Sec.  6.7)  to  prevent  over- 


Fig.  7.16.  Differential  cathode  follower.  The  current  output  may  be  increased  if 
larger  tubes  and  lower  values  of  Rk  are  used.  If  several  tubes  are  used  in  parallel, 
1, 000-ohm  resistors  should  be  inserted  in  series  with  each  grid  to  prevent  parasitic 
oscillations. 

Typical  Design  Values 

Two  6AS7G  (two  sections  each  side),  Rk  =  1,000  ohms,  50  watts 
Four  6SX7  (four  sections  each  side),  Rk  =  6,000-10,000  ohms,  20  watts 


+  250  v 


Fig.  7.17.  Differential  cathode  follower  with  preamplification  (G.  E.  Valley  and 
H.  Wallman,  Vacuum  Tube  Amplifiers ,  M.  I.  T.  Radiation  Laboratory  Series,  Vol.  18, 
McGraw-Hill,  New  York,  1948). 

loading  the  pen  motor;  the  latter  is  endangered  particularly  if  one  of  the 
differential  cathode-follower  tubes  shovdd  burn  out. 

Figure  7.18  shows  a  more  sophisticated  low-impedance  driver  possessing 
high  linearity  and  constant  gain.  This  is  essentially  a  high-gain  d-c 
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amplifier  with  cathode-follower  output  and  current  feedback;  the  output 
tube  itself  limits  the  output  current  in  both  directions  through  cutoff  and 
grid  current,  respectively. 


+  250  v 


Fig.  7.18.  A  high-quality  recorder  driver  amplifier  (G.  E.  Valley  and  H.  Wallman, 
op.  cit.). 


Figure  7.19  shows  a  simple  equalizing  network  which  may  be  inserted 
ahead  of  a  driver  amplifier  to  compensate  in  part  for  the  poor  high-fre¬ 
quency  response  of  recorder  pens.  By  means 
of  such  networks  or  equivalent  feedback  ar¬ 
rangements,1  it  is  possible  to  keep  the  accuracy 
of  certain  magnetic  recorders  within  3  per  cent 
at  frequencies  up  to  100  cps. 

Servo  Tables.  Voltage-actuated  servomecha¬ 
nisms  similar  to  the  ones  used  to  position  com¬ 
puting  potentiometers  (see  Sec.  6.4)  may  be 
used  as  reliable  and  accurate  means  for  position¬ 
ing  recorder  pens.  Accuracies  of  0.1  per  cent 
of  full-scale  deflection  are  possible.  The  paper 
feed  may  be  accomplished  by  a  clock  motor  or 
by  a  second  servomechanism;  the  latter  ar¬ 
rangement  makes  it  possible  to  plot  one  voltage 
with  respect  to  another  voltage.  The  cost  of  servo  recorders  need  not 
be  excessively  high.  The  most  serious  limitation  of  servo  recording 

1  Christian,  D.  R.,  AIEE  Paper  47-226,  presented  at  the  AIEE  meeting  in  Dayton, 
Ohio,  Sept.  23-25,  1947.  See  also  K.  B.  Shaper,  Electrodynamic  Direct-Inking  Pen, 
Electronics,  March,  1946. 


C 


Fig.  7.19.  Simple  equal¬ 
izing  network  inserted 
ahead  of  driver  amplifier 
to  improve  the  high-fre¬ 
quency  response  of  a  mag¬ 
netic  recorder. 
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devices  is  their  poor  high-frequency  response;  few  if  any  are  useful  at 
signal  frequencies  above  5  cps. 

Figure  7.20  shows  a  servo  recorder  developed  by  the  Reeves  Instrument 
Corporation.  One  servomechanism  positions  the  pen  parallel  to  the  axis 
of  a  cylindrical  drum  carrying  the  paper.  The  paper  feed  is  accomplished 
by  rotating  the  drum  through  a  second  servomechanism.  This  device 
permits  a  recording  accuracy  of  about  0.2  per  cent  at  signal  frequencies 
below  2  cps.  This  particular  recorder  is  arranged  so  that  it  may  also 
be  used  as  a  curve  follower  (see  Sec.  6.5). 


Fig.  7.20.  Servo  recorder  developed  by  the  Reeves  Instrument  Corporation,  New 
York.  This  servo-driven  drum  also  serves  as  a  manually-driven  input  table  and  as  a 
universal  function  generating  potentiometer  of  the  type  shown  schematically  in  Fig. 
6.30  (see  Sec.  6.5). 

Figure  7.21  shows  a  larger  servo  plotting  board  or  servo  table.  The 
pen  carriage  is  positioned  in  two  mutually  perpendicular  directions  by 
two  servomechanisms,  so  that  no  paper  feed  is  necessary.  It  is  also 
possible  to  construct  servo  tables  which  make  plots  in  polar  coordinates 
instead  of  rectangular  Cartesian  coordinates.  Another  interesting 
recording  device  is  the  so-called  “crab”  consisting  of  a  recording  pen 
traveling  over  the  recording  paper  on  a  three-wheeled  carriage.  The 
crab  is  positioned  by  two  servomechanisms.  One  of  the  latter  deter¬ 
mines  the  course  angle  by  “steering”  the  carriage  wheels,  while  the  other 
one  determines  the  distance  traveled.  Crabs  are  particularly  useful  for 
trajectory  plotting.  They  are  also  convenient  to  use,  since  they  will 
“walk”  on  any  level  plotting  table  and  no  special  provisions  for  pen 
mounting  or  paper  feed  are  required. 
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Other  Types  of  Recorders.  Facsimile-type  or  sweep-balance  recorders1 
may  permit  direct  recording  on  various  types  of  paper  at  frequencies  up 
to  20  cps.  To  the  authors’  knowledge,  such  recorders  have  not  been  used 
in  computer  applications,  and  space  does  not  permit  a  discussion  of  them. 
It  does  not  appear  impossible  to  improve  the  high-frequency  response  of 
these  devices  sufficiently  to  make  them  suitable  for  computer  applica¬ 
tions,  and  this  possibility  might  deserve  future  attention. 


Fig.  7.21.  Large  servo  plotting  board  developed  by  the  Reeves  Instrument  Cor¬ 
poration,  New  York. 

Dependence  of  Recorder  Time  Scales  on  Paper  Speed.  Since  synchro¬ 
nous  motors  are  used  to  drive  the  paper  of  most  recording  oscillographs, 
the  paper  speed  will  depend  on  the  supply  frequency.  While  the  average 
frequency  of  a-c  power  lines  is  held  constant  within  very  small  limits, 
instantaneous  frequency  deviations  as  large  as  0.7  per  cent  are  possible. 
Accordingly,  one  cannot  rely  on  the  power-line  frequency  for  the  recorder 
time  scales  in  high-accuracy  computers.  This  difficulty  may  be  overcome 
in  the  following  ways: 

1.  A  record  of  the  power-line  frequency  may  be  maintained  and  used 
to  correct  the  recorder  time  scales. 

2.  A  stable  audio-frequency  oscillator  (tuning  fork  oscillator)  may  be 
used  to  generate  timing  marks  on  the  recording  paper. 


1  See,  for  instance,  Keinath,  Instruments,  17 :  200,  1946. 
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3.  The  output  of  a  tuning-fork  oscillator  may  be  amplified  and  fed  to 
the  synchronous  motors  used  to  drive  function  generators  in  the 
computer  (see  Sec.  6.5)  as  well  as  to  the  paper  feed  motor. 

7.4.  Computer  Power  Supplies.  Introduction.  Every  electronic  ana¬ 
log  computer  requires  power  supplies  to  supply  the  voltages  needed  for 
the  operation  of  the  computing  elements  and  associated  components. 
The  power  supplies  necessary  for  the  operation  of  a  typical  d-c  analog 
computer  are  listed  below: 

1.  Filament  power  supplies  (1  to  24  volts  alternating  or  direct  current). 

a.  Unregulated  alternating  current  is  suitable  for  filament  operation 
in  power  output  tubes  and  in  the  high-level  stages  of  voltage 
amplifiers. 

b.  Regulated  alternating  current  or  preferably  regulated  direct  cur¬ 
rent  should  be  used  to  supply  the  filaments  of  amplifier  input 
tubes  in  order  to  minimize  the  drift  due  to  cathode  emission 
changes  (see  Sec.  5.1). 

2.  Regulated  high-voltage  power  supplies. 

a.  Positive  plate  supplies. 

b.  Negative  bias  supplies. 

c.  Positive  and  negative  supplies  for  computing  voltages. 

3.  Power  supplies  for  servomechanisms  are  usually  self-contained  in  each 
servo  amplifier  (see  Sec.  6.4). 

4.  Low-voltage  d-c  power  supplies  for  various  control  relays,  solenoids, 
clutches,  motors,  and  other  associated  equipment. 

The  designer  must  specify  the  currents  and  voltages  required  from  each 
cf  these  power  supplies  as  well  as  the  accuracy  with  which  the  voltage 
must  be  regulated. 

Primary  Power  Sources.  The  operating  voltages  for  most  d-c  analog 
computers  are  derived  from  the  110-volt,  60-cycle  a-c  line  by  means  of 
transformers  and/or  rectifiers.  In  very  large  installations  as  well  as  in 
certain  mobile  applications,  motor -generator  sets  are  used  to  supply  high- 
voltage  direct  current.  Especially  in  smaller  installations,  storage  and 
dry  batteries  should  not  be  disregarded  as  sources  of  computer  operating- 
power;  the  use  of  batteries  frequently  makes  electronic  regulation 
unnecessary. 

Filament  Power  Supplies.  Unregulated  alternating  current  (6.3  volts) 
is  generally  used  to  supply  the  filaments  of  high-level  stages  in  the  equip¬ 
ment,  and  this  type  of  filament  operation  is  well  known.  In  order  to 
avoid  hum  resulting  from  filament  emission,  it  is  advisable  to  return  the 
center  tap  of  the  filament  transformers  to  a  point  which  is  positive  with 
respect  to  the  cathodes  in  question. 
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The  filaments  of  low-level  stages  of  <l-c  amplifiers  are  frequently  sup¬ 
plied  with  regulated  alternating  or  direct  current;  the  latter  is  somewhat 
preferable  because  the  use  of  direct  current  helps  to  minimize  hum  pickup. 
The  regulators  used  with  either  a-c  or  d-c  filament  supplies  usually 
employ  saturable  reactors  which  tend  to  change  their  impedance  as  the 
result  of  current  changes.  Such  regulators  are  generally  available  in  the 
form  of  complete  commercial  units  and  are,  thus,  not  usually  built  in  the 
laboratory. 

High-voltage  Power  Supplies.  High-voltage  supplies  include  positive 
plate  voltage  supplies,  negative  bias  voltage  supplies,  and  positive  and 
negative  supplies  for  computing  voltages.  Practically  identical  circuits 
are  suitable  for  all  these  supplies;  the  output  voltage  will  be  positive  or 


Fig.  7.22.  Typical  transformer-rectifier  unit  for  a  high-voltage  power  supply.  The 
use  of  a  capacitor  input  filter  (dash  lines)  permits  a  higher  output  voltage  and  better 
filtering  but  increases  the  internal  impedance  of  the  unit.  Generally  speaking, 
vacuum-type  rectifier  tubes  will  give  less  trouble  than  gas-tvpe  rectifiers. 

negative  with  respect  to  ground  depending  on  which  one  of  the  output 
terminals  is  grounded. 

Each  high-voltage  power  supply  will,  in  general,  consist  of  a  trans¬ 
former-rectifier  unit  and  a  regulator  unit.  A  typical  transformer-rectifier 
unit  is  shown  in  Fig.  7.22.  The  design  of  such  units  for  given  output 
voltages  and  currents  is  adequately  covered  in  many  textbooks  and 
handbooks  on  electronics.1 

The  purpose  of  the  regulator  unit  associated  with  practically  every  com¬ 
puter  high-voltage  supply  is  twofold.  Specifically, 

1.  The  regulator  unit  must  keep  the  supply  voltage  in  question  con¬ 
stant  within  specified  limits  in  order  to  minimize  d-c  amplifier  drift  due  to 
supply  voltage  changes. 

2.  The  regulator  unit  must  keep  the  power-supply  output  incremental 
impedance  (see  Sec.  5.3)  below  a  specified  minimum  value,  not  only 

1  Reich,  H.  J.,  Principles  of  Electron  Tubes,  Chap.  11,  McGraw-Hill,  New  York. 
1941;  Terman,  F.  E.,  Radio  Engineers’  Handbook,  McGraw-Hill,  New  York,  1943. 
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throughout  the  range  of  expected  computer  signal  frequencies,  but  also 
throughout  a  range  of  higher  frequencies.  This  is  necessary  in  order  to 
avoid  undesirable  coupling  between  different  amplifier  stages  and  com¬ 
puting  elements  in  the  machine.  Feedback  effects  due  to  such  coupling 


SERIES  REGULATOR  TUBE 


SOURCE  REGULATOR  LOAD 


(b) 

Fig.  7.23.  Block  diagram  and  linear  equivalent  circuit  of  a  degenerative  electronic 

A 

regulator  unit.  The  grid  voltage  of  the  regulator  tube  is  -j-  (V „  —  kVTe f)  if  no  com- 

A 

pensation  is  used.  With  compensation  (dash  lines)  the  grid  voltage  is  (T  o  —  kVTCi) 
+  a(Vi  -  Via). 

might  otherwise  lead  to  errors  in  the  computation  and  even  to  uncon¬ 
trolled  oscillations. 

The  second  f  unction  of  the  regulator  unit  is  at  least  as  important  as  the  first 
one  and  is  the  principal  reason  for  the  almost  exclusive  use  of  degenerative 
electronic  regulators  in  d-c  analog  computers.  The  solid  lines  in  Fig.  7 .23a 
show  the  block  diagram  of  a  degenerative  electronic  regulator.  Such  a 
unit  is  essentially  a  d-c  power  amplifier  whose  output  plate  current  is 
taken  as  the  supply  current.  Voltage  feedback,  through  the  resistors  R i 
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and  IU,  tends  to  keep  the  power-supply  output  voltage  VQ  equal  to  a 
constant  multiple  kVt of  of  the  voltage  Fref  where 


1  R  2 


k  R\  -j-  R<i 


The  voltage  V0/k  is  continuously  compared  with  the  reference  voltage 
FrCf.  The  regulator  amplifier  tends  to  minimize  the  absolute  value  of  the 
difference  ( Vu/k )  —  Fref  by  changing  the  effective  resistance  of  the  regu¬ 
lator  tube,  which  is  in  series  with  the  voltage  source.  The  voltage  feed¬ 
back,  will,  moreover,  tend  to  reduce  the  power-supply  output  incremental 
impedance. 

Analysis  of  a  Degenerative  Regulator.  The  performance  of  a  degenera¬ 
tive  regulator  with  respect  to  voltage  changes  in  the  voltage  source  and 
current  changes  in  the  load  can  be  analyzed  conveniently  by  means  of  a 
linear  equivalent  circuit  of  the  type  discussed  in  Sec.  5.2.  The  solid  lines 
in  Fig.  7.23 b  show  such  a  linear  equivalent  circuit  for  d-c  conditions.  The 
unregulated  d-c  source  is  indicated  at  the  left;  it  has  a  resistive  source 
impedance  Rs.  The  source  voltage  V,  is  capable  of  undesirable  voltage 
changes  (Fs  —  Fso)  with  respect  to  its  reference  level  Fs0.  As  demon¬ 
strated  in  Sec.  5.2,  the  regulator  tube  may  be  considered  to  act  like  a  volt¬ 
age  source  with  the  voltage  (  —  u  times  the  grid  voltage  applied  to  the 
vacuum  tube)  and  the  internal  impedance  rp,  where  u  and  rp  are  the 
amplification  factor  and  the  plate  resistance  of  the  regulator  tube,  respec¬ 
tively.  The  grid  voltage  of  the  regulator  tube  is  (. A/k)(V0  —  kVTe[)  as 
indicated  in  the  block  diagram  of  Fig.  7.23 a;  here  A  <  0  is  the  voltage 
gain  of.  the  d-c  amplifier  preceding  the  regulator  tube  proper.  The  load 
is  characterized  b}r  its  resistance  RL,  which  will  be  taken  to  include  the 
effect  of  the  resistors  Ri  and  i?2.  The  effects  of  current  changes  in  the 
load,  are  conveniently  described  by  including  in  the  equivalent  circuit  for 
the  load  a  voltage  source  of  voltage  A EL. 

From  the  nodal  equations  of  the  equivalent  circuit  shown  in  Fig.  7.23 b 
one  finds,  for  d-c  conditions, 


y  —  kv  —  Vso)Rl  -j-  A EjfR^  T  rp) 


The  internal  impedance  Z0  of  the  regulated  power  supply,  with  respect  to 
voltage  changes  A EL  in  the  load,  is,  also  for  d-c  conditions, 


dAEL  _  _  Rs  T-  rp 


d(i  -  to)  "  l_Ay 


Zt 


(7.6) 
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where  (i  —  if)  is  the  deviation  of  the  load  current  from  its  reference  value 
fo.  Equations  (7.5)  and  (7.0)  show  that  the  greater  the  value  of  \nA/k\  the 
more  the  regulator  will  reduce  the  effects  of  source  voltage  changes  as  well  as 
the  internal  impedance  of  the  power  supply. 

Compensation.  The  performance  especially  of  low-gain  regulators  may 
he  improved  by  adding  a  voltage  proportional  to  the  unregulated  regu¬ 
lator  input  voltage  V,  (see  Fig.  7.23)  to  the  regulator  amplifier  signal. 
Such  a  voltage  is  best  introduced  in  the  output  stage  of  the  regulator 
amplifier,  as  indicated  by  the  dotted  lines  in  Fig.  7.23a.  The  effective 
grid  voltage  change  of  the  regulator  tube  is  now 

j  (V0  -  kVre{)  +  a(Vl  -  V if) 


where  F,o  is  the  reference  level  of  the  regulator  input  voltage  Vi.  The 
quantity  a  <  0  is  the  voltage  gain  or  transfer  function  of  the  compensa¬ 
tion  circuit  from  the  regulator  input  terminals  to  the  grid  of  the  regulator 
tube. 

Through  the  use  of  the  linear  equivalent  circuit,  it  is  possible  to 
derive  expressions  for  the  power-supply  output  voltage  changes  for  d-c 
conditions 

T/  7  T/  _  (Fs  —  Fso)(Mfl  +  1  )Rl  +  XEL[(fxa  +  1  )RS  +  rp]  tn 

V  o  K  V  ref  —  - - pr -  {  I  •  I  ) 

(/xa  +  1  )RS  +  rp  +  ^1  — ■  R L 

and  for  the  power-supply  output  impedance  (at  direct  current) 


Z0 


d-AFT  _  d  _  RffjM  -j-  1)  T  ~>'p 

d(i  —  io)  L  .  _  ijlA 

k 


(7.8) 


for  a  regulator  with  compensation.  It  is  seen  that  considerable  improve¬ 
ments  in  regulator  performance  may  be  obtained  by  choosing  values  of 
the  compensation  gain  a  such  that,  approximately, 


a  = 


(7.9) 


The  compensation  gain  a  can  be  adjusted  experimentally  by  observing 
the  residual  ripple  on  an  oscilloscope  connected  to  the  regulator  output 
terminals;  the  value  of  a  is  adjusted  so  as  to  minimize  the  ripple  voltage. 
All  regulators  should  be  adjusted  with  the  average  rated  load  current 
flowing,  so  that  all  the  tubes  will  have  the  correct  operating  voltages. 
The  adjustment  will  have  to  be  repeated  whenever  a  tube  in  the  regulator 
is  replaced. 
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Practical  Regulator  Design.  The  application  of  these  principles  to 
practical  circuits  will  be  shown  further  below.  Much  of  the  information 
given  in  Chap.  5  on  the  design,  construction,  and  operation  of  computer  d-c 
amplifiers  will  apply  to  the  design,  construction,  and  operation  of  the  d-c 
amplifiers  used  in  electronic  regulators.  The  input  stages  of  high-quality 
regulator  amplifiers  should  obtain  their  filament  current  from  a  regulated 
supply.  The  entire  regulator  constitutes  a  degenerative  feedback  loop, 
and  its  stability  must  be  ensured  by  a  judicious  application  of  the  prin¬ 
ciples  presented  in  Sec.  5.4.  Frequently,  the  gain  of  a  regulator  amplifier 
may  be  increased  through  the  application  of  regenerative  feedback  in  the 
manner  discussed  in  Sec.  4.7.  In  applications  where  reduction  of  the 
long-time  drift  of  the  power-supply  output  voltage  is  of  paramount 
importance,  the  use  of  self-balancing  d-c  amplifiers  (see  Sec.  5.6)  will 
permit  outstanding  regulator  performance.  If  all  computer  amplifiers 
are  balanced  frequently,  however,  or  if  self-balancing  d-c  amplifiers  are 
used  as  computer  amplifiers,  long-time  stability  is  not  so  important  in  a 
computer  power  supply  as  low  output  impedance  and  freedom  from  drift 
during  the  relatively  short  time  of  each  computer  run. 

Reference  Elements  and  Comparison  Circuits.  Gas  discharge  tubes  such 
as  neon  bulbs  and  voltage  regulator  tubes  are  frequently  used  as  reference 
elements,  since  they  tend  to  maintain  a  fairly  constant  voltage  across 
their  terminals.  This  voltage  does,  however,  tend  to  vary  slowly  as  the 
tube  ages  and  is  also  somewhat  dependent  on  the  ambient  temperature 
and  on  the  current  through  the  tube.  The  effects  of  temperature  changes 
can  be  minimized  by  operating  each  voltage  regulator  tube  at  a  preferred 
current  (about  12  milliamperes  for  a  VR1051)- 

Batteries  operated  under  conditions  of  low  current  drain  are  preferable 
to  gas  discharge  tubes  as  accurate  reference  elements.  It  is  not  neces- 
sary  or  desirable  to  use  standard  cells  as  reference  elements  for  computer 
power  supplies;  small  batteries  of  the  type  used  as  B  batteries  in  portable 
radios  are  capable  of  giving  a  voltage  reference  accurate  to  0.05  per  cent 
for  a  period  of  several  months  if  the  current  drain  is  low  (the  grid  of  a 
vacuum  tube  is  usually  the  only  load)  and  the  ambient  temperature  is 
kept  reasonably  constant. 

Figure  7.24  shows  two  comparison  circuits  used  in  voltage  regulators  to 
obtain  an  amplified  output  voltage  proportional  to  the  difference  between 
a  fraction  V0/k  of  the  regulator  output  voltage  V0  and  a  given  reference 
voltage.  In  the  circuit  of  Fig.  7.24a,  the  reference  voltage  is  applied  to 
the  cathode  of  a  vacuum  tube  whereas  the  feedback  voltage  V0/k  is 
applied  to  the  control  grid.  The  differential  amplifier  circuit  shown  in 

1  Greenwood,  I.  A.,  J.  V.  Holdam,  and  D.  MacRae,  Electronic  Instruments,  MIT 
Radiation  Laboratory  Series,  Vol.  21,  McGraw-Hill,  New  York,  1948. 
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Fig.  7.246  is  preferable  to  the  circuit  of  Fig.  7.24a  because  of  its  inherent 
compensation  for  the  effects  of  variations  in  cathode  emission  and  because 
the  vacuum-tube  plate  current  does  not  flow  through  the  reference 
element. 

Examples  of  Regulator  Design  for  Computer  Applications.  Figure  7.25 
shows  a  simple  degenerative  regulator  suitable  for  use  in  both  the  positive 
and  negative  power  supplies  of  a  low-cost  d-c  analog  computer.  This 
regulator  was  widely  used  at  the  MIT  Radiation  Laboratory1  and  employs 
compensation  to  obtain  an  output  impedance  below  30  ohms  at  all  fre¬ 
quencies  from  0  to  100,000  cps.  The  output  impedance  for  direct  current 


+ REGULATED  HV 


+ REGULATED  HV 


(a)  (b) 

Fig.  7.24.  Comparison  circuits. 

is  about  20  ohms  with  all  reasonable  transformer-rectifier  units,  and  the 
regulation  corresponds  to  a  change  in  output  voltage  of  less  than  0.5  per 
cent  for  a  10  per  cent  change  in  line  voltage. 

Figure  7.26  shows  a  high-quality  regulator  designed  by  Miller.1 2  The 
difference  between  a  fraction  (1  /k)V0  of  the  output  voltage  V0  and  the 
reference  voltage  obtained  from  a  voltage  regulator  tube  is  amplified  by 
two  differential  amplifier  stages;  the  voltage  regulator  tube  circuit  may 
be  replaced  by  a  dry  battery  if  desired.  Compensation  is  introduced  at 
one  of  the  grids  of  the  second  stage.  For  best  results,  regulated  direct 
current  should  be  used  to  operate  the  filaments  of  the  differential  ampli¬ 
fier  tubes.  The  output  voltage  of  this  regulator  will,  then,  stay  within 
0.0002  per  cent  of  the  desired  output  voltage  for  line  voltage  changes  of  12 
per  cent.2  The  d-c  output  impedance  will  be  less  than  1  ohm  at  direct 


1  Ibid. 

2  Miller,  S.  E.,  Sensitive  D-c  Amplifier  with  A-c  Operation,  Electronics,  November, 
1941. 
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Fig.  7.25.  Simple  degenerative  electronic  regulator  with  compensation  (I.  A.  Green¬ 
wood,  J.  V.  Holdam,  and  D.  MacRae,  Electronic  Instruments ,  MIT  Radiation  Labora¬ 
tory  Series,  Vol.  21,  McGraw-Hill,  New  York,  1948). 


3X2A3  IN  PARALLEL 


Fig.  7.26.  Degenerative  electronic  regulator  (S.  E.  Miller,  Electronics ,  November, 
1941).  Regulated  direct  current  should  be  used  to  operate  the  12SC7  filaments. 
The  2A3  regulator  tubes  can  be  replaced  by  the  more  modern  type  6AS7  if  the  correct 
bias  level  is  arranged. 
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« 

current  with  practical  transformer-rectifier  units.  In  order  to  keep  the 
output  impedance  of  such  high-quality  regulators  low  even  at  frequencies 
at  which  the  regulator  loop  gain  becomes  low,  some  workers  connect  a 
capacitor  of  4  to  20  ^f  across  the  regulator  output  terminals. 

Computer  Supplies  with  Common  Reference  Voltage.  In  d-c  analog  com¬ 
puters  using  several  (positive  and  negative)  high-voltage  power  supplies, 


+ 


(REGULATED 

OUTPUT) 


+ 


v02 


(REGULATED 

OUTPUT) 


Fig.  7.27.  Positive  and  negative  computer  power  supplies  regulated  by  reference  to  a 
single  reference  element. 


it  is  advantageous  to  use  a  common  reference  element  for  all  power  sup¬ 
plies.  The  effects  of  changes  in  the  reference  voltage  will  then  be  at  least 
partially  canceled  by  the  corresponding  mutually  opposing  changes  in 
the  positive  and  negative  supply  voltages.  Figure  7.27  illustrates  a  pos¬ 
sible  circuit  for  the  use  of  a  common  reference  element  for  a  positive  and 
a  negative  regulated  power  supply. 

The  Construction  of  Electronic  Regulators.  As  mentioned  above,  degen¬ 
erative  electronic  regulators  are  essentially  d-c  amplifiers,  and  all  the 
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information  given  in  Sec.  5.5  regarding  the  physical  construction  of  such 
units  and  the  choice  of  components  will  therefore  apply  here.  Since 
regulator  amplifiers  may  have  high  gains,  care  should  be  taken  to  avoid 
microphonics  by  shock-mounting  at  least  the  input  tubes.  If  at  all 
possible,  the  regulators  should  be  mounted  on  a  chassis  separate  from  the 
transformer-rectifier  units  in  order  to  minimize  the  danger  of  introducing 
GO-cycle  hum  into  the  regulators.  Again,  hum  pickup  as  well  as  spurious 
feedback  will  be  minimized  by  shielding  the  grid  leads  in  the  regulator 
input  stages. 

Positive  and  Negative  Power  Supplies  for  Computing  Voltages.  Every 
d-c  analog  computer  must  have  provisions  for  supplying  the  original 
input  voltages  used  in  each  computer  setup.  These  voltages  include  the 
input  voltages  for  function  generators  (some  of  these  functions  may  be 
simply  constant  terms)  and  the  initial-condition  voltages  applied  to  each 
integrator.  It  is  customary  to  provide  each  d-c  analog  computer  with 
terminals  carrying  voltages  of  plus  and  minus  1  machine  unit  (plus  and 
minus  40  to  100  volts,  as  the  case  may  be)  for  this  purpose.  These  volt¬ 
ages  may  be  obtained  from  other  positive  and  negative  high-voltage  sup¬ 
plies  having  a  common  reference  element  only  if  the  correct  regulated 
voltages  are  available,  since  no  voltage  dividers  may  be  used  in  this  con¬ 
nection.  For  this  reason,  most  multipurpose  computers  have  special 
regulated  power  supplies  or  even  battery  sources  for  supplying  these  com¬ 
puting  voltages.  The  power  supplies  in  question  may  comprise  regulator 
circuits  essentially  identical  with  those  used  in  other  high-voltage  power 
supplies  and  designed  with  emphasis  on  good  regulation  and  low  output 
impedance;  the  load  on  each  such  power  supply  will  be  different  for  each 
computer  setup. 

The  output  voltage  of  one  such  power  supply  will  serve  as  a  reference 
voltage  for  the  computer.  The  value  of  every  variable  voltage  in  the 
entire  computer  will  depend  on  the  reference  voltage;  but  the  exact  value 
of  the  reference  voltage  will,  in  general,  not  be  too  important f  since  the  values 
of  all  machine  variables  can  be  measured  in  terms  of  the  value  of  the  reference 
voltage.  All  calibrations  of  recorder  and  meter  scales  as  well  as  limiters 
and  other  function  generators  will,  therefore,  always  be  done  in  terms  of 
fractions  of  the  reference  voltage. 

Power  Supplies  for  Operating  Control  Relays.  Control  relays  (see  Sec. 
7.1),  as  well  as  solenoids  used  to  brake  motors  or  to  operate  clutches,  are 
often  operated  on  24  to  28  volts  direct  current.  Figure  7.28  shows  two 
simple  power  supplies  suitable  for  supplying  direct  current  for  control 
relays.  Figure  7.286  shows  a  transformer  power  supply  with  bridge- 

1  This  is  especially  true  in  machines  used  only  for  the  solution  of  sets  of  differential 
equations  with  constant  coefficients. 
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connected  selenium  rectifiers  and  a  ripple  filter.  Figure  7.28a  shows  a 
method  of  obtaining  direct  current  directly  from  the  110-volt,  60-cycle 
a-c  line  by  means  of  a  high-voltage  selenium  rectifier;  such  rectifiers  are 
now  generally  available  commercially. 
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Power  supplies  for  d-c  control  relays. 


If  particularly  fast  relay  operation  is  desirable,  a  relay  may  be  fed  an 
initial  voltage  surge  of  three  to  ten  times  the  rated  voltage  by  means  of 
the  resistor-capacitor  circuit  shown  in  Fig.  7.29. 

7.5.  Summary  of  D-c  Analog-computer  Operating  Procedure.  Intro¬ 
duction.  The  operating  procedure  for  different  d-c  analog  computers  will 


Fig.  7.29.  Circuit  for  fast  relay  operation. 


tend  to  vary  depending  on  the  design  and  function  of  the  machine  and 
especially  on  the  design  of  the  control  circuits.  Thus,  in  modern  high- 
quality  computers,  many  necessary  control  functions  may  be  performed 
automatically  and  may  not  require  the  operator’s  attention  at  all  (see 
Sec.  7.2). 

In  this  section,  a  number  of  essential  points  common  to  the  operating 
procedure  of  many  d-c  analog  computers  are  summarized.  This  material 
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refers  mainly  to  flexible,  multipurpose  differential  equation  solvers  of  the 
“slow”  d-c  analog-computer  type. 

Placing  a  Computer  in  Operation.  Before  attempting  to  connect  the 
computer  to  the  power  line  by  throwing  the  main  power  switch,  com¬ 
puters  employing  simple  switch-type  control  systems  (see  Sec.  7.2)  require 
a  check  of  the  switch  positions  in  both  the  power-supply  and  operating 
control  systems.  The  operating  manual  should  contain  a  check  list, 
such  as 

“Before  placing  the  computer  in  operation  .  .  .  check  the  following 
switch  positions:  Filament  Switch  off;  High  Voltage  Switch  off;  Keset- 
Compute-Hold  Switch  on  reset;  Recorder  Switch  off  .  .  .  .” 

In  the  case  of  intelligently  designed  push-button  control  systems,  no  such 
check  will,  in  general,  be  necessary. 

The  computer  is  connected  to  the  power  line  by  throwing  the  main 
power  switch  (usually  a  wall  switch)  to  the  on  position.  The  filament 
voltage  is  then  applied  directly  or  by  subsequently  throwing  an  additional 
filament  switch.  After  a  proper  time  delay  (which  may  or  may  not  be 
enforced  by  a  time-delay  relay),  plate  voltage  may  be  applied  to  the 
computer. 

Permit  the  computer  to  warm  up  for  at  least  30  min  with  filament  and  plate 
voltage  on  before  beginning  computation.  This  time  may  be  used  to  set  the 
computer  up  for  new  problems,  if  desired.  In  the  following,  it  will  be 
assumed  that  all  scale  factors  have  been  tentatively  chosen,  that  a  tenta¬ 
tive  computer  setup  has  been  made  in  accordance  with  a  block  diagram 
as  outlined  in  Chap.  2,  and  that  all  potentiometers,  initial  conditions, 
and  limiting  levels  have  been  set  up  according  to  the  block  diagram. 

Preparation  for  a  Computer  Run.  After  the  high-voltage  power  sup¬ 
plies  have  been  turned  on,  the  power-supply  voltmeters  may  be  checked 
for  correct  indications.  If  the  computer  has  d-c  amplifiers  which  require 
manual  balancing,  each  d-c  amplifier  must  be  balanced  in  turn  by  switch¬ 
ing  it  into  the  balance  condition  and  by  adjusting  the  balance  controls 
until  zero  output  voltage  is  read  for  zero  input  voltage.  This  balancing 
process  should  be  repeated  every  half  hour  or,  preferably,  after  every  two 
or  three  computer  runs.  In  the  case  of  d-c  amplifiers  employing  auto¬ 
matic  balancing  circuits  (see  Sec.  5.6),  the  auxiliary  balancing  controls 
may  be  touched  up  once  a  day. 

After  a  final  check  of  the  connections  (see  Sec.  2.9),  the  computer  is 
ready  for  the  first  test  run.  The  computer  is  placed  in  the  compute 
condition  by  operating  the  compute  switch  or  push  button.  If  the  flash¬ 
ing  of  one  or  more  of  the  overload  or  error-indicator  lights  indicates  that 


AUXILIARY  CIRCUITS  AND  COMPUTER  OPERATION 


325 


the  corresponding  amplifiers  are  overloaded  or  not  operating  properly, 
changes  in  the  computer  setup  or  scale  factors  must  be  made  to  correct 
this  situation. 

When  changing  scale  factors ,  one  must  be  sure  to  record  this  fact  on  the 
block  diagram.  Do  not  forget  to  readjust  all  initial-condition  potentiometers 
as  well  as  all  limiting  levels  and  function  generator  settings  corresponding  io 
the  new  scale  factors. 

Recorder  Adjustment.  Depending  on  the  type  of  recorder  used  (see 
Sec.  7.3),  the  recorder  scale  factor  may  be  set  initially,  or  the  recorder 
may  require  calibration  in  the  reset  condition.  The  recorder  zero  levels 
also  require  checking. 

Computation.  In  general,  each  computer  run  is  started  by  operating 
the  compute  switch  or  push  button.  The  computer  run  may  be  ter¬ 
minated  by  placing  the  control  switch  in  the  reset  position  or  by  actu¬ 
ating  the  reset  or  stop  push  button;  or,  again,  the  machine  may  return 
to  the  reset  condition  through  the  action  of  an  automatic  timer.  This 
procedure  is  repeated  for  each  run.  It  may  or  may  not  be  necessary  to 
turn  the  recorders  on  and  off  separately  for  each  run  (see  Sec.  7.2).  In 
some  computer  laboratories,  each  run  is  duplicated  in  order  to  check 
precision  and  as  an  easy  means  for  obtaining  duplicate  records. 

7.6.  Checking  of  Solutions.  Introduction.  Accuracy  checks  and 
estimates  of  the  errors  involved  in  analog-computer  solutions  are  essential 
if  the  results  obtained  by  the  computing  machine  are  to  be  relied  on. 
The  accuracy  of  the  computed  solution  will  depend  intimately  on  the 
problem  in  question.1 

It  is  frequently  possible  to  compare  a  number  of  special  cases  of  each 
set  of  analog-computer  solutions  with  the  corresponding  correct  solutions 
obtained  numerically  or  analytically.  Agreement  of  the  analog-com¬ 
puter  solutions  for  the  special  cases  with  the  correct  solutions  will  gen¬ 
erally  indicate  a  comparable  accuracy  in  the  case  of  the  remaining  analog- 
computer  solutions  unless  the  latter  should  be  more  sensitive  to  the  effects 
of  imperfections  in  the  computing  elements  than  the  test  solutions.  This 
last  question  must  be  considered  in  the  light  of  the  nature  of  the  solutions, 
and  the  special  cases  must  be  chosen  judiciously. 

Assuming,  as  will  be  most  frequently  the  case,  that  the  d-c  analog  com¬ 
puter  is  intrinsically  capable  of  solving  a  given  problem  with  the  required 
accuracy  and  that  the  scale  factors  and  the  computer  setup  have  been 
chosen  so  as  to  make  the  most  of  the  capabilities  of  the  computer,  the 
validity  of  the  solution  will  depend  only  on  the  proper  functioning  of  the 


1  Korn,  G.  A.,  The  General  Difference  Analyzer,  Mathematical  Tables  and  Aids  To 
Computation,  1951  (in  preparation). 
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machine.  It  will  then  be  useful  to  have  methods  for  checking  the  com¬ 
puting  elements  for  proper  individual  and  combined  operation. 

Some  Checking  Methods.  Gunning  and  Mengel1  suggest  the  following 
simple  checks: 

1.  A  simple  minimum  check  consists  in  introducing  suitable  test  volt¬ 
ages  as  initial  conditions  in  all  integrators  of  the  completed  com¬ 
puter  setup  and  checking  the  output  voltages  of  all  amplifiers  and 
function  generators  against  computed  values,  with  the  machine  in 
the  reset  condition. 

2.  It  is  relatively  easy  to  repeat  a  number  of  computer  runs  using  a  set 
of  new  machine  variables  (voltages)  equal  in  value  to  those  used  in 
the  original  computation  but  having  opposite  signs.  A  comparison 
of  the  results  of  such  check  runs  with  the  original  results  frequenth7 
tends  to  expose  errors,  particularly  errors  due  to  drift  or  saturation 
of  d-c  amplifiers  in  the  computer. 

3.  Doubling  the  computing  time  by  doubling  the  values  of  all  inte¬ 
grating  capacitances  will  tend  to  show  up  errors  due  to  bad  high- 
frequency  response  of  one  or  more  computing  elements. 

Checking  by  Re  substitution.  Satisfactory  results  from  the  aforemen¬ 
tioned  simple  checks  will  constitute  necessary  but  not  sufficient  conditions 
for  correct  solutions.  For  a  rigorous  accuracy  check,  it  will  be  best  to 
utilize  numerical  methods  which  involve  a  resubstitution  of  the  analog- 
computer  solutions  into  the  given  mathematical  relations.  Such  a 
method  is  particularly  useful  for  checking  solutions  of  sets  of  linear  simul¬ 
taneous  equations  (see  Sec.  3.9). 

In  the  important  case  of  problems  involving  the  solution  of  sets  of 
ordinary  differential  equations,  Gunning  and  Mengel  advise  numerical 
checks  or  improvements  of  the  machine  solutions  based  on  Picard’s  process  of 
successive  approximations  whenever  this  is  possible.  This  process  involves 
reducing  the  given  differential  equations  to  the  form 

pxl  =  fi(xhx2,  .  .  .  ,xnt )  i  =  1,  2,  .  .  .  ,  n  (7.10) 

Equations  (7.10)  are  used  to  compute  the  functions  pXi  of  the  independ¬ 
ent  variable  t  from  the  solutions  ay,  x2,  .  .  .  ,  xn  obtained  from  the  analog 
computer.  Numerical  integration2  may  then  be  used  to  compute  each 
Xi  from  the  corresponding  function  pxo,  the  new  solutions  may  be  used  to 
check  or  improve  the  machine  solutions.  This  method  is  useful  also  for 
problems  so  complicated  that  only  an  approximate  d-c  analog-computer 
solution  is  possible. 

1  Op.  cit. 

2  See  H.  Margenau  and  G.  M.  Murphy,  The  Mathematics  of  Physics  and  Chemistry , 
Van  Nostrand,  New  York.  1946,  for  various  practical  methods  of  numerical  integration. 
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THE  DESIGN  OF  COMPLETE  D-C 
ANALOG-COMPUTER  INSTALLATIONS 

8.1.  Complete  D-c  Analog-computer  Installations:  Composite  Design 
Considerations.  Introduction:  Ge?ieral  Design  Procedure.  Before  the 
design  of  a  computing  machine  is  attempted,  it  will  he  necessary  to  note, 
preferably  in  writing,  the  purposes  for  which  the  proposed  computer 
installation  is  to  be  utilized.  This  will  help  to  determine 

1.  The  time  scale  or  scales  to  be  used 

2.  The  accuracy  and  dynamic  range  needed  for  each  mathematical 
quantity 

3.  The  type  and  number  of  mathematical  operations  to  be  performed 

4.  The  types  of  associated  equipment  which  might  be  used  in  connec¬ 
tion  with  the  computer;  also  special  requirements  as  to  power  sup¬ 
ply,  size,  weight,  etc. 

d.  The  amount  of  money,  time,  and  effort  which  can  be  spent  econom¬ 
ically  on  the  computer  installation  considering  the  type  and  number 
of  the  computations  to  be  performed 

These  considerations  may  or  may  not  point  to  the  use  of  a  d-c  analog 
computer.  In  the  first  case,  they  will  form  the  basis  of  a  rough  choice 
of  the  d-c  analog-computing  elements  to  be  built;  a  knowledge  of  possible 
computing  elements  and  their  properties  is,  of  course,  essential  to  the 
designer. 

As  the  design  takes  shape,  various  combinations  of  computing  elements 
will  be  considered  from  the  point  of  view  of  the  stated  requirements  and 
reconsidered  with  respect  to  the  possible  choices  of  power  supplies  and 
other  associated  equipment.  After  a  number  of  such  “go-arounds,”  the 
composite  design  will  have  progressed  to  a  stage  where  the  design  of 
individual  components  has  to  be  considered  in  more  detail. 

Each  finished  design  will  have  to  be  checked  and  will  then  have  to 
undergo  a  final  cost  estimate;  this  procedure  may  have  to  be  repeated 
until  a  desirable  compromise  is  achieved. 

Composite  Design  Considerations.  Suppose  that  it  has  been  decided 
that  a  d-c  analog  computer  of  the  nonrepetitive  type,  say,  is  to  be  designed 
for  a  given  set  of  applications. 
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The  range  of  working  frequencies,  as  determined  by  the  types  of  expected 
solutions  and  the  time  scales  used,  together  with  considerations  of  cost 
and  accuracy,  will  determine  the  choice  of  multipliers  and  function  gen¬ 
erators  to  be  used. 

The  design  of  the  operational  amplifiers  will  constitute  a  significant  por¬ 
tion  of  the  over-all  computer  design.  Decisions  on  the  following  ques¬ 
tions,  among  others,  will  be  required  before  the  detailed  design  is 
considered: 

A.  D-c  amplifiers 

1.  Push-pull  or  single-ended ?  Push-pull  amplifiers  will  use  more  parts 
and  consume  more  power  than  single-ended  amplifiers  but  may 
save  phase  inverters  and  power  supplies  (see  Secs.  5.5  and  8.7). 

2.  How  many  stages?  U se  of  regeneration? 

3.  Type  of  output  stage ?  This  determines  the  amplifier  output  imped¬ 
ance  and  bears  on  the  use  of  coefficient  setting  potentiometers  as 
well  as  on  the  size  and  number  of  power  supplies  needed  (see  Sec. 
5.3). 

4.  Will  automatic  balancing  circuits  be  used? 

5.  What  quality  of  components  is  required? 

B.  Computing  networks 

1.  What  types  of  networks  are  needed?  Will  they  be  permanently 
installed  or  will  they  be  interchangeable?  If  permanently  installed 
feedback  networks  are  to  be  used  in  a  multipurpose  computer,  the 
most  useful  combinations  of  summing  and  feedback  resistors,  inte¬ 
grating  capacitors,  etc.,  must  be  determined. 

2.  Will  coefficient  setting  potentiometers  be  used?  Coefficient  setting 
potentiometers  are  convenient  but  may  have  to  be  driven  by  power 
amplifiers.  Potentiometer  loading  may  present  a  problem  (see 
Sec.  4.1). 

3.  Will  precalibrated  precision  network  components  be  used,  or  will  the 
computer  comprise  a  calibrating  device?  The  latter  arrangement 
combines  flexibility  and  low  cost  with  a  slight  reduction  in  oper¬ 
ating  convenience. 

4.  How  will  the  computing  networks  be  arranged  physically  with  respect 
to  the  d-c  amplifiers  and  the  computer  front  panel  (see  Sec.  8.3)? 

Consideration  of  these  questions  will  usually  result  in  compromises 
between  cost  and  accuracy.  The  designer  is  now  in  a  position  to  choose 
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1.  Computer  power  supplies  (see  Sec.  7.4) 

2.  Control  circuits  (see  Sec.  7.2) 

3.  Recording  equipment  (see  Sec.  7.3) 

Finally,  it  will  be  necessary  to  specify  the  physical  construction  of  the  com¬ 
puter  (see  Sec.  8.2)  and  the  front  panel  layout  (see  Sec.  8.3)  with  a  view  to 
convenience  of  operation  and  maintenance. 

Discussion  of  Accuracy  Requirements.  Since  it  is  not  a  simple  matter 
to  predict  the  errors  due  to  the  combined  operation  of  several  computing 
elements,  the  accuracy  of  a  proposed  or  existing  analog  computer  is  usu¬ 
ally  specified  in  terms  of  the  minimum  “component  accuracies”  of  its 
individual  computing  elements. 

The  accuracy  of  each  d-c  analog-computing  element  may  be  specified 
in  volts,  in  machine  units,  or  by  percentage  errors  usually  referred  to  the 
full-scale  output  voltage  of  the  computing  element  in  question.  Thus, 
high-quality  d-c  analog  computers  may  have  component  accuracies 
between  0.2  and  0.01  per  cent  of  full  scale. 

The  accuracy  of  the  final  results  obtained  with  an  analog  computer 
having  a  given  component  accuracy  depends  on  the  problem  in  question 
and  on  the  computer  setup  and  scale  factors  used.  In  solutions  of  linear 
differential  equations,  for  instance,  better  accuracies  can  usually  be 
expected  if  the  solutions  are  well-damped  oscillations  rather  than  unstable 
oscillations. 

Speaking  very  generally,  it  may  be  said  that  solutions  having  an  accu¬ 
racy  of  0.3  to  2  per  cent  are  usually  considered  satisfactory  with  high- 
quality  d-c  analog  computers  handling  nonlinear  problems. 

A  method  for  obtaining  upper  hounds  for  the  errors  to  be  expected  from 
d-c  analog  computers  as  well  as  a  discussion  of  the  relative  importance  of 
various  error  sources  in  d-c  analog  computers  is  available  in  the  literature.1 

The  “linear”  computing  elements  (networks  and  operational  ampli¬ 
fiers)  are  the  potentially  most  accurate  computing  elements  of  a  d-c 
analog  computer.  When  specifying  the  accuracy  of  these  components, 
one  must  remember  that  the  over-all  accuracy  of  the  computer  is  usually 
already  limited  by  the  accuracy  of  the  midtipliers  and  function  generators 
used. 

The  accuracy  required  of  a  d-c  analog  computer  will  be  determined  by 
the  type  of  application  to  which  it  is  put.  Some  types  of  problems,  such 
as  ballistic  trajectory  computations  (see  Sec.  3.4),  require  relatively 
accurate  numerical  results.  Other  types  of  problems,  such  as  certain 

1  Korn,  G.  A.,  The  General  Difference  Analyzer,  Mathematical  Tables  and  Aids  to 
Computation,  1952  (in  preparation). 


330 


ELECTRONIC  ANALOG  COMPUTERS 


stability  problems  in  automatic  control  engineering,  may  require  informa¬ 
tion  only  as  to  the  type  of  solution. 

Various  methods  of  checking  computer  solutions  are  discussed  in  Sec. 
7.6. 

Recommended  Design  Practice.  Four  important  criteria  for  appraising 
the  finished  design  of  a  d-c  analog  computer  are: 

1.  Accuracy  and  reliability. 

2.  Operating  convenience.  As  a  rule,  no  highly  technical  training- 
should  be  required  for  the  operation  of  a  d-c  analog  computer. 

3.  Initial  and  operating  costs.  Relatively  low  initial  and  operating 
costs  are  among  the  principal  advantages  of  properly  designed  d-c 
analog  computers. 

4.  Easy  maintenance.  This  is  an  important  factor  in  determining 
economical  operation. 

The  various  components  making  up  the  computing  machine  must  be 
carefully  chosen  and  modified  so  as  to  work  together  as  part  of  an  inte¬ 
grated  design.  Nevertheless,  individual  chassis  units  should  be  capable 
of  operating  independently  of  other  components  as  far  as  possible.  If 
this  rule  is  observed,  it  will  be  easy  to  test  and  service  individual  com¬ 
ponents.  It  will  also  be  relatively  easy  to  make  design  changes  at  a  later 
date;  e.g.,  it  will  be  possible  to  replace  a  computer  amplifier  by  a  later, 
improved  model  without  changing  or  adjusting  other  components. 

Again,  similar  components  or  chassis  units  should  be  easily  inter¬ 
changeable  so  that  unused  components  can  be  used  as  spares. 

8.2.  Construction,  Wiring,  and  Installation.  Mechanical  Construc¬ 
tion:  Chassis  and  Cabinets.  The  emphasis  in  the  mechanical  construc¬ 
tion  of  any  computer  should  be  placed  upon  ruggedness  and  accessibility 
for  easy  maintenance.  In  order  to  fulfill  the  latter  requirement  of  “  Design 
for  Maintenance, ”  the  various  computing  elements  should  be  built  up  on 
their  metal  chassis  in  such  a  manner  that  individual  units  can  be  pulled 
out  separately.  It  is  possible  to  build  many  special  arrangements  which 
permit  units  to  be  slid  or  rolled  out  on  special  rails  or  folded  out  on  hinges 
so  that  their  undersides  can  be  easily  inspected.  But  the  designer  should 
be  careful  not  to  go  overboard  in  this  respect.  In  the  majority  of  cases, 
analog  computers  should  be  constructed,  wherever  possible,  of  com¬ 
mercially  available  components. 

With  these  considerations  in  mind,  one  may  say  that  standard  enclosed 
relay  rack  construction  will,  in  general,  be  a  good  choice  at  least  for  low- 
to  medium-cost  installations.  In  this  mode  of  construction,  the  com¬ 
puting  elements  are  built  on  metal  chassis  in  sets  of  one  or  two.  The 
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chassis  are  in  turn  supported  by  standard  relay  panels  which  also  carry 
the  necessary  controls  and  jacks.  The  panel  assemblies  are  placed  into 
standard  relay  racks.  Individual  units  can  be  easily  removed  for  inspec¬ 
tion  and  maintenance.  For  easier  removal  and  replacement  of  the  indi¬ 
vidual  units,  it  is  helpful  to  modify  the  relay  racks  as  shown  in  Fig.  8.1 
by  screwing  simple  angle  irons  to  the  sides  of  the  relay  rack  cabinet  to 
support  the  chassis,  which  can  then  be  slid  in  and  out  of  the  cabinet. 
This  procedure  is  further  facilitated  by  placing  convenient  handles  on  the 
front  of  each  rack  panel. 


Fig.  8.1.  Rear  view  of  standard  relay  rack  modified  by  the  addition  of  angle  irons 
which  permit  individual  units  to  be  slid  in  and  out. 

If  a  lightweight  mobile  installation  is  desired,  aircraft-type  racks  and 
chassis  may  be  used  together  with  miniaturized  electronic  circuits.  Such 
construction  makes  it  easily  possible  to  mount  an  entire  analog-computer 
installation  on  a  trailer  or  truck. 

At  least  in  larger  computers,  it  is  good  practice  to  place  the  power  sup¬ 
plies  in  a  cabinet  or  rack  separate  from  the  computing  elements  proper  in 
order  to  avoid  hum  due  to  the  magnetic  fields  of  the  power  transformers. 
Servomechanisms  using  a-c  motors  may  also  be  housed  in  separate  cab¬ 
inets  together  with  their  associated  power  supplies. 

The  construction  of  electromechanical  assemblies  and  of  d-c  amplifiers 
used  in  d-c  analog  computers  has  been  treated  in  Secs.  6.4  and  5.5, 
respectively. 
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Wiring  Practice.  No  specialized  wiring  techniques  are  required  for  the 
construction  of  d-c  analog  computers.  Some  emphasis  should  be  placed 
oil  rugged  wiring,  so  that  slight  shocks  and  vibrations  cannot  change 
circuit  constants.  As  a  matter  of  course,  reasonable  safety  precautions 
should  be  observed,  and  all  wiring  and  fusing  should  be  done  according  to 
the  Underwriter’s  Laboratories’  specifications. 

In  order  to  save  time  and  labor,  it  is  well  to  give  some  thought  to  “pro¬ 
duction  engineering”  techniques  when  a  number  of  identical  amplifiers 
or  other  computing  elements  are  to  be  wired.  Such  techniques  include 
the  use  of  subpanel  terminal  strips  for  mounting  resistors.  These  and 
similar  subassemblies  can  be  planned  and  constructed  before  the  complete 
chassis  in  question  is  assembled. 

Choice  of  Components.  As  far  as  possible,  only  high-quality  com¬ 
ponents  should  be  used  in  the  computer  construction;  the  joint  Army- 
Navy  (JAN)  specifications  may  be  used  as  a  general  guide.  Good  dis¬ 
cussions  of  the  properties  of  various  components  are  contained  in  the 
MIT  Components  Handbook.1  The  problem  of  selecting  certain  critical 
components  for  computing  elements  involving  d-c  amplifiers  has  been 
treated  in  Sec.  5.5.  The  choice  of  components  for  computer  power  sup¬ 
plies  is  discussed  in  Sec.  7.4. 

Interunit  wiring.  All  wiring  interconnecting  the  various  component 
units  of  a  d-c  analog  computer  usually  falls  into  one  of  the  following  gen¬ 
eral  classifications: 

1.  Common  ground  straps  for  all  units.  It  is  not  good  practice  to  rely  on 
chassis  grounds  in  d-c  analog  computers. 

2.  Filament  and  high-voltage  power-supply  wiring  for  electronic  com¬ 
ponents.  High-voltage  power-supply  wiring  in  common  to  more 
than  one  amplifier  should  preferably  have  an  impedance  of  less  than 
1  or  2  ohms  in  order  to  minimize  coupling  between  amplifiers. 

3.  Control  wiring  for  making  connections  to  the  reset  and  hold  relays 
on  integrators  and  to  other  relays  controlled  by  a  common  timer, 
etc.,  as  well  as  wires  leading  to  special  overload  indicators. 

4.  Metering  system  wiring  may  be  necessary  in  computers  possessing  a 
central  system  for  checking,  balancing,  and  calibration. 

5.  “Signal”  wiring  carrying  the  computer  voltages  (machine  variables) 
proper  between  computing  elements.  In  flexible  multipurpose 
computers,  the  input  and  output  terminals  of  the  computer  are 
brought  out  to  jacks  on  the  computer  front  panel  and  patch  cords 
are  used  for  flexible  interconnections.  The  use  of  shielded  patch 
cords  is  recommended. 

1  Blackburn,  J.  F.,  Components  Handbook,  MIT  Radiation  Laboratory  Series,  A  ol. 
17,  McGraw-Hill,  New  York,  1949. 
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All  connections  between  the  chassis  units  and  the  interunit  wiring 
should  be  made  by  means  of  good,  plug-in  connectors  which  must  permit 
positive  connections  as  well  as  easy  removal  of  individual  chassis  units. 
The  interunit  wiring  may  be  cabled  up  along  the  rear  corners  of  the  relay 
rack  cabinets  and  connected  to  multicontact  receptacles  attached  to  the 
cabinet  walls.  Each  individual  removable  chassis  unit  may  then  be  con¬ 
nected  to  a  receptacle  by  means  of  a  short  individual  cable  attached  to 
the  chassis  and  terminated  in  a  male  plug-in  connector. 

In  the  interest  of  simple  design  and  easier  maintenance,  it  is  desirable  to 
keep  permanent  wiring  between  individual  chassis  units  to  a  minimum. 

Installation.  While  the  spirit  of  research  may  be  dominant  in  a  com¬ 
puter  laboratory,  it  is  sometimes  wise  to  remember  that  a  finished  com¬ 
puting  device  is  no  longer  a  breadboard.  It  is  absolutely  necessary  to 
observe  all  safety  regulations  specified  by  the  Underwriter’s  Laboratories 
with  respect  to  mechanical  as  well  as  electrical  installation  of  the  com¬ 
puting  equipment.  The  floor  beams  of  some  office  buildings  may  not  be 
able  to  support  the  concentrated  weight  of  relay  racks  containing  heavy 
power  supplies.  In  such  cases  it  is  best  to  place  the  computer  cabinets 
on  a  low  wooden  platform  which  will  distribute  their  weight.  Intercon¬ 
nections  between  different  computer  cabinets  can  be  very  conveniently 
arranged  underneath  such  a  platform. 

All  power  connections  to  the  computer  except  possibly  for  service  out¬ 
lets  should  be  through  a  main  wall  switch  containing  the  necessary  fuses 
and  circuit  breakers.  Instead  of  relying  on  the  high-voltage  indicator 
lights  for  the  protection  of  maintenance  personnel,  it  may  be  useful  to 
provide  a  green  safety  light  which  is  on  only  when  the  main  wall  switch 
is  off. 

Sufficient  space  should  be  allowed  in  front  of  the  relay  rack  units  for 
unhampered  operation  and  in  back  of  these  units  for  convenient  main¬ 
tenance.  If  at  all  possible,  the  room  containing  the  computer  should  be 
devoted  tc  the  computer  and  associated  equipment  alone,  so  that  the 
operating  personnel  will  not  be  disturbed  unnecessarily  in  their  somewhat 
complex  task.  Sound  insulation  of  the  ceiling  also  helps  in  this  respect. 
The  computing  room  might  also  contain  a  desk,  blackboard,  drawing- 
board,  and  a  bulletin  board.  A  large  table  on  which  to  unroll  and 
examine  computer  records  is  helpful.  It  may  be  desirable  in  some  instal¬ 
lations  to  place  the  recorder  on  a  rubber-tired  cart  which  can  be  rolled 
into  position  wherever  the  operator  happens  to  be  working.  A  remote- 
control  station  of  the  type  described  in  Sec.  7.2  will  permit  the  operator 
additional  freedom  by  allowing  him  to  control  the  computer  from  any 
point  in  the  room. 

A  large  computer  installation  will  generate  an  appreciable  amount  of 
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heat,  so  that  some  attention  will  have  to  be  given  to  the  air  conditioning 
of  the  computer  room.  The  accuracy  of  high-quality  installations  will 
be  improved  if  the  ambient  temperature  is  kept  reasonably  constant 
(within  about  10°C)  by  a  thermostat  controlling  the  air-conditioning 
system. 

Aside  from  purely  technical  considerations,  the  careful  planning  of  a 
pleasing  and  efficient  electronic  computer  installation  will  be  repaid  in 
terms  of  more  intangible  assets.  A  computer  installation  may  be  made  a 
show  place  and,  as  such,  may  prove  to  be  of  considerable  sales  value  to 
the  organization  operating  it. 

8.3.  Front  Panel  Layout.  Introduction.  Generally  speaking,  the 
front  panel  of  a  computing  machine  will  bear  the  following  types  of 
components: 

1.  Operating  controls  or  control  and  indicating  devices  enabling  the 
operator  to  initiate,  supervise,  and  terminate  the  operating  functions 
of  the  computer. 

2.  “Adjustment”  controls  to  balance  d-c  amplifiers  and  to  adjust  them 
and  other  computing  elements  for  optimum  operating  conditions. 

3.  Controls  for  adjusting  variable  parameters  and  functions  which  are 
required  for  setting  up  the  specific  problem  at  hand. 

4.  Means  for  interconnecting  the  computing  elements  for  each  computer 
setup.  Sets  of  telephone  jacks  for  plugging  in  patch  cords  are  usu¬ 
ally  used. 

In  other  words,  the  components  on  the  front  panel  serve  three  func¬ 
tions:  computer  operation,  computer  adjustment,  and  computer  setup. 
An  elegant  and  well-thought-out  panel  design  which  permits  the  oper¬ 
ating  personnel  to  accomplish  these  functions  easily  and  conveniently  is 
a  very  important  consideration  in  the  design  of  the  complete  computer. 
As  a  matter  of  fact,  if  the  computer  is  properly  designed,  the  front  panel 
will  be  the  only  part  of  the  computer  with  which  the  operating  personnel 
will  come  in  contact  during  the  vast  majority  of  the  time  the  computer  is 
being  used.  For  the  convenience  of  the  operating  personnel,  the  controls 
performing  the  various  functions  outlined  above  should  be  separated  physically 
in  such  a  manner  as  to  preclude  errors  caused  by  mistaking  one  com¬ 
ponent  for  another. 

Operating  Controls.  The  computer  operating  controls  should  be  as 
convenient  as  possible  to  use,  and  their  functions  should  be  clearly 
indicated  for  psychological  as  well  as  for  technical  reasons.  It  is  usually 
a  good  plan  to  have  all  the  control  switches,  push  buttons,  and  indicator 
lights  together  on  one  separate  panel  where  the  operator  can  see  them 
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easily.  An  exception  is  often  made  in  the  case  of  overload  lights,  which 
may  he  mounted  on  the  same  panel  as  the  corresponding  d-c  amplifiers. 

Finally,  it  is  highly  advisable  to  bring  the  computer  start,  compute, 
stop,  reset,  and  hold  controls  out  to  a  small  remote-control  box  by  means 
of  a  sufficiently  long  cable  plugged  into  the  computer  proper.  Such  a 
remote-control  box,  illustrated  in  Fig.  8.8,  can  be  conveniently  carried  in 
one  hand  and  will  enable  the  operator  to  start  and  control  the  computer 
from  amr  position  while  he  is  changing  the  setup,  adjusting  parameters, 
checking  the  recording  equipment,  or  making  calculations  on  the  black¬ 
board.  The  small  remote-control  box  does  not  have  to  carry  indicator 
lights,  but  the  lights  on  the  computer  panels  should  be  large  enough  to  be 
readily  seen  from  any  position  in  the  laboratory. 

Adjustment  Controls.  Modern  design  practice  is  eliminating  from  the 
front  panel  all  but  those  controls  which  are  frequently  used  during  the 
checking  and  operation  of  the  computer.  Potentiometers  used  to  adjust 
power-supply  voltages  as  well  as  amplifier  feedback  controls  usually  have 
to  be  adjusted  only  rarely,  such  as  when  tubes  are  changed,  and  therefore 
do  not  belong  on  the  front  panel.  The  same  applies  in  many  cases  to  the 
gain  and  damping  controls  of  computer  servomechanisms. 

The  balancing  controls  formerly  associated  with  every  d-c  amplifier  are 
also  being  eliminated  from  the  front  panel  to  some  extent  since  the  advent 
of  modern  automatic  balancing  devices  (Sec.  5.6). 

It  is,  then,  possible  to  build  amplifier  panels  without  any  external  con¬ 
trols  whatsoever  and  to  introduce  considerable  simplifications  in  front  panel 
design.  If  supplementary  balancing  controls  do  appear  in  connection 
with  automatic  balancing  devices,  the\r  will  require  adjustment  only 
rarely  and  therefore  should  be  only  screw-driver  controls.  In  general,  it 
is  important  that  all  balancing  and  similar  adjustment  controls  either  be 
provided  with  locking  nuts  or  be  recessed  under  the  panel  in  such  a 
manner  that  they  cannot  be  accidentally  or  inadvertently  disturbed. 

Parameter  Adjustment  Controls.  The  most  important  adjustment  con¬ 
trols  used  in  setting  up  a  computer  for  a  given  problem  are  the  constant 
coefficient  setting  potentiometers  discussed  in  Sec.  4.1 .  It  is  important  that 
these  controls  be  arranged  within  easy  reach  of  the  eyes  and  hands  of  the 
operator,  that  the  dials  be  sufficiently  large  and  clearhr  labeled  to  be  set 
up  easily,  and  that  each  dial  have  a  clearly  visible  label  associating  it  with 
its  number  in  the  block  diagram.  These  provisions  will  greatly  aid  in 
reducing  errors  caused  by  confusing  one  dial  with  another,  an  all  too 
common  occurrence.  The  coefficient  setting  potentiometers  and  their 
associated  dials  may  be  arranged  on  separate  relay  panels  in  groups  of 
five,  ten,  etc.,  as  desired. 

Another  group  of  controls  are  those  used  to  adjust  functions  to  be 
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obtained  from  various  types  of  universal  function  generators  (Secs.  5.G 
and  0.5).  Such  controls  will  be  placed  on  the  front  panel  if  they  require 
frequent  readjustment  between  computer  runs.  It  is  again  important 
that  all  these  controls  be  arranged  so  that  they  cannot  be  accidentally 
disturbed,  e.g.,  by  passing  patch  cords  over  them. 

Patch  Bays.  In  flexible,  multipurpose  computers  with  which  we  are 
chiefly  concerned  here,  the  computing  elements  are  connected  in  accord- 
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Fig.  8.2.  Front  panel  view  of  Sperry  Gyroscope  electronic  analog  computer  (Sperry 
Gyroscope  Company,  Great  Neck,  N.Y.). 


ance  with  the  setup  by  means  of  patch  cords.  These  patch  cords  may  be 
of  the  ordinary  telephone  variety,  but  it  is  desirable  to  have  the  shielded 
type  in  order  to  prevent  cross  talk  between  adjacent  cords. 

There  are  two  differing  philosophies  concerning  the  arrangement  of  the 
jacks  used  in  connection  with  these  patch  cords.  One  of  these  philoso¬ 
phies  holds  that  connections  to  each  computing  element  should  be  made 
by  means  of  jacks  on  the  individual  panels.  The  Sperry  Gyroscope  com¬ 
puter  shown  in  Fig.  8.2  is  an  example  of  this  type  of  construction. 

The  second  design  philosophy  requires  that  the  connections  from  the 
various  computing  elements  be  brought  out  to  a  large  central  patch  bay 
resembling  a  telephone  switchboard.  This  second  arrangement  makes 
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the  front  panel  look  somewhat  neater  and  keeps  the  patch  cords  from 
hanging  over  controls,  dials,  etc.,  associated  with  various  computing 
elements.  Such  designs  necessitate  rather  complex  wiring  between  the 
patch  bays  and  the  computing  elements.  The  price  of  such  an  arrange¬ 
ment  is  paid  not  only  in  terms  of  increased  installation  and  maintenance 
costs  but  also  in  terms  of  cross  talk  between  the  wires.  In  the  authors’ 
opinion,  this  practice  is  frequently  objectionable,  especially  in  view  of  the 
fact  that  the  modern  types  of  d-c  amplifiers  do  not  require  frequent 
adjustments.  Instead,  very  satisfactory  and  pleasing  arrangements 
involving  jacks  on  the  computing  elements  themselves  can  be  obtained 
as  shown  further  below. 

Front  Panel  Designs.  The  CURTIAC  computer  shown  in  Fig.  8.10  is  a 
good  example  of  the  separate  patch-bay  type  of  construction.  Note  the 
very  neat  appearance  of  the  computer  and  the  overload  lights  collected 
along  the  upper  edge  of  the  computer  which  are  connected  to  each  unit 
by  interconnecting  wiring.  In  addition  to  the  overload  lights,  there  is 
also  a  circuit  causing  a  buzzer  to  sound  whenever  any  one  of  the  ampli¬ 
fiers  overloads  and,  mercifully,  a  switch  to  cut  the  buzzer  out  of  the 
circuit. 

Whereas  the  Sperry  computer  (Fig.  8.2)  does  suffer  from  patch  cords 
overhanging  the  controls,  a  new  design  shown  in  Fig.  8.3  combines  the 
advantages  of  both  the  design  philosophies  outlined  above.  Since  the 
d-c  amplifiers  do  not  need  frequent  adjustments,  it  has  become  possible 
to  arrange  the  summing  amplifier  and  integrator  panels  to  form  a  patch 
bay  in  spite  of  the  fact  that  all  patching  connections  are  made  directly  to 
the  computing  elements  themselves.  The  potentiometer  panels,  which 
must  be  readily  accessible  during  and  between  computations,  are  kept 
free  from  patch  cords  by  being  located  at  both  sides  of  the  d-c  amplifier 
panels.  Thus  a  convenient  area  for  patching  is  formed  in  the  center  of 
the  computer  front  panel.  A  control  panel  is  shown  in  a  convenient 
position  at  the  left,  and  a  remote-control  station  is  indicated. 

Figure  8.4  illustrates  a  modification  of  this  arrangement.  Here  actual 
block-diagram  symbols  have  been  drawn  on  the  front  panels  of  some  of 
the  computing  elements  for  even  greater  ease  in  checking  computer  setups. 
In  both  Figs.  8.3  and  8.4,  the  overload  lights  associated  with  each  d-c 
amplifier  are  shown  mounted  directly  on  the  respective  amplifier  panels. 

A  considerable  portion  of  the  total  time  spent  in  using  any  automatic 
computer  is  devoted  not  to  actual  computation  but  to  the  evaluation  of 
solutions  and  to  computer  setups  for  new  problems.  In  order  to  reduce 
the  computer  “dead  time,”  it  might  be  desirable  to  utilize  the  computing 
elements  in  two  (or  more)  computer  setups  on  a  rotation  schedule.  A 
system  of  automatic  interconnections  in  the  manner  of  the  MIT  differ- 
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Fig.  8.3.  Now  front  panel  design  for  a  medium-size  d-c  analog  computer.  Note  the  labels  on  each  panel  unit.  The  jacks  on 
the  computing  elements  are  arranged  to  form  a  patch  bay  in  the  center.  Recorders  are  not  shown. 
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ential  analyzer  (described  by  Caldwell  and  Bush)1  is  too  complicated  and 
expensive  for  most  installations.  It  should,  however,  be  possible  to  pro¬ 
vide  so-called  removable  patch  panels  of  the  type  used  in  the  IBM  punched- 
card  machines.  This  technique  is  best  adaptable  to  computers  having 
separate  patch  bays  and  may  indeed  of  itself  give  rise  to  a  certain  amount 
of  cross  talk.  Cross  talk  may  become  serious  if  frequencies  in  excess  of 
3  cps  are  involved  in  the  computation  unless  careful  attention  is  given  to 
shielding. 

Several  duplicate  “ patch  boards”  may  be  plugged  into  the  jacks  of  the 
main  patch  bay.  The  actual  setups  are  made  on  the  removable  patch 
boards;  this  can  be  done  conveniently  on  any  table  while  the  computer  is 
being  used  for  a  different  problem. 


Fig.  8.4.  Amplifier  panel  with  engraved  block-diagram  symbols. 

If  the  correct  coefficient  and  function  settings  for  each  problem  are 
made,  several  problems  may  be  set  up  on  different  patch  boards  and  run 
in  rapid  succession.  This  would  permit  a  more  economical  utilization  of 
the  computer.  This  principle  is  generally  applied  to  punched-card  com¬ 
puters  and  has  been  applied  to  a  d-c  analog  computer  in  the  very  elegant 
installation  of  the  RAXD  Corporation2  (see  Sec.  8.7)  as  well  as  in  some 
computers  built  by  the  Reeves  Instrument  Corporation3  (see  Fig.  8.9). 

A  particularly  simple  arrangement  of  this  type  results  if  the  (relatively 
cheap)  summing  and  feedback  networks  for  each  problem  are  set  up  on 
the  removable  patch  boards.  In  this  case,  only  the  input  and  output 
terminals  of  d-c  amplifiers,  potentiometers,  multipliers,  and  function 
generators  appear  on  the  main  patch  bay. 

Finally,  in  order  to  allow  for  the  use  of  special  networks  or  circuit  ele¬ 
ments  and  for  rapid  circuit  changes,  it  is  very  useful  to  have  one  or  two 
special  panels  bearing  rows  of  interconnected  jacks  and  a  number  of 
double-pole-double-throw  switches  with  their  terminals  brought  out  to 
other  jacks. 

8.4.  Low-cost  Computer  Installations.  Introduction.  Low-cost  d-c 
analog  computers  and,  in  particular,  small  differential  equation  solvers 

1  Caldwell,  S.  H.,  and  V.  Bush,  A  New  Type  of  Differential  Analyzer,  J.  Franklin 
Inst .,  240:  255,  1945. 

2  Santa  Monica,  Calif. 

3  New  York,  X.Y. 
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can  find  a  vast  number  of  uses  in  universities  and  small  industrial  labora¬ 
tories  for  purposes  of  instruction  and  analysis.  In  larger  computer 
laboratories,  small  computers  will  be  found  useful  for  making  exploratory 
computations  in  order  to  permit  more  economical  utilization  of  more 
accurate  computing  machines. 

Again,  d-c  analog  computers  of  fairly  low  accuracy  are  often  entirely 
sufficient  for  analyzing  the  stability  of  servomechanisms  in  cases  where 
only  roughly  quantitative  estimates  of  parameter  values  necessary  for 
stable  operation  are  required. 

If  a  d-c  analog  computer  is  to  be  designed  with  a  view  to  low  cost,  the 
following  factors  should  be  taken  into  consideration: 

1 .  The  d-c  amplifiers  should  use  as  few  vacuum  tubes  and  other  com¬ 
ponents  as  possible.  Triode  circuits  are  often  simpler  than  pentode  cir¬ 
cuits.  The  use  of  regeneration  may  be  helpful  for  obtaining  the  required 
gain  with  as  few  stages  as  possible. 

2.  The  d-c  amplifiers  should  require  only  two  high-voltage  power  supplies. 
This  consideration  indicates  the  use  of  differential  or  push-pull  amplifiers 
and/or  cathode-follower  output  stages. 

3.  The  cost  of  summing  and  feedback  resistors  and  capacitors  must  be  kept 
down  as  far  as  the  required  accuracy  will  permit.  A  plug-in  arrangement 
for  the  summing  and  feedback  resistors  and  capacitors  will  reduce  the 
total  number  of  such  components  needed.  Low-cost  resistors,  capacitors, 
and  also  potentiometers  can  be  used  for  the  computing  networks  if  a  simple 
comparison  bridge  is  available  for  calibration  purposes. 

4.  The  power  requirements  of  the  d-c  amplifiers  should  be  as  low  as  prac¬ 
ticable.  The  power  output  required  of  each  d-c  amplifier  is  reduced 
materially  if  constant  coefficients  are  set  up  through  a  choice  of  fixed  or 
variable  feedback  resistors,  as  shown  in  Fig.  4.4,  rather  than  through  the 
use  of  coefficient  setting  potentiometers  which  tend  to  load  the  d-c  ampli¬ 
fiers.  The  calibrating  bridge  mentioned  above  could  be  used  to  set  the 
coefficient  values. 

5.  The  control  circuits,  patching  arrangements,  etc.,  should,  of  course, 
be  kept  as  simple  as  possible.  The  machine  must,  however,  still  be 
reliable  and  convenient  to  use;  otherwise,  it  may  just  be  shelved  as  a 
scientific  curiosity. 

Low-cost  d-c  analog  computers  may  merely  be  sets  of  individual  two- 
or  three-tube  operational  amplifiers  operated  from  a  common  power  sup¬ 
ply  and  interconnected  by  means  of  simple  patch-cord  systems.1  The 
Aeronautical  Research  Center  of  the  University  of  Michigan2  operates 

1  Ragazzini,  J.  R.,  R.  H.  Randall,  and  F.  A.  Russell,  Analysis  of  Problems  in 
Dynamics  by  Electric  Circuits,  Proc.  IRE,  May,  1947,  pp.  444-452. 

2  Willow  Run  Airport,  Ypsilanti,  Mich. 
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several  small-sized  table-top  d-c  analog  computers.  One  of  them, 
described  by  McDonald,1  comprises  a  number  of  small  two-tube  ampli¬ 
fiers  using  the  circuit  shown  in  Fig.  5.31  and  neatly  plugged  into  a  large 
chassis.  A  front  panel  on  this  chassis  serves  as  the  patch  bay.  Various 
operational  amplifier  arrangements  can  be  built  up  by  means  of  plug-in 
resistors,  and  patch  cords  are  used  to  interconnect  different  operational 
amplifiers  into  computer  setups. 

The  excellent  report  by  Hagelbarger,  Howe,  and  Howe2  on  the  utiliza¬ 
tion  of  another  table-top  analog  computer  at  the  Aeronautical  Research 
Center  of  the  University  of  Michigan  shows  page  after  page  of  remarkably 
accurate  results  from  dozens  of  elegant  applications  of  this  small  machine 
(see  also  Chap.  3). 

The  Boeing  Electronic  Analog  Computer  (BE AC).  An  electronic  analog 
computer  of  high  utility  and  dependability  but  costing  only  about  $7,000 
was  developed  by  the  Physical  Research  Unit  of  the  Boeing  Airplane 
Company3  in  connection  with  an  Air  Force  contract  and  proved  to  be 
very  useful  to  various  groups  in  the  company. 

A  front  panel  view  of  the  Boeing  analog  computer  is  shown  in  Fig.  8.5. 
A  standard  relay  rack  has  been  converted  into  a  “skeleton  rack”  bearing 
the  plus  and  minus  300-volt  regulated  power  supplies,  a  central  vertical 
patch  panel,  and  a  control  panel.  On  the  left  and  right  of  the  central 
patch  panel,  there  are  27  panel  spaces  which  may  be  used  to  mount  com¬ 
puting  elements  arranged  on  small  subpanels  and  connected  to  the  power- 
supply  wiring  by  means  of  cables  with  plug-in  connectors. 

The  standard  complement  of  computing  elements  for  the  Boeing  analog 
computer  includes  12  regenerative  d-c  amplifiers,  one  isolated  double¬ 
diode  limiter  of  the  type  shown  in  Fig.  6.47d  and  described  in  Section  6.7, 
24  coefficient  setting  potentiometers  of  the  helical  type,  and  a  “volt  box” 
containing  a  dry  battery  used  as  a  power  supply  for  computing  voltages. 
The  control  panel  carries  the  compute-reset  switch  as  well  as  a  balancing 
meter  and  a  voltmeter  for  general  use. 

The  d-c  amplifiers  of  the  Boeing  analog  computer  use  the  elegant 
regenerative  circuit  shown  in  Fig.  5.32  and  described  in  Sec.  5.5.  Auto¬ 
matic  balancing  units  for  use  with  the  Boeing  d-c  amplifiers  are  available 
as  optional  equipment. 

The  amplifier  output  is  said  to  be  sufficient  to  drive  a  Brush  recorder 
pen  motor  directly  with  fair  accuracy. 

1  McDonald,  D.,  Analog  Computers  for  Servo  Problems,  Rev.  Sci.  Instruments,  21: 
154,  1950. 

2  Hagelbarger,  D.  W.,  C.  E.  Howe,  and  R.  M.  Howe,  Investigation  of  the  Utility  of 
an  Electronic  Analog  Computer  in  Engineering  Problems,  U.MM-28,  Apr.  1,  1949. 

3  Seattle,  Wash. 
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On  each  amplifier  subpanel,  five  1-megohm  summing  resistors  are  per¬ 
manently  connected  to  each  d-c  amplifier  input  terminal.  The  amplifier 
input  and  output  terminals  are  also  brought  out  to  jacks  on  the  subpanel 
so  as  to  permit  one  to  make  up  various  operational  amplifiers  by  plugging 
combinations  of  resistors  and  capacitors  into  the  jacks  on  the  subpanel. 


Fig.  8.5.  Front  view  of  the  Boeing  electronic  analog  computer. 

Each  amplifier  subpanel  also  bears  two  balancing  potentiometers,  a 
balancing  switch,  and  a  neon  overload  light.  The  balance  meter  is  situ¬ 
ated  on  the  control  panel. 

Each  d-c  amplifier  is  provided  with  a  quick-acting  reset  relay  of  the 
quick-acting  millisec  type.  Initial-condition  voltages  must  be  obtained 
from  one  or  more  volt  boxes  used  as  reference  power  supplies.  The  cen¬ 
tral  patch  panel  is  not  permanently  connected  to  any  of  the  computing 
elements  but  merely  contains  13  buses  running  from  top  to  bottom  of  the 
cabinet.  These  buses  may  be  utilized  instead  of  long  patch  cords  for 
interconnecting  computing  elements  located  at  different  levels  on  the 
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front  panel.  The  buses  of  several  racks  may  be  interconnected  if  the 
individual  units  are  to  be  combined  into  a  larger  computer  installation. 

The  good  high-frequency  response  of  the  all-triode  d-c  amplifiers  used 
in  the  Boeing  computer  permits  the  use  of  the  machine  as  a  repetitive 
computer  at  eye-persistence  repetition  rates  as  well  as  for  operation  at 
reduced  time  scales. 

8.5.  Repetitive  Computers.  Introduction.  The  principles  of  the 
repetitive  d-c  analog  computer  have  been  discussed  already  in  Sec.  1.1. 
A  repetitive  d-c  analog  computer  is  an  electronic  differential  analyzer 
capable  of  working  on  a  time  scale  so  fast  that  complete  solutions  are 
generated  within  a  fraction  of  a  second.  Repetitive  computers  moreover 
contain  provisions  for  resetting  the  machine  variables  to  their  given  initial 
conditions  periodically  at  repetition  rates  between  30  and  100  cps.  In 
this  manner,  computer  runs  yielding  solutions  of  the  given  sets  of  ordinary 
differential  equations  are  repeated  periodically ;  each  solution  can  thus  be 
displayed  on  the  screen  of  a  cathode-ray  oscillograph  whose  linear  sweep 
is  synchronized  with  the  initial-condition  setting  circuits  of  the  computer. 
It  is  also  possible  to  use  a  cathode-ray  oscillograph  for  displaying  para¬ 
metric  plots  or  graphs  of  one  machine  variable  against  another  by  connect¬ 
ing  the  horizontal  and  vertical  input  terminals  of  the  oscillograph  to  the 
proper  terminals  in  the  analog  computer.  The  display  methods  possible 
with  repetitive  computers  open  up  striking  possibilities  for  continuously 
observing  the  effects  of  changes  in  parameters  and  initial  conditions  on 
the  solutions  of  sets  of  differential  equations.  Examples  of  the  many  use¬ 
ful  applications  of  this  technique  are: 

1.  Rapid  approximations  of  system  parameters  for  optimum  perform¬ 
ance  of  control  systems  simulated  on  repetitive  analog  computers 
(see  Section  3.3). 

2.  Solution  of  boundary  value  problems  (see  Sec.  3.8  for  a  typical 
example)  by  quickly  varying  parameters  until  the  given  boundary 
conditions  are  satisfied.  This  method  can  be  applied  to  many  vibra¬ 
tion  problems  as  well  as  to  “eigenvalue”  problems  in  atomic  physics 
(solutions  of  Schrodinger’s  equation  in  quantum  mechanics). 

3.  Rapid  exploratory  runs  in  order  to  conserve  computing  time  on 
larger  digital  or  analog  computers,  or  in  connection  with  manual 
computations. 

Computing  Elements  for  Repetitive  Computers.  Special  Design  Problems. 
Most  of  the  computing  elements  used  in  repetitive  d-c  analog  computers 
are  essentially  the  same  as  those  used  in  most  other  differential  analyzers 
of  the  d-c  analog  type. 
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In  the  design  of  these  components,  due  consideration  must  be  given  to 
the  fact  that  the  computing  elements  have  to  operate  at  frequencies  of 
the  order  of  10,000  times  higher  than  the  computing  elements  of  most 
“slow”  d-c  analog  computers.  Particular  attention  must  be  given  to 
the  high-frequency  response  of  feedback  amplifiers  used  in  operational 
amplifier  circuits  (see  Sec.  5.4)  in  order  to  avoid  uncontrolled  oscillations 
resulting  from  excessive  phase  shifts  at  high  frequencies  (see  Secs.  4.2  and 
4.5). 

The  theoretical  requirement  for  high  forward  amplifier  gain  needed  for 
achieving  accurate  integration  is  not  essentially  changed  through  the  use 
of  a  “fast”  time  scale  (see  Sec.  4.3).  Nevertheless,  the  amplifier  forward 
gain  used  in  repetitive  computers  at  the  present  time  is  only  of  the  order 
of  1,000  to  2,000,  compared  with  d-c  gains  as  high  as  50,000  to  100  million 
used  in  “slow”  d-c  analog  computers.  This  is  chiefly  due  to  the  difficulty 
of  maintaining  high-frequency  stability  with  such  high  gains  and  to  the 
fact  that  to  date  no  particular  emphasis  has  been  placed  on  the  com¬ 
ponent  accuracy  of  repetitive  analog  computers. 

The  higher  frequencies  used  with  repetitive  computers  also  make  the 
shielding  of  computing  elements  and  interconnecting  leads  more  critical 
than  in  the  case  of  “slow”  d-c  analog  computers. 

The  effects  of  drift  and  supply  voltage  variations  on  the  accuracy  of 
repetitive  d-c  analog  computers  vary  with  the  computer  design  and  must 
be  considered  in  connection  with  the  descriptions  of  specific  examples  of 
repetitive  machines. 

Whereas  the  linear  computing  elements  such  as  integrators,  summing 
amplifiers,  and  other  operational  amplifiers  are  basically  capable  of  good 
performance  at  the  high  frequencies  used  in  repetitive  d-c  analog  com¬ 
puters,  considerable  difficulties  are  encountered  in  the  design  of  function 
generators  and  multipliers  for  repetitive  operation.  The  only  applicable 
function  generators  seem  to  be  circuits  based  on  diode  characteristics  (see 
Sec.  6.7)  and  photoformers.  Neither  of  these  types  of  function  generators 
is  consistently  capable  of  accuracies  much  better  than  1  per  cent,  although 
some  improvements  in  this  respect  may  be  expected.  For  multiplication, 
the  crossed-fields  electron-beam  multiplier  (see  Sec.  6.1)  has  been  success¬ 
fully  applied  to  a  repetitive  analyzer.1  Other  possible  types  of  multi¬ 
pliers  are  quarter-square  or  logarithmic  multipliers  (see  Sec.  6.1)  based  on 
function  generators  of  the  types  mentioned  above. 

The  Accuracy  of  Repetitive  Analog  Computers.  Perhaps  because  of  the 
relatively  limited  accuracy  of  the  cathode-ray  oscillographs  used  for  view¬ 
ing  the  solutions  (see  Sec.  7.3),  repetitive  analog  computers  have  been 
regarded  as  useful  chiefly  for  the  quick,  qualitative  exploration  of  large 

1  MacNee,  A.  B.,  An  Electronic  Differential  Analyzer,  Proc.  IRE,  November,  1949. 
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numbers  of  solutions  rather  than  for  accurate  computations.  No  repeti¬ 
tive  analyzers  with  component  accuracies  better  than  about  1  per  cent 
have  been  constructed.  In  reality,  the  limitations  of  the  cathode-ray 
tube  indicators  as  such  need  not  stand  in  the  way  of  developing  repetitive 
analyzers  capable  of  good  accuracies,  since  it  is  possible  to  view  the  solu¬ 
tions  on  the  cathode-ray  tube  screen  and  then  to  record  selected  solutions 
accurately  by  means  of  a  photographic  recorder  of  the  electromagnetic  or 
crystal  oscillograph  type  (see  Sec.  7.3).  These  recorders  are  capable  of 
accuracies  of  better  than  0.5  per  cent.  Because  of  the  great  convenience 
and  speed  of  operation  of  repetitive  analyzers,  it  is  to  be  hoped  that  more 
accurate  machines  of  this  type  will  be  developed.  Such  developments 
are  predicated  mainly  on  the  design  of  more  accurate  function  generators 
and  multipliers  capable  of  high-frequency  operation. 

Resetting  Methods.  The  repetitive  d-c  analog  computer  must  contain 
provisions  for  making  the  computer  inoperative  for  a  brief  period  between 
30  and  100  times  a  second  in  order  to  permit  the  introduction  of  the  cor¬ 
rect  initial  conditions  for  all  machine  variables.  The  methods  described 
in  Sec.  7.1  for  introducing  initial  conditions  by  charging  all  integrating 
capacitors  to  the  desired  values  are  applicable  to  repetitive  computers  if 
sufficiently  quick-acting  relays  such  as  Western  Electric  mercury  relays,1 
synchronous  vibrators,  or  even  rotating  switches  are  available. 

An  alternative  method  is  to  return  the  output  voltages  of  all  integrators 
to  zero  between  successive  computer  runs  and  to  include  provisions  for 
adding  to  the  output  voltage  of  each  integrator  a  step-function  voltage 
whose  value  corresponds  to  the  desired  initial  condition.  This  latter 
method  has  been  used  most  frequently  with  repetitive  computers.  It  is 
especially  applicable  to  studies  of  damped  vibrations  where  each  machine 
variable  has  a  tendency  to  return  to  zero  during  the  course  of  the  solution. 
In  such  cases,  it  may  not  even  be  necessary  to  discharge  the  integrating 
capacitors  at  the  end  of  each  computer  run. 

The  Design  of  Repetitive  D-c  Analog  Computers.  The  design  problems 
encountered  in  developing  repetitive  d-c  analog  computers  are  best  illus¬ 
trated  by  a  discussion  of  existing  installations. 

The  Philbrick  Computer.  The  only  commercially  available  repetitive 
analog  computer  was  developed  by  the  George  A.  Philbrick  Researches, 
Inc.2 

The  computing  elements  of  the  Philbrick  analog  computer  are  mounted 
in  small  utility  boxes  and  can  be  set  up  in  a  rack  and  connected  to  a 
“central  unit”  cabinet  which  contains  the  power  supplies  as  well  as 
various  signal  generators  and  the  control  circuits. 

1  Type  D  168  479. 

2  Boston,  Mass. 
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The  following  linear  computing  elements  (operational  amplifiers)  are 
available: 


1.  Coefficient  setting  units 

2.  Summing  amplifiers 

3.  Integrators 

4.  Differentiators 

5.  "Augmenting  differentiators”  [transfer  function  (1  +  aP )] 


6.  "Augmenting  integrators” 


transfer  function 


7.  "Unit  lag”  or  "time-delay”  units 


transfer  function 


1  +  'aP 


The  following  nonlinear  computing  elements  are  based  on  diode  charac¬ 
teristics  (see  Sec.  6.7)  and  are  especially  suitable  for  the  analysis  of  auto¬ 
matic  control  systems  (see  also  Section  3.3  for  a  discussion  of  such 
circuits). 


1.  Limiters 

2.  Inert  zone  units 

3.  Hysteresis  or  backlash  units 

In  addition  to  these  computing  elements,  universal  function  generators 
also  based  on  diode  characteristics  (see  Sec.  6.7),  quarter-square  multi¬ 
pliers  based  on  diode  characteristics  (see  Sec.  6.1),  and  a  number  of  com¬ 
puting  elements  simulating  special  control  components  have  been 
introduced. 

The  voltage  range  used  for  the  machine  variables  in  the  Philbrick 
analog  computer  is  between  plus  and  minus  50  volts.  Overloads  are 
indicated  by  means  of  neon  bulbs.  The  nominal  accuracy  of  all  com¬ 
puting  elements  is  between  1  and  2  per  cent  of  full  scale. 

Figure  8.6  shows  the  block  diagram  of  a  typical  Philbrick  operational 
amplifier.  The  operational  amplifier  is  of  the  conventional  parallel-feed- 
back  type  (see  Sec.  4.6),  but  all  input  voltages  are  applied  through  cathode 
followers  in  order  to  obtain  high  input  impedance  and  to  eliminate  possi¬ 
ble  interaction  between  computing  elements.  Every  Philbrick  com¬ 
puting  element  contains  a  phase  inverter,  so  that  both  positive  and 
negative  output  voltages  can  be  obtained.  Each  Philbrick  operational 
amplifier  must  be  balanced  in  the  usual  manner  (see  Sec.  5.1)  so  as  to 
show  zero  output  voltage  at  each  of  its  two  output  terminals  for  zero 
input  voltage;  d-c  amplifier  drift  can  introduce  errors  as  in  other  d-c 
analog  computers. 
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Introduction  of  Initial  Conditions.  The  Philbrick  analog  computer  will 
generate  solutions  periodically  at  a  normal  repetition  rate  of  60  cps.  In 
many  problems  involving  damped  oscillations,  all  machine  values  return 
to  the  value  zero  in  the  course  of  the  solution,  so  that  all  integrating 
capacitors  will  be  discharged  at  the  end  of  a  computer  “run.”  One  can 
then  introduce  initial  conditions  by  simply  adding  a  step-function  voltage 
equal  in  value  to  the  desired  initial  condition  to  the  corresponding 
machine  variable  at  the  beginning  of  each  computer  run.  In  the  Phil- 
brick  analog  computer,  this  is  achieved  by  means  of  the  ordinary  sum¬ 
ming  amplifiers,  the  step  functions  being  obtained  from  a  square-wave 
generator  in  the  central  unit.  If,  on  the  other  hand,  one  or  more  machine 
variables  do  not  return  to  zero  at  the  end  of  a  solution,  it  is  possible  to 
short-circuit  the  integrating  capacitors  effectively  at  the  end  of  each  com: 


Fig.  8.6.  Typical  Philbrick  operational  amplifier. 

puter  run  by  means  of  an  electronic  switch  arrangement  in  the  central 
unit.  The  discharging  process  may  take  as  much  time  as  a  computer  run. 
In  this  case,  solutions  are  generated  at  a  repetition  rate  of  only  30  cps, 
alternate  cycles  being  used  for  discharging  the  integrating  capacitors. 

Auxiliary  Equipment.  The  central  unit  of  the  Philbrick  analog  com¬ 
puter  contains  plus  and  minus  300-volt  power  supplies,  a  square-wave 
generator  for  generating  initial  condition  voltages  and  step  voltages,  a 
sine-wave  generator  for  generating  sinusoidal  functions  of  the  time,  and  a 
random  noise  generator.  A  sweep  generator  provides  linear  sweep  volt¬ 
ages  for  the  cathode-ray  oscillographs  used  to  display  the  solutions,  and 
an  electronic  switch  permits  the  display  of  two  variables  on  one  oscillo¬ 
graph  screen.  The  electronic  switch  could  also  be  used  for  certain  switch¬ 
ing  applications  during  the  computation. 

Discussion  of  the  Philbrick  Analog  Computer.  In  spite  of  its  relatively 
low  accuracy,  the  Philbrick  analog  computer  can  be  an  invaluable  aid  in 
engineering  planning  and  design,  especially  in  the  development  of  auto¬ 
matic  control  systems. 
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Although  the  use  of  cathode-follower  input  circuits  eliminates  amplifier 
loading  and  interaction  between  computing  elements,  such  arrangements 
also  tend  to  decrease  the  computer  accuracy.  The  Philbrick  computer 
makes  use  of  d-c  amplifiers  with  their  attendant  difficulties  of  operation, 
although  the  repetitive  solutions  need  not  actually  contain  a  d-c  com¬ 
ponent.  The  newer  MIT  repetitive  differential  analyzer  represents  a 
significant  improvement  in  this  respect. 

The  MIT  Repetitive  Analyzer.  A  new  repetitive  differential  analyzer 
was  developed  under  the  direction  of  Dr.  A.  B.  MacNee1  at  the  Research 
Laboratory  of  Electronics  of  the  Massachusetts  Institute  of  Technology.2 
This  machine  comprises  parallel-feedback  integrators  and  summing  ampli¬ 
fiers  as  well  as  function  generators  of  the  photoformer  type  (see  Sec.  6.5) 
and  the  crossed-fields  electron-beam  multiplier  (see  Sec.  6.1),  newly 
developed  by  the  same  group.  Initial  conditions  are  again  introduced 
by  resetting  all  machine  variables  to  zero  at  the  end  of  each  computer 
run  and  by  adding  step-function  voltages  corresponding  to  the  initial 
conditions  to  each  integrator  output  at  the  beginning  of  each  computer 
run.  The  accuracy  of  the  initial  model  is  comparable  to  that  of  the 
Philbrick  computer. 

The  significant  improvement  in  the  new  analyzer  is  the  use  of  a-c  ampli¬ 
fiers  in  all  operational  amplifier  circuits  and  other  computing  elements. 
Figure  8.7  shows  a  simplified  diagram  of  an  a-c  amplifier  used  in  the  MIT 
computer.  At  the  end  of  each  computer  run,  all  machine  variables  are 
reset  to  zero  and  all  charges  are  removed  from  the  coupling  capacitors 
by  means  of  electronic  switches  based  on  the  clamping  circuits  commonly 
used  in  television  sets. 

At  the  end  of  each  computer  run,  positive  and  negative  gating  pulses 
applied  at  the  appropriate  points  shown  in  Fig.  8.7  permit  the  diodes  to 
conduct  and  will  reduce  the  output  voltage  of  each  amplifier  stage  (meas¬ 
ured  at  the  points  x )  to  zero  if  the  relative  magnitudes  of  the  positive  and 
negative  gating  pulses  are  adjusted  correctly  by  means  of  the  balancing 
controls  shown. 

The  use  of  these  clamping  circuits  assures  the  return  of  the  machine 
variables  to  the  correct  initial  values  for  all  types  of  solutions  and  also  tends 
to  simplify  the  computer  design.  Repetitive  analyzers,  such  as  the  Phil¬ 
brick  computer,  which  make  use  of  d-c  amplifiers  still  require  regulated 
power  supplies  in  order  to  avoid  drift  in  the  reference  level  of  the  solu¬ 
tions.  In  repetitive  analyzers  using  a-c  amplifiers  such  as  the  MIT 
repetitive  computer,  power-supply  regulation  is  not  an  essential  require¬ 
ment.  Interaction  between  computing  elements  through  the  power  sup- 

1  MacNee,  op.  cit.,  p.  1315. 

2  Cambridge,  Mass. 
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plies  of  repetitive  computers  can  be  eliminated  by  the  use  of  conventional 
decoupling  filters.1  Furthermore,  the  a-c  amplifiers  used  in  the  MacXee 
type  of  repetitive  analyzer  could  be  operated  with  a  single  power  supply. 


Fig.  8.7.  Circuit  diagram  of  an  integrator  from  the  MIT  repetitive  computer. 
Note  the  clamping  circuits,  used  to  discharge  the  integrating  capacitor,  and  the 
summing  circuit,  used  to  add  initial  condition  voltages  to  the  integrator  output 
voltage.  The  initial  condition  voltage  is  not  used  to  charge  the  integrating  capacitor 
directly  in  this  arrangement. 

although  this  is  not  the  case  in  the  original  design.  The  component 
accuracy  of  the  MacXee  machine  is  between  0.5  and  1  per  cent. 

8.6.  Larger  Computer  Installations.  Introduction.  The  following 
descriptions  of  some  representative  larger  d-c  analog  computers  built  in 
the  United  States  will  serve  to  illustrate  how  different  designers  have 
attempted  to  deal  with  the  design  problems  previously  discussed. 


1  See  F.  E.  Terman,  Radio  Engineers’  Handbook ,  McGraw-Hill,  New  York,  1943, 
for  a  discussion  of  decoupling  filters. 
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The  Goodyear  Electronic  Differential  Analyzer  ( GEDA ).  The  Goodyear 
Aircraft  Electronic  analog  computer,  originally  developed  by  the  Good¬ 
year  Aircraft  Corporation1  in  connection  with  an  Air  Force  contract,  has 
been  made  available  commercially  in  recent  years. 

The  basic  unit  of  the  Goodyear  Aircraft  Electronic  analog  computer, 
shown  in  Fig.  8.8,  is  assembled  complete  in  one  movable  cabinet.  This 

unit  comprises  20  high-quality  d-c  am¬ 
plifiers,  4  double-diode  parallel-type 
limiters,  2  double-diode  series  type 
limiters  (similar  to  the  u isolated”  units 
described  in  Sec.  6.7),  10  coefficient 
setting  potentiometers  of  the  helical 
type,  a  patch  bay  for  wiring  problems 
and  interconnecting  computing  ele¬ 
ments,  an  accurate  resistance-measur¬ 
ing  bridge,  and  a  number  of  relays  used 
for  setting  up  initial  conditions.  Also 
contained  in  the  computer  cabinet  are 
an  a-c  voltage  regulator  which  provides 
regulated  a-c  for  the  filaments  of  all  but 
the  power  amplifier  tubes,  a  small  d-c 
power  supply  for  relay  operation,  and 
three  precision-regulated  high-voltage 
power  supplies.  The  latter  will  supply 
plus  and  minus  200  volts  at  500  ma 
with  an  internal  resistance  of  0.05  ohm 
at  zero  frequency  and  minus  450  volts 
at  50  ma  with  0.1 -ohm  internal  imped¬ 
ance  at  zero  frequency.  These  three 
high-voltage  power  supplies  are  regu¬ 
lated  electronically  by  reference  to  one 
gas  discharge  tube  used  as  a  common 
reference  element.  The  primary  power 
for  the  operation  of  the  Goodyear 
computer  comes  from  the  110-volt,  single-phase,  60-cycle  a-c  line.  The 
average  power  consumption  is  1,000  watts. 

The  d-c  amplifier  design  used  in  the  Goodyear  analog  computer  is  a 
particularly  ingenious  one;  the  circuit  used  is  shown  in  Fig.  5.35  and 
described  in  Sec.  5.5.  Although  the  design  of  the  Goodyear  d-c  ampli¬ 
fiers  would  permit  the  addition  of  automatic  balancing  units  (see  Sec.  5.6), 
the  designers  have  not  considered  it  necessary  to  introduce  the  added 
1  Akron,  Ohio. 


Fig.  8.8.  Front  view  of  the  basic 
unit  of  the  Goodyear  Aircraft  elec¬ 
tronic  analog  computer. 
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complexity  and  maintenance  associated  with  such  devices  because  of  the 
very  low  drift  of  the  excellent  d-c  amplifier  circuit  used.  The  input  and 
output  terminals  of  the  d-c  amplifier  are  brought  out  to  jacks  on  the  rear 
of  two  large  chassis  each  bearing  10  individual  plug-in  d-c  amplifier  units. 
A  central  patch  bay  or  jack  board  is  conveniently  arranged  between  two 
double  rows  of  amplifier  terminals.  Various  operational  amplifiers  can 
be  built  up  by  plugging  combinations  of  resistors  and  capacitors  into  this 
patch  bay  and  by  connecting  them  to  nearby  amplifier  terminals  by  means 
of  patch  cords.  Each  Goodyear  d-c  amplifier  can  be  used  in  summing 
amplifier  or  summing  integrator  circuits  with  five  or  more  input  resistors, 
provided  that  the  resistance  of  the  input  resistors  in  parallel  is  not  less 
than  20,000  ohms.  The  patch  bay  also  serves  for  interconnecting  differ¬ 
ent  computing  elements  by  means  of  additional  patch  cords. 

A  resistance  bridge  incorporated  in  the  computer  makes  it  possible  to 
select  plug-in  resistors  to  within  0.1  per  cent  of  the  desired  value. 

Ten  polystyrene  capacitors  for  use  in  integrators  and  other  operational 
amplifiers  are  also  supplied  with  the  computer.  A  special  push  button 
permits  the  operator  to  discharge  all  these  capacitors  before  each  com¬ 
puter  run  so  as  to  provide  an  initial-condition  voltage  equal  to  zero  across 
each  capacitor.  Initial-condition  voltages  different  from  zero  may  be 
introduced  into  four  integrators  by  means  of  four  separate  reset  relays 
(see  Sec.  7.1)  connected  to  either  the  plus  or  minus  200-volt  power  supply 
through  a  voltage  divider  and  four  voltage-adjusting  potentiometers.  In 
order  to  obtain  the  correct  voltage  from  the  voltage  divider,  it  is  necessary 
to  charge  each  integrating  capacitor  in  turn.  A  step-function  switch  also 
permits  the  operator  to  introduce  further  initial  conditions  in  the  form  of 
step  voltages  (see  Sec.  7.1)  and  is  generally  useful  in  many  computer 
applications. 

The  company  will  furnish  a  set  of  high-quality  driver  amplifiers  (see 
Sec.  7.3)  suitable  for  use  with  a  direct-inking  magnetic  recorder  as  optional 
equipment.  The  operating  control  system  of  the  Goodyear  computer  com¬ 
prises  a  “ compute”  switch  (here  called  the  function  switch)  which  actu¬ 
ates  the  reset  relays  and  places  the  machine  in  the  compute  condition. 
In  order  to  return  the  computer  to  the  reset  condition  after  each  com¬ 
puter  run,  it  is  necessary  to 

1.  Release  the  compute  switch 

2.  Discharge  the  integrating  capacitors  by  pressing  a  “discharge” 
button 

3.  Charge  up  to  four  of  the  integrating  capacitors  with  the  respective 
initial-condition  voltages  b}r  setting  a  selector  switch  and  pressing 
a  “charge”  button 
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An  elegant  overload  indication  system  of  the  common-bus  type  shown 
in  Fig.  7.125  is  used  in  this  computer. 

Multipliers  and  Function  Generators.  The  Goodyear  nonlinear  analog- 
computer  unit  has  been  designed  as  an  accessory  to  the  basic  Goodyear 
computer.  This  unit  consists  of  a  relay  rack  containing  up  to  12  com¬ 
puter  servomechanisms  as  well  as  various  associated  amplifiers  and  power 
supplies.  The  frequency  response  of  these  servomechanisms  is  such  that 
no  noticeable  phase  shift  is  observed  at  5  cps;  errors  are  less  than  5  per 
cent  at  10  cps.  Each  servomechanism  is  of  the  modulated  a-c  type 
(60  cps)  described  in  Sec.  6.4  and  is  capable  of  driving  one  to  three 
potentiometers  for  multiplication  and/ or  function  generation.  The  func¬ 
tion  generating  potentiometers  supplied  with  this  unit  are  of  the  universal 
tapped  potentiometer  type  described  in  Sec.  6.6  and  are  equipped  with 
interchangable  plug-in  networks  using  fixed  resistors  for  establishing  the 
correct  tap  voltages.  The  arrangement  was  originally  intended  to  gen¬ 
erate  monotonic  functions  only,  but  any  reasonable  type  of  function 
coidd  be  generated  with  only  minor  circuit  modifications. 

All  Goodyear  computer  units  may  be  combined  in  groups  to  form  larger 
computer  installations.  Electronic  multipliers  are  under  development. 

Discussion  of  the  Goodyear  Aircraft  Analog  Computer.  The  outstanding 
feature  of  the  Goodyear  computer  is  the  excellent  electrical  and  mechan¬ 
ical  design  of  the  d-c  amplifiers  and  of  the  compact  power-supply  system. 
The  balancing  and  overload  systems  are  also  well  designed.  The  con¬ 
struction  of  the  various  units  is  of  good  quality. 

The  use  of  plug-in  summing  and  feedback  resistors  together  with  a  cali¬ 
brating  bridge  is  not  quite  so  convenient  as  the  REAC  system  described 
later,  but  the  Goodyear  arrangement  is  more  flexible  as  well  as  appreciably 
cheaper.  The  arrangement  of  the  d-c  amplifier  terminals  around  the 
centrally  located  patch  bay  is  practical  and  makes  for  short  interconnec¬ 
tions  while  yet  permitting  d-c  amplifiers  to  be  replaced  without  disturbing 
the  computer  setup.  Note  that  the  patch  bay  is  not  permanently  con¬ 
nected  to  the  d-c  amplifiers  as  in  the  REAC. 

The  arrangement  of  the  patch  bay  in  the  rear  of  the  computer  cabinet 
may  conserve  panel  space  and  be  desirable  in  applications  which  require 
few  changes  in  the  computer  setup.  For  all-round  experimental  purposes, 
however,  the  necessity  of  making  setup  changes  in  the  rear  of  the  com¬ 
puter  cabinet  may  have  a  definite  nuisance  value. 

The  component  accuracy  claimed  for  the  Goodyear  machine  is  0.1  per 
cent  for  linear  computing  elements  and  less  than  0.5  per  cent  for  most 
nonlinear  operations. 

The  weakest  point  in  the  design  of  the  Goodyear  computer  is  its  oper¬ 
ating  control  system;  as  many  as  four  switching  operations  may  be  neces- 
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sary  to  return  the  machine  to  the  reset  condition  after  each  computer 
run.  The  complication  of  the  resetting  operation  is  the  high  price  paid 
for  the  omission  of  a  low-impedance  reference  voltage  supply  in  the  main 
computer  unit.1 

The  Reeves  Electronic  Analog  Computer  (RE AC).  The  REAC  was 
designed  by  the  Reeves  Instrument  Corporation2  under  a  contract  with 
the  United  States  Navy.  The  REAC  has  been  made  available  com¬ 
mercially  and  is  probably  the  most  frequently  used  of  all  d-c  analog 
computers. 

The  basic  REAC  unit  comprises  a  relay  rack  containing  20  high-quality 
operational  amplifiers,  four  double-diode  limiters,  and  a  number  of  coeffi¬ 
cient  setting  potentiometers  of  the  helical  type.  A  separate  power-supply 
rack  houses  plus  350-volt,  minus  190-volt,  and  minus  350-volt  regulated 
power  supplies  for  the  operation  of  the  d-c  amplifiers  as  well  as  plus  and 
minus  100-volt  regulated  power  supplies  for  computing  voltages,  a  regu¬ 
lated  d-c  filament  supply  for  the  input  tube  filaments,  a  d-c  supply  for 
relay  operation,  and  various  filament  transformers.  All  high-voltage 
power  supplies  are  regulated  by  reference  to  one  dry  battery  used  as  a 
common  reference  element. 

The  REAC  d-c  amplifiers  are  of  the  self-balancing  type  described  in 
detail  in  Sec.  5.6.  Rooster  resistors  (see  Sec.  5.6)  may  be  used  to  increase 
each  amplifier  power  output  when  necessary.  Seven  of  the  twenty  d-c 
amplifiers  in  the  basic  REAC  unit  are  merely  used  as  phase  inverters  with 
a  single  input  terminal  and  a  gain  of  —  1 .  There  are  also  six  summing 
amplifiers  and  seven  summing  integrators,  each  having  seven  input  ter¬ 
minals  corresponding  to  the  multiplying  coefficients  —1,  —1,  —1,  —  1, 
—  4,  —4,  and  — 10  as  illustrated  in  Fig.  2.1.  The  summing  and  feedback 
resistors  are  selected  so  that  each  resistance  is  within  0.1  per  cent  of  the 
specified  value,  and  the  capacitances  of  the  integrating  capacitors  (plastic 
dielectric  type)  are  accurate  to  within  0.25  per  cent. 

An  optional  separate  servomechanisms  unit  comprises  a  relay  rack  con¬ 
taining  four  computer  servomechanisms  and  a  separate  power-supply 
rack.  The  computer  servomechanisms  utilize  60-cps  induction  motors 
driven  by  a-c  amplifiers  (see  Sec.  6.4) ;  d-c  input  voltages  are  converted  to 
alternating  current  by  means  of  synchronous  converters.  Each  Reeves 
computer  servomechanism  is  arranged  so  that  it  can  perform  the  following 
operations : 

1.  Multiplication  of  a  machine  variable  (d-c  voltage)  by  one  to  three 
other  machine  variables 

1  Recent  models  of  the  GEDA  do  have  a  reference  power  supply,  but  to  the  best  of 
the  authors’  knowledge,  the  operating  control  system  has  not  been  changed. 

2  New  York,  N.Y. 
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2.  Multiplication  of  a  machine  variable  by  one  to  three  functions  of 
other  machine  variables  by  means  of  optional  cylindrical-type  func¬ 
tion  potentiometers  (see  Sec.  0.5) 

3.  One  transformation  from  Cartesian  to  polar  coordinates  or  inversely 
(use  as  a  vector  servo,  as  in  Sec.  6.8) 

The  frequency  response  of  the  Reeves  servomechanisms  is  flat  (0.5  per 
cent  accuracy)  up  to  about  5  cps. 

RE  AC  Construction.  All  input  and  output  terminals  of  the  REAC 
computing  elements  are  brought  out  to  jacks  on  large  central  patch  hays. 
The  wiring  used  for  making  these  connections  is  not  shielded,  so  that  there 
may  be  noticeable  cross  talk  at  signal  frequencies  higher  than  2  cps.  The 
REAC  possesses  a  push-button  power  control  system  similar  to  the  one 
illustrated  in  Fig.  7.8.  The  operating  control  system  is  similar  to  the 
simple  switch-type  operating  control  system  shown  on  the  right  of  Fig. 
7.5  and  is  physically  separated  from  the  power  control  system. 

A  complete  REAC  installation,  comprising  a  basic  unit,  a  servo¬ 
mechanisms  unit,  and  two  power-supply  racks,  is  shown  in  Fig.  1.15. 
Several  REAC  units  may  be  combined  to  form  larger  computer  installa¬ 
tions.  Several  types  of  recorders  (see  Sec.  7.3  and  Figs.  7.20  and  7.21) 
may  be  furnished  with  the  REAC  as  optional  equipment.  The  company 
will  also  furnish  special  driver  amplifiers  (see  Sec.  7.3)  for  recorder 
operation. 

For  best  accuracy,  the  time  scales  used  with  the  REAC  should  be 
chosen  so  that  the  signal  frequencies  are  between  0.02  and  5  cps,  but  both 
faster  and  slower  computations  are  possible. 

Discussion  of  the  REAC:  Computing  Elements.  The  operational  ampli¬ 
fiers  used  in  the  REAC  are  capable  of  accurate  performance  (better  than 
0.5  per  cent  integrator  accuracy  for  a  computing  time  of  2  min  in  most 
cases).  This  is  a  result  of  the  utilization  of  the  RCA  automatic  balancing 
system  (Sec.  5.6)  in  connection  with  carefully  chosen  input  and  feedback 
network  components. 

The  other  computing  elements  are  of  comparable  quality,  although  the 
frequency  response  of  the  computer  servomechanisms  leaves  something 
to  be  desired.  The  provision  for  vector  resolution  in  each  REAC  com¬ 
puter  servomechanism  is  useful  for  a  number  of  applications  but  neces¬ 
sarily  raises  the  cost  of  the  servomechanisms  unit  rather  substantially. 

Discussion  of  the  REAC:  Composite  Design.  The  mechanical  construc¬ 
tion  and  wiring  of  REAC  units  are  of  excellent  quality,  although  perhaps 
unnecessarily  expensive. 

The  REAC  operating  control  system  is  very  simple  and  easy  to  main¬ 
tain,  if  not  impressively  convenient  for  the  operator.  The  compute- 
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reset-hold  switch  is  almost  hidden  on  the  front  panel,  and  the  recorder 
paper  feed  cannot  be  started  and  stopped  from  the  control  panel.  Xo 
remote-control  station  is  furnished  with  the  RE  AC,  but  such  a  device 
could  be  added  easily.  “Plugboard”  type  patch  bays  for  multishift 
operation  (see  Sec.  8.3)  have  been  made  available  with  some  late  model 


Fig.  8.9.  Removable  plugboards  used  for  setting  up  problems  on  the  newer  REAG 
computers. 

REAC’s;  such  a  patch  bay  is  shown  in  Fig.  8.9.  Finally,  jack  panels 
containing  resistors  and  capacitors  for  making  up  special  computing  net¬ 
works  (see  Sec.  4.6)  are  available  with  the  late-model  machines. 

8.7.  Development  Trends  in  the  Design  of  Larger  D-c  Analog  Com¬ 
puters.  Introduction.  The  development  of  the  operational  amplifiers 
used  for  performing  linear  operations  in  d-c  analog  computers  has  reached 
a  high  state  of  perfection.  The  principal  need  for  further  development 
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is  in  the  field  of  multipliers  and  function  generators  capable  of  accurate 
operation  at  signal  frequencies  between  0  and  5,000  cps  (see  Chap.  G). 

Until  these  developments  can  be  completed,  the  chief  improvements  on 
existing  d-c  analog-computer  designs  can  be  made  with  respect  to  setup 
and  operating  convenience.  The  following  descriptions  of  modern  com¬ 
puting  equipment  will  show  examples  of  such  improvements. 

The  Curtiss-Wright  Analog  Computer  ( CURTIAC ).  The  CURTIAC, 
built  under  a  contract  with  the  United  States  Navy  Department,1  repre- 
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S  channel  recorder  unit  nmnun^r  nna  ^ — Amplifier  unit 

Fig.  8.10.  The  Curtiss-Wright  analog  computer  (CURTIAC). 


Main  control  panel 

Calibrator  unit 


sents  a  joint  effort  of  the  Curtiss-Wright  Corporation,  Airplane  Division,2 
and  the  Applied  Physics  Laboratory,  Johns  Hopkins  University.3 

Figure  8.10  shows  the  complete  CURTIAC  installation.  The  power- 
supply  unit  (first  from  the  left)  contains  a  push-button  power  control 
system  like  the  one  used  in  the  REAC,  seven  meters  indicating  power- 
supply  output  voltages  and  currents,  and  several  power  supplies,  includ¬ 
ing  two  reference  power  supplies,  all  essentially  similar  to  those  used  in 
the  REAC.  The  amplifier  unit  (third  from  the  left)  contains  20  self¬ 
balancing  computing  amplifiers  with  all  terminal  connections  brought  out 
to  a  large  patch  bay  on  the  front  panel.  The  high-quality  operational 

1  Clearance  of  this  material  by  the  United  States  Navy  Department  should  not  be 
construed  to  imply  that  the  opinions  expressed  here  are  those  of  the  Navy  Department. 

2  Columbus,  Ohio. 

3  Silver  Spring,  Md. 
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amplifiers  used  in  the  CURTIAC  are  designed  essentially  like  the  ampli¬ 
fiers  used  in  the  REAC,  with  the  exception  of  some  minor  circuit  refine¬ 
ments.  Unlike  in  the  REAC,  each  operational  amplifier  can  be  used  as 
either  a  summing  amplifier  or  a  summing  integrator  with  seven  input 
terminals  corresponding  to  the  multiplying  factors  —1,  —1,  —1,  —  1, 
—  4,  —4,  and  —10.  Each  amplifier  can  be  changed  over  from  summing 
amplifier  to  summing  integrator  operation  by  means  of  a  switch  located 
in  the  rear  of  each  amplifier  chassis. 

The  second  relay  rack  unit  from  the  left  in  Fig.  8.10  contains  six  simple 
recorder  driver  amplifiers  using  the  low-cost  circuit  shown  in  Fig.  7.16. 
The  calibrating  controls  can  be  seen  in  the  center  of  the  front  panel.  This 
rack  also  contains  a  number  of  multiplying  or  function  generating  servo¬ 
mechanisms  and  the  associated  power  supplies.  Each  computer  servo¬ 
mechanism  is  of  the  modulated  a-c  type;  the  servo  amplifiers  were 
constructed  by  modifying  standard  public-address  amplifiers,  with  excel¬ 
lent  results.  Provisions  are  made  for  operating  the  servomotors  at 
about  three  times  their  rated  power  for  the  short  time  of  each  computer 
run.  This  arrangement  results  in  a  considerably  improved  torque-to- 
inertia  ratio  (see  Sec.  6.4).  The  computer  servomechanisms  used  in  the 
CURTIAC  have  a  frequency  response  flat  up  to  about  5  cps. 

Function  Generator  Units.  Universal  function  generating  potentiom¬ 
eters  of  the  type  discussed  in  Sec.  6.6  may  be  utilized  in  the  CURTIAC 
in  connection  with  the  computer  servomechanisms.  Twenty  additional 
universal  function  generating  potentiometers  driven  by  a  large  synchro¬ 
nous  motor  are  used  to  generate  functions  of  the  machine  time.  These 
function  generating  potentiometers  are  arranged  on  shafts  running  ver¬ 
tically  through  each  of  the  two  function  generating  racks  shown  on  the 
right  of  Fig.  8.10.  The  function  adjusting  networks  for  each  of  the  20 
universal  function  generating  potentiometers  are  of  the  plug-in  type. 
They  are  mounted  on  interchangeable  relay  rack  panels  each  of  which  is 
provided  with  21  controls  for  setting  the  various  tap  voltages.  Figures 
6.435  and  6.43c  show  a  photograph  of  an  individual  unit  taken  from  the 
CURTIAC. 

Each  CURTIAC  function  generator  unit  also  contains  12  coefficient 
setting  potentiometers  of  the  helical  type  and  a  patch  bay  for  making 
connections  to  the  various  computing  elements.  The  shafts  driving  the 
potentiometers  in  the  two  function  generator  units  are  coupled  together 
by  a  solid  horizontal  shaft  geared  down  from  the  main  shaft,  although  a 
synchro  transmission  is  also  provided  for  remote  operation  of  one  of  the 
function  generator  units.  The  elapsed-time  indicators  seen  on  the  front 
panel  of  each  of  the  function  generator  units  indicate  the  computing  time 
elapsed  as  determined  by  the  displacement  of  the  potentiometer  shaft. 
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Also  located  in  one  of  the  function  generator  units  are  four  double- 
diode-tvpe  limiters  and  the  computer  operating  control  panel. 

CUIiT  I  AC  Control  System.  The  operating  control  system  in  the 
CURTIAC  is  perhaps  the  most  interesting  feature  of  this  computer. 
This  is  a  push-button  control  system  with  automatic  timing  and  uses  a  cir¬ 
cuit  similar  to  the  one  shown  in  Fig.  7.10  and  discussed  in  Sec.  7.2.  All 
push  buttons  are  duplicated  on  a  portable  remote-control  station  which  can 
be  plugged  into  the  control  panel.  Figure  8.11  shows  the  portable 
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Fig.  8.11.  Curtiss- Wright  CURTIAC  calibrator  unit  and  remote-control  station. 


remote-control  station  as  well  as  the  calibrator  unit  described  further 
below. 

Calibrator  Unit .  The  calibrator  unit  furnished  with  the  CURTIAC  is 
a  simple  but  versatile  measuring  instrument  housed  in  a  steel  utility  box 
which  can  be  conveniently  attached  to  any  of  the  computer  relay  racks 
as  shown  in  Fig.  8.9.  The  circuit  of  the  CURTIAC  calibrator  is  shown 
in  Fig.  8.12;  the  unit  contains  a  voltmeter  to  be  used  for  rough  voltage 
measurements  and  an  accurate  helical-type  potentiometer  with  a  micro¬ 
ammeter  null  indicator.  The  latter  components  may  be  used  for  accu¬ 
rate  voltage  measurements  in  conjunction  with  the  computer  reference 
power  supply.  They  may  also  be  used  in  a  bridge  circuit  for  measuring 
resistance.  The  calibrator  is  specifically  intended  as  a  comparison 
potentiometer  for  setting  the  tap  voltages  of  the  CURTIAC  universal 
function  generating  potentiometers.  For  this  reason  a  load  selector  switch 
permits  one  to  connect  substitute  load  resistances,  equal  to  the  input 
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resistances  of  the  CURTIAC  operational  amplifiers,  to  the  function 
potentiometer  being  calibrated.  The  calibrator  unit  is  also  useful  for 
setting  loaded  constant  coefficient  potentiometers,  for  accurate  amplifier 
gain  measurements,  and  as  a  measuring  instrument  of  general  utility. 

The  synchronous  motor  driving  the  time  shaft  in  the  CURTIAC  may 
be  subject  to  speed  changes  due  to  variations  in  the  power  line  frequency 
(see  Sec.  6.5).  This  difficulty  could  be  avoided  by  supplying  the  time 


Fig.  8.12.  Calibrator  unit  for  a  d-c  analog  computer  (CURTIAC).  The  numbered 
points  are  brought  out  to  jacks  on  the  calibrator  unit  and,  if  desired,  through  a  special 
cable,  also  to  jacks  in  the  main  computer  patch  bay.  The  load  selector  switch  changes 
the  voltmeter  resistance  so  as  to  simulate  different  loads  on  the  computing  element 
being  calibrated.  The  voltmeter  scale  does  not  change. 

motor  with  alternating  current  from  a  power  amplifier  driven  by  a  tuning- 
fork  oscillator  (see  Secs.  6.5  and  7.3). 

The  RAND  Analog-computer  Installation.  The  analog-computer  instal¬ 
lation  of  the  RAND  Corporation1  is  particularly  interesting,  since  it  was 
developed  for  the  often  involved  and  sophisticated  requirements  of  a  large 
computer  laboratory  which  also  comprises  much  digital  computing  equip¬ 
ment.  Although  the  RAND  analog  computer  is  based  on  simple  modi¬ 
fications  of  two  early-model  REAC’s,  a  number  of  successive  improve¬ 
ments  have  resulted  in  a  machine  whose  accuracy  and  usefulness  are 

1  Santa  Monica,  Calif.  The  machine  was  developed  for  the  company’s  own  use 
only. 
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vastly  superior  to  the  original  equipment.  Eventually,  a  component 
accuracy  better  than  0.05  per  cent  is  hoped  for. 

Since  the  RAND  analog  computer  is  not  used  for  partial  systems  tests 
which  require  operation  on  a  1 : 1  time  scale,  the  machine  is  usually  oper¬ 
ated  on  relatively  slow  time  scales  which  permit  optimum  accuracy  in  the 
computer  servomechanisms  used.  Accordingly,  provisions  have  been 
made  to  utilize  larger  values  of  integrating  capacitances  and  integrator 
summing  resistances. 

The  original  Reeves  d-c  amplifiers  have  been  modified;  each  RAND  d-c 
amplifier  can  be  used  as  a  general-purpose  operational  amplifier  as  well  as 
for  summing  and  integrating.  Each  amplifier  has  been  provided  with 
the  well-designed  automatic  balancing  circuit  discussed  in  Sec.  5.6  and 
shown  in  Fig.  5.39.  The  d-c  amplifier  circuits  comprise  cathode-follower 
input  stages  having  very  low  grid  currents  (10-6  jua)  and  error-indicator 
lights  (see  Sec.  5.6).  The  use  of  grid-blocking  capacitors  was  decided 
against  because  of  their  poor  overload  performance. 

The  original  Reeves  computer  servomechanisms  have  been  redesigned 
and  provided  with  input  summing  networks.  Correction  function  gen¬ 
erators  (see  Sec.  6.5)  are  used  to  improve  the  accuracy  of  multiplication. 
A  number  of  computing  relays  (see  Sec.  6.5)  have  been  added. 

The  relatively  slow  time  scales  used  permit  the  utilization  of  Esterline- 
Angus  magnetic  recorders  and  of  modified  Reeves  servo  drum  recorders 
for  accurate  recording.  Several  of  the  Reeves  servo  drum  recorders  have 
been  modified  for  use  as  universal  function  generators  or  input  tables  in 
the  manner  discussed  in  Sec.  6.5  and  permit  the  generation  of  any  reason¬ 
able  functions  of  machine  variables. 

A  digital  readout  device,  or  voltmeter  reading  in  digits,  is  provided, 
and  the  installation  of  an  electric  typewriter  for  recording  the  output  in 
tabular  form  is  planned. 

The  power  supplies  in  the  original  computer  are  supplemented  by  a  new 
precision  reference  power  supply  which  comprises  an  automatic  balancing 
circuit. 

Setup  and  Control  System.  The  outstanding  feature  of  the  RAND 
analog  computer  is  the  setup  and  control  system.  Since  the  RAND  com¬ 
puter  is  intended  for  possible  three-shift  operation,  all  the  terminals  of 
the  d-c  amplifiers,  feedback  networks,  potentiometers,  relays,  servo¬ 
mechanisms,  input  tables,  and  recorders  are  brought  out  to  an  IBM-type 
patch  panel  (see  Sec.  8.3).  Interconnections  for  each  computer  setup  are 
wired  up  on  individual  plugboards  which  are  then  plugged  into  the  patch 
panel.  Each  plugboard  can  be  prepared  independently  while  the  machine 
is  being  used  for  a  different  problem.  After  completion  of  wiring,  the 
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1  Several  basic  units  may  be  combined  in  each  ease  to  form  larger  computer  installations. 
All  computers  described  may  be  operated  from  the  110-volt,  00-cycle  a-e  line. 
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interconnections  on  a  plugboard  may  be  checked  from  the  reverse  side  of 
the  board  through  the  use  of  a  buzzer  or  ohmmeter.  If  improper  behavior 
of  the  computer  is  suspected,  a  specially  wired  “diagnostic”  or  test  prob¬ 
lem  plugboard  can  be  plugged  into  the  machine.  If  mathematical  diffi¬ 
culties  arise,  or  if  subsequent  parameter  choices  depend  on  the  analysis  of 
results  to  date,  the  problem  can  be  removed  immediately  and  another  one 
started.  Plugboards  can  be  filed  for  later  use. 

On  changing  problems  it  is,  of  course,  necessary  to  change  the  functions 
on  the  input  tables  and  to  reset  the  coefficient  setting  potentiometers. 
In  order  to  permit  the  greatest  possible  operating  convenience,  the  patch 
panel  and  all  coefficient  setting  potentiometers  have  been  combined  with 
the  computer  operating  controls  in  a  large  control  console ;  all  controls  can 
be  reached  by  the  operator  from  a  sitting  position.  A  single  push  button 
will  connect  a  test  voltage  source  across  the  input  terminals  of  all  coeffi¬ 
cient  setting  potentiometers;  their  settings  can  then  be  read  directly,  with 
the  load  connected,  on  a  servo-driven  comparison  potentiometer  which  may 
be  switched  into  each  circuit.  A  push-button  operating  control  system 
is  used. 

Construction.  Physically,  the  d-c  amplifiers,  servomechanisms,  and 
power  supplies  are  located  in  enclosed  cabinets  whereas  the  feedback  net¬ 
works  are  located  inside  the  control  console,  where  they  are  not  affected 
by  the  heat  generated  in  the  amplifiers  and  power  supplies.  The  various 
units  are  interconnected  with  well-insulated  cables;  no  cross-talk  diffi¬ 
culties  have  been  observed  at  the  low  computing  speeds  used.  The  patch 
panel  and  plugboards  are  made  of  polystyrene  in  order  to  minimize 
leakage. 

Discussion  of  the  RAND  Computer.  The  RAND  analog  computer  is  a 
unique  and  imaginative  development  whose  potential  utility  is  equal  to 
that  of  much  larger  machines.  Computing  speed  has  been  successfully 
traded  for  increased  accuracy  in  multiplication,  function  generation,  and 
recording.  It  will  be  interesting  to  see  to  what  extent  multishift  opera¬ 
tion  of  the  type  planned  for  the  RAND  computer  will  pay  for  the  rela¬ 
tively  high  cost  of  the  installation. 

Some  Possible  Design  Features  for  a  Future  Improved  D-c  Analog  Com¬ 
puter.  A  future  improved  d-c  analog  computer  might  utilize  push-pull 
operational  amplifiers.  This  would 

1.  Permit  a  slightly  improved  computing  accuracy. 

2.  Permit  the  utilization  of  only  two  high-voltage  power  supplies  for 
d-c  amplifier  operation. 

3.  Result  in  a  more  constant  load  on  these  power  supplies. 
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4.  Eliminate  a  number  of  phase-inverting  amplifiers  in  most  computer 
setups.  On  the  other  hand,  the  number  of  feedback  and  input  net¬ 
works  and  of  coefficient  setting  potentiometers  would  be  doubled. 


As  an  example,  Fig.  8.13  shows  the  block  diagram  of  a  push-pull 
integrator. 
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Fig.  8.13.  Block  diagram  of  a  self-balancing  push-pull  integrator. 
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APPENDIX:  SOME  PROPERTIES  OF  PARALLEL- 
FEED  RAC K-TY PE  OPERATIONAL  AMPLIFIERS 


Effects  of  Gain  Changes  and  Distortion.  Differentiation  of  the  performance  equa¬ 
tion  (4.69)  of  the  general  parallel-feedback  operational  amplifier  with  respect  to  the 
forward  gain  A  shows  that  a  change  of  eA  per  cent  in  the  forward  gain  A  of  the  d-c  ampli¬ 
fier  will  cause  a  corresponding  percentage  change 
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in  the  output  voltage  X0  of  the  operational  amplifier  of  Fig .  4.246  (the  simpler  circuit  of 
Fig.  4.24a  is  a  special  case  of  the  circuit  of  Fig.  4.246). 

Again,  since  distortion  in  the  d-c  amplifier  may  be  considered  in  terms  of  gain 
changes  as  in  Secs.  4.2  and  4.5,  ei)  per  cent  distortion  in  the  d-c  amplifier  will  cause  a  dis¬ 
tortion  percentage  of 


1  +  Z, 


z(k 


Z, 


+ 


) 


(1  -  A)  +  Z.  +f  + 


if  |  A  |  1  and 


{”  xf1  +  z*(f,  +f,+  • '  )]| 

1  -  A  (z,  +  F;  +  ')  ^  ^  2> 


in  the  output  voltage  of  the  operational  amplifier  of  Fig.  4.246. 

Effects  of  Load  Impedance  and  D-c  Amplifier  Output  Impedance  on  Operational 
Amplifier  Performance.  The  operational  amplifiers  discussed  in  the  preceding  sections 
have  been  analyzed  without  regard  to  the  effects  of  other  computing  elements  to  which 
they  will  be  connected.  At  times,  it  will  be  useful  to  consider  the  effects  of  the  imped¬ 
ance  of  the  load  and  the  d-c  amplifier  output  impedance  on  the  performance  of  an 
operational  amplifier.  Figure  A.l  shows  the  equivalent  circuit  of  an  operational  am¬ 
plifier  whose  d-c  amplifier  has  the  output  impedance  Z/;  the  operational  amplifier 
is  connected  to  a  load  of  impedance  Zl> 

The  performance  equation  of  the  circuit  of  Fig.  A.l  is 


with 
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A  comparison  of  the  performance  equation  (A. 3)  with  the  simplified  performance 
equation  (4.68)  shows  that,  for  large  values  of  |/1|,  the  effect  of  the  internal  resistance 
Z/  of  the  operational  amplifier  is  essentially  to  replace  the  forward  gain  A  in  Eq.  (4.68) 
by  the  “equivalent  forward  gain”  A'  given  by  Eq.  (A. 4). 


Fig.  A.l.  Equivalent  circuit  of  an  operational  amplifier  connected  to  a  load. 


For  large  values  of  the  absolute  value  \A  \  of  the  forward  gain  A*  the  output  imped¬ 
ance  Zs  of  the  operational  amplifier  as  such  is 

z*  -  -  j + ')  <A-5> 

i 

In  particular,  for  the  case  of  the  summing  amplifier  (Fig.  1.7c/) 


Zs  =  - 


For  the  parallel-feedback  integrator  (Fig.  4.18) 


(Ml  »  1) 


(A. 6) 


Zs 


=  -  j-  (^5  +  l)  (IAI  »  1  Rl  »  R )  (A. 7) 


and  for  the  summing  integrator  (Fig.  4.20) 


(| A  |  »  1  Rl^R) 


(A.8) 


The  input  impedance  seen  by  the  ?th  input  voltage  source  of  the  parallel-feedback 
operational  amplifier  of  Fig.  4.24/)  is  practically  equal  to  the  impedance  Zi  if  the 


quantity 


u 


+  7T  + 


is  small,  as  the  feedback  tends  to  make  the 


voltage  Xo/A  at  the  d-c  amplifier  input  practically  equal  to  zero. 

In  most  applications,  the  output  of  each  operational  amplifier  will  be  connected  to 
one  of  the  input  terminals  of  another  operational  amplifier.  The  load  resistance  Z/, 
for  the  first  operational  amplifier  will  then  be  approximately  equal  to  one  of  the  input 
impedances  Zi  of  the  second  amplifier.  Since  the  value  of  Z/  is  usually  of  the  order  of 


*  Chance,  B.,  F.  C.  Williams,  V.  Hughes,  D.  Sayre,  and  E.  F.  MacNichol,  Wave¬ 
forms,  MIT  Radiation  Laboratory  Series,  Vol.  19,  McGraw-Hill,  New  York,  1949. 
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10,000  ohms,  with  the  Zx  of  the  order  of  1  megohm,  the  effects  of  Z/  and  Zl  as  given  by 
Eqs.  (A. 3)  and  (A. 4)  are  probably  small.  Because  of  the  complex  feedback  paths 
involved  in  complete  computers ,  however ,  it  may  be  difficult  to  find  general  expressions  for 
the  actual  effective  source  and  load  impedances  of  each  operational  amplifier.  In  order  to 
gain  more  information,  it  may  become  necessary  to  solve  the  very  complex  network 
equations  for  the  complete  computer. 

In  actual  practice,  the  output  impedance  of  one  operational  amplifier  is  usually 
neglected  as  compared  with  the  input  impedance  of  the  following  one.  The  transfer 
function  of  a  number  of  cascaded  operational  amplifiers  may  then  be  computed  by 
simply  multiplying  their  individual  transfer  functions. 
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Automatic  pilots,  91-106 
Automatic  timers  (see  Control  circuits) 

B 

Backlash,  simulation  of,  74-75 
Balancing  d-c  amplifiers,  162-164,  335, 

346 

automatic,  200-210 
Bell  Telephone  Laboratories,  194-195 
Block  diagrams,  27 
symbols,  14,  30-31 

Block  representation  of  mathematical  re¬ 
lations,  5,  9,  30-31 

Boeing  Aircraft  Company,  193-194,  261, 
341-343,  361 

Booster  resistors,  29,  199-200,  353 
Boundary  value  problems,  114-115 
Bridge-balanced  d-c  amplifiers,  173-176, 

197 

C 

Checking  solutions,  325-326 
Choppers  (see  Synchronous  vibrators) 
Closing  equations,  52 
Commutated-potentiometer  servo,  228- 
229 

Components,  choice  of,  332-334 
for  computer  servomechanisms,  233- 
241 

for  d-c  amplifiers,  198-199 
for  potentiometers,  116-117,  244,  267- 
272 

for  power  supplies,  321-322 
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Computing  elements,  design  of  (see  spe¬ 
cific  elements) 
requirements  for,  9 

Computing  networks,  11,  124,  125,  146- 
147 

(See  also  Integrating  networks) 

Control  circuits,  293-304,  334-336 
operating  control  systems,  294-296, 
298-304 

with  automatic  timing,  300-302 
push-button,  298-304 
operation  of,  323-325 
power  control,  294-298 
remote  control,  302-304 
Curtiss- Wright  Analog  Computer  (CUR- 
TIAC),  44,  237-238,  337,  356-359, 
361 

D 

D-c  analog  computers,  definition  of,  2-4 
operation  of,  323-325 
Dead  space,  simulation  of,  73-74 
Differential  amplifiers,  170,  172-173, 

178-181,  192-197,  220-222,  224,  226, 
229,  250-251,  308-309,  315,  319 
Differential  analyzers,  8 
Differential  cathode  followers,  308-309 
Differential  equations,  analog-computer 
solution  of,  general  method,  7-9 
of  harmonic  oscillations,  32-34 
Legendre’s  equation,  42-45 
linear,  with  constant  coefficients,  27- 
28,  32-39 

with  variable  coefficients,  39-45 
Mathieu’s  equation,  39-42 
nonlinear,  45-49 
Rayleigh’s  equation,  46-49 
Van  der  Pol’s  equation,  45-49 
Differentiation,  electrical,  11,  19,  130,  346 
Digital  computers  versus  analog  com¬ 
puters,  1-3 

Distortion,  effects  of,  123,  142,  365 
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Division,  electrical,  16,  230-233 
with  electron-beam  multiplier,  220 
Drift  in  d-c  amplifiers,  142,  159-162,  173- 
180 

Dry  friction,  representation  of,  73-74 
Dynamic  plate  resistance,  131,  133,  1 72— 
173 

Dynamic  vibration  absorber,  57-62 
Dynamical  systems,  analog-computer 
studies  of,  57-61 

E 

Eigenvalue  problems,  114-115 
Equation  solvers,  adjuster-type,  112-113 
automatic,  108-112,  150-152 
Error-indicating  lights,  207-210,  244, 
303-304 

Errors,  in  cross-fields  multiplier,  219 
in  integrators,  125-128,  138-146 
mean  square,  in  servomechanisms,  70 
in  photoformers,  249 
due  to  potentiometer  loading  {see  Load¬ 
ing  corrections) 
in  summing  amplifiers,  122 
in  tapped  function  potentiometers, 
266-267 

F 

Filament  voltage  changes,  compensation 
for,  173-180 
effects  of,  161 

Flight  equations  (pitch  plane),  83-84 
linearized,  86-91,  100 
Flight-path  angle,  76,  81-82 
Flight  simulators,  85,  94,  96-106 
Flight  tables,  101,  103-105 
Frequency-response  analysis,  of  aircraft 
motion,  87-88,  103,  106 
of  d-c  amplifiers,  182-191 
of  integrator,  128 

of  servomechanisms,  70-71,  233-234 
{See  also  Stability  ;  Transfer  functions) 
Front  panel  design,  334-338 
Function  generators,  16,  24 
curve  followers,  253-254,  311 
based  on  diode  characteristics,  271-279 
for  generating  inverse  functions,  146- 
153,  230-233 

photoformers,  48,  247-250 


Function  generators,  potentiometers, 
loaded,  256-257 
sine-cosine,  279-287 
tapered,  251,  279-287 
tapped,  261-272 
using  relays,  251 
resolvers,  258-259,  283-287 
based  on  solution  of  differential  equa¬ 
tions,  246-247 

using  special  cathode-ray  tubes,  250- 
251 

using  step  multipliers,  43,  226-228 
switch  type,  43,  254-255 
variable-density  cathode-ray,  260-261 

G 

Gears,  with  backlash,  simulation  of,  74- 
75 

for  computer  servomechanisms,  240- 
241 

Goodyear  Aircraft  Corporation,  195-198, 
307,  350-353,  361 
Grid  current,  161-162,  204 

H 

Hold  condition,  292-293 

{See  also  Control  circuits;  Operation  of 
d-c  analog  computers) 

I 

Implicit  solution  of  mathematical  rela¬ 
tions,  6,  8,  108-112,  150-152,  247 
Inert  zone  {see  Dead  space) 

Initial  condition  settings,  8,  19,  38,  129, 
288-292,  351 

{See  also  Control  circuits;  Relays) 
Integral  transform  computers,  113-114 
Integrating  capacitors,  choice  of,  199 
Integrating  networks,  16,  124-125 
Integration,  electrical,  16-19,  124-146 
Interstage  coupling,  159,  171-173,  183- 
190 

L 

Limits,  position  (stops),  61-62,  72-76, 
101,  103 
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Limits,  speed  (rate),  72-73 
torque,  101,  103 

Loading  corrections,  potentiometer,  29, 
117-119,  245,  255-257,  265-267 

M 

Machine  equations,  27-28 
Machine  time,  7,  24-27 
Machine  units,  22-23 
Machine  variables,  5,  22-28 
Massachusetts  Institute  of  Technology, 
191,  249-250,  348-349 
(See  also  MacNee  in  Author  Index) 
Mathematical  relations,  representation 
of,  4-10,  30-31 

Mean  square  error  in  servomechanisms, 
70 

Michigan,  University  of,  192-193,  340- 
341 

(See  also  Hagelbarger;  McDonald  in 
Author  Index) 

Multipliers,  electrical,  based  on  anf^litude 
modulation,  215-216 
crossed-fields  electron  beam,  218-220 
dynamometer  type,  217-218 
using  feedback,  220-230 
four-quadrant,  212 
logarithmic,  213 
pulsed  attenuator,  223-225 
quarter-square,  213-214 
servo  (see  Servomechanisms,  computer) 
step,  226-228 
two-quadrant,  212 

variable-density  cathode-ray,  260-261 
vibration,  224-226 

N 

Networks,  computing  (see  Computing 
networks;  Integrating  networks) 

O 

Operation  of  d-c  analog  computers,  323- 
325 

(See  also  Control  circuits) 

Operational  amplifiers,  11,  120-121,  146- 
153,  347,  365-367 
nonlinear,  276-279 
Output  circuits,  181-182,  185 
Overload  indicators,  244,  303-304,  337 
(See  also  Error-indicating  lights) 


P 

Parallel  compensation  (see  Differential 
amplifiers) 

Parameter  studies,  54 
Partial  system  tests,  9,  26,  85,  97,  100, 
103-104 

Patch-bay  design,  20,  334  338 
Performance  studies,  54 
Phase  inverter  (see  Operational  ampli¬ 
fiers) 

Phase  shift  (see  Stability) 

Philco  Corporation,  250 
Pitch  angle,  81-82 
Potentiometers,  10-11,  30 
calibration  of,  120,  358-359 
constant-coefficient  setting,  116-121 
cylindrical  type,  253-254 
loading  of  (see  Loading  corrections) 
servo-driven,  244-245 

(See  also  Servomechanisms,  com¬ 
puter) 

sine  and  cosine,  279-287 
tapered,  function  generating,  251-252, 
279-287 

tapped,  function  generating,  261-272 
Power  supplies,  313-323 
filament,  313 
high-voltage,  314-322 
reference,  322 
relay,  322-333 
Problem  preparation,  54-56 
Problem  specifications  forms,  examples 
of,  59,  78,  88-89 

Problem  variables,  transformation  to 
machine  variables,  22-24 
Push-pull  amplifiers  (see  Differential 
amplifiers) 

R 

Radio  Corporation  of  America,  200,  205 
207,  224-229 

RAND  Corporation,  2,  39,  208-210,  236, 
237,  253,  339,  359-362 
(See  also  Gunning  in  Author  Index) 
Raytheon  Manufacturing  Company,  251 
RE  AC  (Reeves  Instrument  Corporation), 
20,  208,  253-254,  308,  311-312,  339, 
353-356,  361 
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Recorder-driver  amplifiers,  307-310 
Recording  devices,  304-313 
cathode-ray  oscillographs,  306 
direct-writing,  307 
servo  tables,  310-312 
Records  of  computer  solution  forms,  ex¬ 
amples  of,  59,  60,  79,  91 
Reeves  Instrument  Corporation  (see 
REAC) 

Regenerative  amplifiers,  153  157,  192,  194 
Relay  servomechanisms,  242 
Relays,  computing,  251 
control,  293-302 

reset  and  hold,  289-293 
power  supplies  for,  322-323 
Repetitive  analog  computers,  4,  115,  218, 
249-250,  343-349 
Reset  condition,  207 

( See  also  Control  circuits;  Operation  of 
d-c  analog  computers) 

S 

Scale  factors,  choice  of,  22-24,  50-53 
for  functions  of  variables,  24 
Series  compensation  (see  Bridge-balanced 
d-c  amplifiers) 

Servomechanisms,  analog-computer  rep¬ 
resentation  of  various  components, 
62-76 

analysis  and  synthesis  of,  62-76 
figures  of  merit,  68-70 
frequency  response,  70-71 
in  automatic  pilots,  99-104 
clutch  servo,  73-74 
commutated-potentiometer,  228-229 
computer,  15-16,  30-31 
amplifiers  for,  235-240 
design  of,  233-245 
limitations  of,  104-105 
relay,  242 

(See  also  Function  generators;  Multi¬ 
pliers,  electrical) 
electrical  motors,  62-68 
in  flight  simulators  and  flight  tables, 
104-105 

hydraulic  actuator  and  solenoid  valve, 
72-73 

(See  also  Backlash;  Dead  space; 
Limits 


Servomechanisms,  mean  square  error  in,  70 
representation,  of  inertia-spring-dash 
pot  system,  57-62,  72-75 
of  servo  components,  by  networks, 
147 

by  operational  amplifiers,  150 
of  time  delay,  72-75 
testers,  71,  257-259 
Setup  procedure,  summary,  49  50 
Setup  sheets,  32 

Simulators  (see  Flight  simulators;  Partial 
system  tests) 

Simultaneous  relations,  6,  110-114 
Sine  and  cosine  generators,  71,  257-259, 
279-287 

Sperry  Gyroscope  Corporation,  336-337 
Stability,  of  automatic  equation  solvers, 
108-112,  150-152 

and  control  of  aircraft,  87,  95,  105 
of  feedback  amplifiers,  122,  156,  182- 
191 

of  sf^vomechanisms,  65,  234 
Stabilization  networks,  182-191 
Summing  amplifiers,  11-14,  121-124 
Summing  integrators,  18,  143-145 
Synchronous  vibrators,  200-210,  234-238 

T 

Time  constant,  129-147 
Time  scale,  24 

Trajectories,  computation  of,  76-81 
Transfer  functions,  of  aircraft,  87,  93 
of  automatic  pilots,  106 
of  computing  networks,  11,  124,  125, 
146-147 

of  d-c  amplifier  stages,  166,  168,  171, 
174,  176,  178,  185,  190 
of  electronic  integrators,  11,  124-146, 
155-157 

of  ideal  integrator,  126,  130 
of  limiters,  273 

of  operational  amplifiers,  11,  148-150, 
276-278 

of  potentiometers,  11,  117-118,  256- 
257,  266 

(See  also  Frequency-response  analysis) 
Transformation  equations,  22-23 

V 

Vibration  absorber,  dynamic,  57-62 
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